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1. Introduction

Consider the initial value problems of ordinary differential equations

y0ðtÞ ¼ f ðyÞ; t P 0;

yð0Þ ¼ y0 2 RN ;

�
ð1:1Þ

where the vector function f: RN ! RN satisfies the one-sided Lipschitz

condition

hy � z; f ðyÞ � f ðzÞi 6 lky � zk2 8y; z 2 RN ; ð1:2Þ
hÆ , Æi is the standard inner product in RN with the corresponding norm kÆ , Æk.
This class of the problems (1.1) and (1.2) will be denoted by Fl. It is well known

that two solutions y(t),z(t) of the problem class Fl with l 6 0 are contractive,

i.e.

kyðt þ hÞ � zðt þ hÞk 6 elhkyðtÞ � zðtÞk 6 kyðtÞ � zðtÞk 8t; h P 0. ð1:3Þ
We require that the numerical methods for Fl (l 6 0) can reproduce the

contractive property (1.3). Thus, some nonlinear stability concepts (such as

B-stability, cf. [1–4], (1,0,0)-stability, cf. [1,4–6], etc.) have been introduced,

and the corresponding algebraic criteria (i.e. algebraic stability) were estab-

lished (cf. [3,4,6–8]). But algebraic stability is a strong requirement and is

not shared by many other methods (such as the trapezoidal rule, more gener-

ally, Lobatto IIIA methods, cf. [3,4,9]) which can be easily implemented. For

such methods, it is of interest to look for some simpler properties that still give
some insight into the long-time behaviors of numerical methods when applied

to the problem class F0. One such property is the equilibrium attractive pro-

perty that w(t) :¼ kf(y(t))k2 (t P 0) is a non-increasing function for any

solution y(t). Schmitt and Weiner [10] proved that the problem class F0 is equi-

librium attractive if f is Hölder continuous with exponent a 2 ð1
2
; 1�:

kf ðuÞ � f ðvÞk 6 Lku� vka 8u; v 2 RN

and discussed the multipoint conditionX
06i<k6s

ð�rikÞhui � vk; f ðuiÞ � f ðvkÞi 6 0 8ui; vk 2 RN ; ð1:4Þ

where R ¼ ðrikÞsi;k¼0 is symmetric and nonnegative definite, eTsþ1 ¼ ð1;
1; . . . ; 1Þ 2 Rsþ1, Res+1 = 0. Some authors recently discussed the equilibrium

attractive property of linearly implicit ROW-methods and W-methods (cf.

[11]), stiffly accurate Runge–Kutta methods (RKMs) (cf. [10]). The other re-

lated results can be founded in [12,13, etc.].

Consider the stiffly accurate multistep Runge–Kutta methods (MRKMs)
(cf. [4,6,14]) for problems (1.1) and (1.2)
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Y i ¼ h
Xs
j¼0

aijf ðY jÞ þ
Xr
j¼1

ajyn�1þj; i ¼ 0; 1; . . . ; s; ð1:5aÞ

ynþr ¼ h
Xs
j¼0

bjf ðY jÞ þ
Xr
j¼1

ajyn�1þj; ð1:5bÞ

where h > 0 is the given step-size, aij, ak, bj (i, j = 0,1, . . ., s; k = 1,2, . . ., r) are
real constants,

Pr
j¼1aj ¼ 1; asj ¼ bj; a0j ¼ 0; j ¼ 0; 1; . . . ; s. The vector Yi is

an approximation y(tn + cih) for i = 0,1, . . ., s. Here, tn = nh, ci (i = 0,1, . . ., s)
are real constants and c0 = 0, cs = r, ci 5 cj (i 5 j). Let

A ¼ ðaijÞsi;j¼0; aT ¼ ða1; a2; . . . ; arÞ; bT ¼ ðb0; b1; . . . ; bsÞ;
cT ¼ ðc0; c1; . . . ; csÞ; C ¼ diagðcÞ; er ¼ ð1; 1; . . . ; 1ÞT 2 Rr

and ~ei ði ¼ 1; 2; . . . ; sþ 1Þ are the unit vectors in Rs+1. From (1.5), we have

Y 0 ¼
Xr
j¼1

ajyn�1þj; Y s ¼ ynþr.

