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Abstract

In this paper, we develop a coupling of natural boundary element method and finite element
method for solving the time-dependent eddy current problems in unbounded domains based on a
H —1 formulation. The H —1) formulation allows that a scalar function is used outside the conduc-
tor and a vector function is only used in the conducting domain. To get a full discrete scheme of
the problem, the backward Euler method is applied for the discretization of the time variable and
the Nédélec element of the lowest order, the piecewise linear element and the curvilinear element
are used for the discretization of the space variables. A backward Euler-DtN alternating method
is designed to solve the discrete coupled problem. In each time step of the method, the action of
the boundary operators can be implemented by calculating a series of the spherical harmonics,
instead of solving boundary integral equations. We derive an error estimate of the fully discrete
scheme, and prove the convergence of the alternating method. Numerical experiments show the

effectiveness of the new method.
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1 Introduction

The eddy currents problems, which are described by Maxwell’s equations without the displacement
currents [1, 5, 6], are popular in electromagnetism. There are many researches on solutions of eddy
current problems in literature. For example, the boundary integral equation methods [15, 16, 22],
the mixed finite element method [2] and the mixed finite element method associated with boundary
element [7]. In addition, there are some other particular methods, such as mixed FEM-BIEM method
[8], the adaptive finite element method [32], symmetric FEM-BEM method [17] and mortar element
method [14, 23].

In this paper, based on the ideas described in [30, 31] and the eddy current formulation of the
magnetic field (H — 1 formulation), we develop a coupling of natural boundary element method and
finite element method for solving the time-dependent eddy current problems in unbounded domains.
The H — ¢ formulation allows that a scalar function is used outside the conductor and a vector
function is only used in the conducting domain. We first introduce a spherical artificial boundary
which contains the conductor, so the whole unbounded domain is decomposed into three subdomains
by the surface of the conductor and the spherical artificial boundary. Then the backward Euler method
is applied for the discretization of time variable, and the coupled variational problem at each time
step can be derived by using the natural integral operator of the harmonic equation for the exterior
spherical domain. For the discretization of the space variables, the Nédélec element of the lowest order
is introduced in the conductor, while the piecewise linear element and the curvilinear element closing
the spherical boundary are used in the domain which is between the spherical artificial boundary
and the surface of the conductor. A backward Euler-DtN alternating algorithm is designed to solve
the corresponding discrete problem. In this new method, the action of the natural integral operator
can be implemented by calculating a series of the spherical harmonics, so there is no need to solve
boundary integral equations. We derive an error estimate for the fully discrete scheme, and prove the
convergence of the alternating algorithm. Some numerical experiments will illustrate our theoretical
results.

The paper is arranged as follows. The eddy current problems are described in Section 2. The cou-
pled variational problem at each time step is given in Section 3. Section 4 presents the discretizations
and introduces a backward Euler-DtN alternating algorithm. In Section 5, we derive an error esti-
mate for the fully discrete scheme, and prove the convergence of the backward Euler-DtN alternating
algorithm. Section 6 discusses some implementation details of the algorithm. Numerical examples are

given in section 7. In Section 8 we summarize the backward Euler-DtN alternating algorithm.



2 Preliminaries

2.1 The model

Let Q. C R? be a conducting domain and I, be its boundary. The external domain is denoted by
Q. = R3\ Q.. The eddy currents problems in R? can be described as

VxH=1J, in R3,
pS + vV xE =0, in R3, (2.1)
V-B=0, in R3,

where H, B, J and E denote the magnetic field, the magnetic flux density, the total current density
and the electric field, respectively. B = pyH and p is the magnetic permeability. J can be defined by
oE, in €,
J= (2.2)
Jss in Q,
where J; is the solenoidal source current carried by some coils in the air and o stands for the electric
conductivity. We assume that u, o € L>(R3), which are time independent and associated with linear
isotropic media, and there exist two positive constants jim, and o, such that g > fiyi, in R3,
0> Omin in Q. and o =0 in Q..

The problem has the following interface conditions:
[H] x n. =0, [B] -n. =0, on Iy, (2.3)

where [v] stands for the jump of v at the interface and n. denotes the unit outward normal vector
on I'.. Moreover, such a type of interface conditions is to be verified at any surface where o or p
is discontinuous [23]. Besides the interface conditions, we have to impose the appropriate regularity
conditions at infinity. Since the problem is time-dependent, the suitable initial conditions are also
needed. In particular, the initial condition on B has to satisfy V-B = 0 and [B] -n = 0 at any
interface. It is easy to see that the condition V - B = 0 is satisfied at any time, provided that this

condition is met at the initial time [14].

2.2 The Sobolev spaces

In order to describe the problem in a mathematically rigorous way, this subsection is devoted to
the definitions of function spaces.