In the following sections, the square matrix W P 0( > 0) denotes W is nonneg-

ative definite (positive definite).

Let us introduce the following simplifying conditions (cf. [1,4,6,14,15])

BðgÞ : aTvk � rk þ kbTck�1 ¼ 0; k ¼ 1; 2; . . . ; g;

CðgÞ : ~Avk � ck þ kAck�1 ¼ 0; k ¼ 1; 2; . . . ; g;

where v ¼ ð0; 1; . . . ; r � 1ÞT; ~A ¼ ða; a; . . . ; aÞT, and multiplication of vectors is

done componentwise.

In this paper, we discuss some equilibrium attractive properties of the meth-

od (1.5) for the problem class F0. Some algebraic conditions insuring the equi-

librium attractivity are given, and some methods satisfying these given

algebraic conditions are constructed. Some numerical examples confirm our
results.
2. Main results and proofs

The stage equation (1.5a) leads to the relation

Y i � Y k ¼ h
Xs
j¼0

ðaij � akjÞf ðY jÞ; i 6¼ k; 0 6 i; k 6 s. ð2:1Þ

Let

fj ¼ f ðY jÞ; C ¼ ðcijÞ
s
i;j¼0 ¼ RAþ ATRþ ~e1~e

T
1 � ~esþ1~e

T
sþ1;
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where R are given in (1.4), ~ei is the i-th unit vector in RS + 1, i = 1,2, . . . ,S + 1.

We can get the following equality:X
06i;k6s

ð�rikÞhY i � Y k; fi � fki ¼
Xs
i;j¼0

cijhfi; fji þ kfsk2 � kf0k2 ð2:2Þ

by a similar process to the proof process of Theorem 2.1 in [10].

Theorem 2.1. If there exists a symmetric nonnegative-definite matrix

R ¼ ðrijÞsi;j¼0 such that Res+1 = 0, C P 0 and the multipoint condition (1.4) holds,

then any solution of (1.5) satisfies

kf ðY sÞk 6 kf ðY 0Þk; i.e. kf ðynþrÞk 6 f
Xr
j¼1

ajyn�1þj

 !�����
�����.
Proof. The conclusion follows from the assumed conditions and (2.2). h

Theorem 2.1 is an extension of Theorem 2.1 in [10].

Remark 2.1. If the method (1.5) is of B-convergence order p P 2, the vector

function f and the solution y(t) of the problem class F0 satisfies the smooth

requirement needed in the following text, then

yn�1þj ¼ yðtn�1þjÞ þOðhpÞ; j ¼ 1; 2; . . . ; r þ 1.

It follows from aTer ¼ 1 that:

Y 0 ¼ yðtn�1þrÞ þ
Xr
j¼1

ajðj� rÞ
 !

hy 0ðtn�1þrÞ þOðh2Þ.

When B(1) holds and bTesþ1 ¼ 1, we have
Pr

j¼1ajðj� rÞ ¼ 1� bTesþ1 ¼ 0. Thus

Y 0 ¼ yn�1þr þOðh2Þ; f ðY 0Þ ¼ f ðyn�1þrÞ þOðh2Þ.
Therefore, Theorem 2.1 yields

kf ðynþrÞk 6 kf ðY 0Þk 6 kf ðyn�1þrÞk þOðh2Þ 6 � � � 6 kf ðyr�1Þk þOðhÞ.
If the initial values yr�1, . . .,y1,y0 satisfy

kf ðyiÞk 6 kf ðyi�1Þk þOðhÞ; i ¼ 1; 2; . . . ; r � 1;

then

kf ðynþrÞk 6 kf ðy0Þk þOðhÞ.
When f(y0) = 0, kf(yn+r)k = O(h) and ynþr ! ~y0 for h ! 0, here, f ð~y0Þ ¼ 0 (cf.

[16]).
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On the one hand, if f ðŷÞ ¼ 0; yi ¼ ŷ ði ¼ 0; 1; . . . ; r � 1Þ, then

yn ¼ ŷðn P 0Þ; Y i ¼ ŷ ði ¼ 0; 1; . . . ; sÞ is the solution of (1.5). On the other

hand, if ŷ is an equilibrium solution of (1.5), i.e., yn ¼ ŷ ðn P 0Þ and

Y i ¼ h
Xs
j¼0

aijf ðY jÞ þ ŷ; i ¼ 0; 1; . . . ; s; ð2:3aÞ

0 ¼
Xs
j¼0

bjf ðY jÞ; ð2:3bÞ

then we naturally ask whether f ðŷÞ ¼ 0? This is one of regularity problems of

MRKMs, and some results can be found in [17,18]. For (2.3), we have f ðŷÞ ¼ 0

if
Ps

j¼0bj 6¼ 0 and Y i ¼ ŷ ði ¼ 0; 1; . . . ; sÞ.

Theorem 2.2. Assume that there exists a symmetric nonnegative-definite matrix

R ¼ ðrijÞsi;j¼0 such that Res+1 = 0, and the method (1.5) possesses an equilibrium

solution.

(1) If the multipoint condition (1.4) holds, then C 6 0.

(2) If the equality of the multipoint condition (1.4) holds, then C = 0.
Proof. Let ŷ is an equilibrium solution of (1.5). We have yn ¼ ŷðn P 0Þ,
Y 0 ¼ Y s ¼ ŷ. Thus, the conclusions follows from (2.2) and (2.3). h

Now we give some properties of the simplifying conditions of the method (1.5).

Theorem 2.3. For the nondegenerate method (1.5), C(r � 1) cannot hold.
Proof. If C(r � 1) holds, then

~Avk � ck þ kAck�1 ¼ 0; k ¼ 1; 2; . . . ; r � 1. ð2:4Þ

Because c0 = 0 and a0j = 0 (j = 0,1, . . ., s), (2.4) yields aTvk = 0 (k = 1,2, . . .,
r � 1). Moreover, a1 = 1,a2 = � � � = ar = 0. This shows that the method is

degenerate. h

In the following sections, we assume that C(r � 2) holds. At this time,
aTvk = 0 (k = 1,2, . . ., r � 2), i.e.

V r�2ða2; . . . ; ar�1ÞT ¼ �arðr � 1Þð1; r � 1; . . . ; ðr � 1Þr�3ÞT; ð2:5Þ

where V r�2 ¼ ðjiÞr�2

i;j¼1 is invertible. From (2.5), we can obtain ai = ai (ar),
i = 2, . . ., r � 1, here, ar is a parameter. Moreover, a1 ¼ 1�

Pr
i¼2ai.
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Remark 3.2. The method (1.5) with bi 5 0 (i = 0, s) cannot be algebraically

stable (for the nonzero real symmetric matrix G ¼ ðgijÞri;j¼1 P 0 and the

nonzero real diagonal matrix D ¼ diagðd0; d1; . . . ; dsÞ P 0). In fact, from the

definition of the algebraic stability (cf. [1,4,6,15]), we require that the matrix

M ¼
M11 M12

M21 M22

� �
P 0;

where

M22 ¼ ATDþ DA� CT
21GC21;

C21 ¼

0 0 � � � 0

� � � � � � � � � � � �
0 0 � � � 0

b0 b1 � � � bs

0
BBB@

1
CCCA 2 Rr�ðsþ1Þ

and

ðM22Þij ¼ �grrbibj þ diaij þ djaji; i; j ¼ 0; 1; . . . ; s.

The formula M22 P 0 yields

ðM22Þ00 ¼ �grrb
2
0 P 0.

Thus, from bi 5 0(i = 0, s), we have

grr ¼ 0; diaij þ djaji ¼ 0; i; j ¼ 0; 1; 2; . . . ; s.

Moreover, ds = 0. It follows from a result given in [8], a necessary condition for

algebraic stability is

Desþ1 ¼ CT
21Ger or di ¼ jbi; i ¼ 0; 1; . . . ; s;

where j ¼
Pr

j¼1grj. Thus, from ds = 0 and bs 5 0, we have j = 0 and D = 0.
3. r-Step RKMs with s = 1

When s = 1, we have a1j = bj (j = 0,1), c0 = 0 and c1 = r. Thus, the method
(1.5) becomes

Y 0 ¼
Xr
j¼1

ajyn�1þj; ynþr ¼ Y 1 ¼ hðb0f ðY 0Þ þ b1f ðY 1ÞÞ þ Y 0. ð3:1Þ

From Re2 = 0, RT = R P 0, we have

R ¼ a0
1 �1

�1 1

� �
; C ¼

1� 2a0b0 a0ðb0 � b1Þ
a0ðb0 � b1Þ 2a0b1 � 1

� �
;
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where a0 = r00 > 0. And the multipoint condition (1.4) holds. In fact,X
06i<k61

ð�rikÞhY i � Y k; f ðY iÞ � f ðY kÞi ¼ a0hY 0 � Y 1; f ðY 0Þ � f ðY 1Þi 6 0.

It is easy to show that C P 0 if and only if

2a0b0 6 1; 2a0b1 P 1; a0ðb0 þ b1Þ ¼ 1. ð3:2aÞ
Taking a0 = 1 leads to the conclusion that

C P 0 () b0 6
1

2
; b1 P

1

2
; b0 þ b1 ¼ 1. ð3:2bÞ
Corollary 3.1. For h P 1
2
, the h-scheme

ynþ1 ¼ yn þ hðð1� hÞf ðynÞ þ hf ðynþ1ÞÞ ð3:3Þ
is equilibrium attractive, i.e.

kf ðynþ1Þk 6 kf ðynÞk.
Proof. Eq. (3.3) can be written as the form of (3.1) with r = 1, c0 = 0, c1 = 1 and

b0 ¼ 1� h; b1 ¼ h; a1 ¼ 1; Y 0 ¼ yn; Y 1 ¼ ynþ1.

The conclusion follows from (3.2) and Theorem 2.1. h

Corollary 3.1 has been obtained in [10].

Let B(r � 1) hold. We have

aTv ¼ r � ðb0 þ b1Þ; aTvi ¼ ri�1ðr � ib1Þ; i ¼ 2; 3; . . . ; r � 1. ð3:4Þ
Moreover, (3.4) yields

V r�1ða2; . . . ; arÞT ¼ ðr � ðb0 þ b1Þ; rðr � 2b1Þ; . . . ; rr�2ðr � ðr � 1Þb1ÞÞT;
ð3:5Þ

where V r�1 ¼ ðjiÞr�1

i;j¼1 is invertible.
When r = 2, (3.2a), (3.5) and the equality a1 + a2 = 1 yield

a2 ¼ 2� ðb0 þ b1Þ ¼ 2� 1

a0
; a1 ¼ b0 þ b1 � 1 ¼ 1

a0
� 1;

where a0 > 0 is a free parameter. Moreover, if a0 = 1, then (3.1) degenerates

into a one-step RKM.

When r = 3, (3.5) yields

1 2

1 4

� �
a2
a3

� �
¼

3� ðb0 þ b1Þ
3ð3� 2b1Þ

� �
. ð3:6Þ
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And (2.5) (i.e. C(r � 2) holds) yields

a2 ¼ �2a3. ð3:7Þ

From (3.2a), (3.6) and (3.7), we have

a2 ¼ �9þ 6b1; b0 ¼ 3� b1; a3 ¼
9

2
� 3b1;

a1 ¼
11

2
� 3b1; a0 ¼

1

3
. ð3:8Þ

Thus, we get a family of equilibrium attractive 3-step RKMs with s = 1 and the

free parameter b1 P 3/2. For examples, (3.8) yields by taking b1 = 2

aT ¼ ð�1=2; 3;�3=2Þ; bT ¼ ð1; 2Þ; a0 ¼ 1=3. ð3:9Þ

(3.9) satisfies (3.2a), B(2) and C(1).

Applying (3.1) to the model equation

y 0ðtÞ ¼ ky; Rek 6 0

leads to the equality

ynþr � uð�hÞ
Xr
j¼1

ajyn�1þj ¼ 0;

where

�h ¼ hk;uð�hÞ ¼ 1þ �hb0
1� �hb1

.

By means of the Schur criteria, we easily prove that the method (3.1) with r = 2

is A-stable if

0 < a1; a2 < 1; b1 P b0; b0 þ b1 > 0.

For examples, we can take

a0 ¼
2

3
; a1 ¼ a2 ¼

1

2
; b1 ¼ 1; b0 ¼

1

2
. ð3:10Þ

(3.10) satisfies (3.2a) and B(1).
4. r-Step RKMs with s = 2

When s = 2, we have c = (0,c1, r)
T with c1 5 0, r. Thus, the method (1.5)

becomes
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Y 0 ¼
Xr
j¼1

ajyn�1þj; Y 1 ¼ h
X2
j¼0

a1jf ðY jÞ þ Y 0;

ynþr ¼ Y 2 ¼ h
X2
j¼0

bjf ðY jÞ þ Y 0. ð4:1Þ

For r = 2, if B(3) holds, then we have

b1 ¼
2ða2 � 2Þ
3c1ðc1 � 2Þ ; b2 ¼ 1� 1

4
a2 �

1

2
b1c1; ð4:2aÞ

b0 ¼ 2� a2 � b1 � b2; a1 ¼ 1� a2; ð4:2bÞ

where a2 and c1 are free parameters.

For r = 3, if B(3) and C(1) hold, then we have

b1 ¼
9� 2a3

2c1ð3� c1Þ
; b2 ¼

3

2
� 1

3
a3 �

1

3
b1c1; b0 ¼ 3� b1 � b2; ð4:3aÞ

a2 ¼ �2a3; a10 ¼ c1 � ða11 þ a12Þ; a1 ¼ 1þ a3. ð4:3bÞ

For R with s = 2, we have

r00 ¼ r11 þ r22 þ 2r12; r01 ¼ �r11 � r12; r02 ¼ �r22 � r12.

It is easy to prove that R P 0 if and only if

r11 P 0; r22 P 0; r11r22 P r212; r11 þ r22 P �2r12. ð4:4Þ
We easily show that (1.4) holds if

r11 P �r12; r22 P �r12; r12 6 0.

Let r11 > 0, r22 > 0, r11r22 > r212. For the method (4.1), it follows from C = 0

that

a11 ¼ � r12a21
r11

; a12 ¼ � r12r22
2ðr11r22 � r212Þ

� r22a21
r11

; ð4:5aÞ

b2 ¼ a22 ¼
1� 2r12a12

2r22
; a10 ¼ � r01a11 þ r02a21 þ r12a20

r11
; ð4:5bÞ

b0 ¼ a20 ¼
r12r01a11 þ r02r12a21 � r11r01a12 � r11r02a22

r11r22 � r212
; ð4:5cÞ

r12ðr22 � 1Þ ¼ 0; ð4:5dÞ

where a21 = b1. (4.5) shows that A can be determined by R with r12 = 0 or

r22 = 1.

When r12 = 0, (4.5) yields

a11 ¼ 0; b2 ¼ a22 ¼
1

2r22
; a12 ¼ � r22a21

r11
; ð4:6aÞ
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r00 ¼ r11 þ r22; r01 ¼ �r11; r02 ¼ �r22. ð4:6bÞ

a10 ¼
r22a21
r11

; b0 ¼ a20 ¼
1

2r22
� a21; ð4:6cÞ

where r22, r11 are free parameters. And (1.4) becomes

r11hY 0 � Y 1; f ðY 0Þ � f ðY 1Þi þ r22hY 0 � Y 2; f ðY 0Þ � f ðY 2Þi 6 0. ð4:7Þ
(4.7) holds for r11 > 0, r22 > 0.

For r = 2 and r12 = 0, (4.6) and (4.2) lead to

a2 ¼ 2� 1

r22
; c1 ¼

2ð6r22 � 5Þ
3ð2r22 � 1Þ ; r22 6¼

1

2
; ð4:8aÞ

a1 ¼ 1� a2; a21 ¼ b1 ¼
2r22 � 1

2r22c1
; c1 6¼ 0. ð4:8bÞ

Therefore, the method (4.1) and the matrix R can be given by (4.6) and (4.8)

with the free parameters r11 > 0 and r22 > 0. Moreover, if r22 = 1, then the

method (4.1) is degenerate. By taking r11 = 1 and r22 = 7/8, (4.6) and (4.8) yield

c1 ¼ 2=9; aT ¼ ð1=7; 6=7Þ; A ¼
0 0 0

27=16 0 27=16

�19=14 27=14 4=7

0
B@

1
CA. ð4:9Þ

For r = 3 and r12 = 0, it is easy to show that (4.6) and (4.3) lead to c1 = 0. Thus,

the method (4.1) satisfying B(3) and C(1) cannot satisfy C = 0 for R P 0 with

r12 = 0, r11 > 0, r22 > 0.

When r22 = 1, (1.4) holds if

r11 P �r12; �1 6 r12 6 0. ð4:10Þ
For r = 2 and r22 = 1, (4.2) and (4.5) yield

a2 ¼
r11 � 2r212
r11 � r212

; a1 ¼ 1� a2;

3

4
ðr11 � 2r212Þc21 þ 3r212 �

r11
2

� �
c1 þ 2r12 ¼ 0

and bj, aij (i = 1,2; j = 0,1,2) can be given by (4.2) and (4.5) with the free

parameters r11 > 0 and r12 satisfying (4.4) and (4.10).

For r = 3 and r22 = 1, (4.3) and (4.5) yield

r11 ¼
3

2
r212; c1 ¼

5� 6r12
r12ð3r12 þ 2Þ ;

a3 ¼
�9ðr12c1 þ 2Þ

2ðr12c1ð2þ c1Þ � 2Þ ; a21 ¼ b1 ¼
9� 2a3

2c1ð3� c1Þ
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and aj (j = 1,2) and the other aij (i = 1,2; j = 0,1,2) can be given by (4.3) and

(4.5) with the free parameter �1 6 r12 6 �2/3.
5. Numerical examples

We choose the method (3.1) with (3.10) and the method (4.1) with (4.9), and

apply them to the following two problems, respectively.

Problem 1 (cf. [10]).

y 01ðtÞ ¼ � 1

3
ðy1 � 1Þ3 þ 20

3
; ð5:1Þ

where t P 0, the initial value y1(0) = 3.5.
Problem 2.

y 01ðtÞ ¼ � 1

2
y1 þ y2; ð5:2aÞ

y 02ðtÞ ¼ y1 � 2y2; ð5:2bÞ

where t P 0, the initial values y1(0) = �0.4, y2(0) = 0.8.
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Fig. 1. The method (3.1) with (3.10) for Problem 1.
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Fig. 2. The method (3.1) with (3.10) for Problem 2.
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Fig. 3. The method (4.1) with (4.9) for Problem 1.
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Fig. 4. The method (4.1) with (4.9) for Problem 2.
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Problems 1 and 2 belong to F0, and the above chosen methods satisfy (1.4).

Let Fy0, Fys and Fy denote kf(Y0)k, kf(Ys)k and kf(y(t))k with the true solution
y(t), respectively. Figs. 1–4 list the numerical results of the above methods with

the step-size h = 0.0001 and the initial values given by the implicit Euler meth-

od for the problems (5.1) and (5.2), and show that the computational results

confirm our theoretical results.
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