Function spaces in (), and .. Assume that . is a bounded simply connected convex poly-

hedron domain. We recall the Sobolev spaces H*(€2.), s > 0 with the convention H® = L2 L?(Qc) is

the usual Hilbert space of square integrable functions with the norm [ju||z2(q,) = (fQ u2d9:) ’.

H*(Q.) := {u € L*(Q.) | DSu € L*(Q), €| < s}



endowed with the norm and semi-norm

(NI
)

[ull o) = | > I1D%ulliz(q,) and |ulgso,) = | > [ID%ullf20,) |
[¢]<s |€]=s

where £ represents non-negative triple index. From now on, we denote vector-valued quantities by

boldface notation, such as L(£2.) := (L?(2.))3. Define
H(curl,Q.) := {u € L*(Q,) | curlu € L*(Q.)},
Hy(curl, Q) := {u € H(curl,Q.) |uxn.=0on I'.}.
H(curl, Q) is equipped with the norm:
%
ulle(curro,) == (”u”i?(ﬂc) + chrluH%ﬂ(QC))
Moreover, we define

W) = { | £ € L2(Q), Vo e L)},

equipped with the norm

SIS

¥
lelwyen = (I€132 ) + IV6lR@,))

where 7 = /22 + 2 + 22.

Function spaces on the boundary. In the paper, we also need some Sobolev spaces defined
on the conductor surface I', and a spherical artificial boundary I'.. Let I" denote I'. or I'., then the
Sobolev spaces H*(I"), H7(I") and differential surface operators (curlr, curlr, divr and Vr) can be
defined for all s € R using local charts and transformations [9, 11].

For any s > 0, Let
H;(T.) ={vecH (. |v-n.=0 on I.}cLT.)=H)T.),

whose norm is defined in [24]. H; *(T'.) denotes the dual space of H;(T'.) with L#(T'.) as a pivot space.

The norm on H, *(T".) can be written as

v s
Vs y = SUp ———
HoW) ™ emery ullas .

Moreover, we know
divr,((u x n.)|r,) = (curlu) -n., V u € H(curl,Q,),
which implies divp, (v, (u)) € H~2(I,) [10]. Then we define the space:
H*(divp,,To) = {v | v € H, 2(T.), divp.v e H ()},

whose norm is

N

_ 2 . 2
My = (V1 Doyl )

+ c



Function spaces involving time. According to [27], we give the definitions of the function
spaces involving time. Let X be a real Banach space with norm || - ||x. L?((0,7"); X) consists of all

measurable functions ¢ : [0, 7] — X with

T P
HCHLP((QT);X) = (/ |C|§(dt> < 00, for 1 < p < o0,
0

and

1¢]|Lee (0,1);%) = ess sup ||C]lx < oo.
0<t<T

2.3 The H — ¢ formulation

Since divJg = 0, there exists a source magnetic field H; such that
J, = curlH,, inR> (2.4)
By using the Biot-Savart Law for general coils, the field Hy can be written as:

1
H, .= curl A, where A, :=— Js(y) dy.
Ir Jgs -y

From now on, our goal is to find the residual Hy := H— Hy, which is called the reaction field [13, 32].
Since

VxH=Vx(Hy+H;)=J,, inQ,,

by using (2.4), we have
VxHy=0, inQ, (2.5)

which suggests that there exists a scalar potential ¢ such that
Hy =Vy, in Q.. (2.6)

To simplify the problem, we assume that g and o are constant functions. It is known that the

problem in 2. can be written as:

V xH =0¢E, in Q,
p9 +V xE =0, in Q, (2.7)
V-H=0, in Q.

By using H = Hy + H; in )., we can obtain the following problem with the variables Hy and E,

VXH():O'E, in Qca
pfo |7y B = —p 2 in Q, (2.8)
V-H, =0, in Q..

According to the first two equations of (2.8), we can get

,u@;o + 1V xVxH= —,uagf in Q. (2.9)



Furthermore, the problem has the following interface conditions on T',:
Hy x n. = V¢ x n, Hy -n,=Vv¢ - n,, on I'.. (2.10)

Since V-H = 0 in R3, we can get Ay = 0 in .. Then the problem with the variable ¢ in €2 is

as follows:
Ay =0, in Q,
(2.11)
8811111 =Hp - n,, on I'..

According to [33], we know that the problem (2.11) has a unique solution ¢ € W}(€,.), provided
Hy - n. lies in the space H-3 (To).

For the initial condition, we set

So we can write the initial problem with the variables Hy and v as:

plHe + 1y x vV x Hy = —p28=, in Q,

vV -H, =0, in Q,

A =0, in .,

Hy x n. = V¢ x n,, on I, (2.12)
Hy n.=Vy-n,, on ¢,

H,(x,0) =0, for x € €,

Y(x,0) =0, for x € Q.

In an analogous way to [32], we can define
V= {v|v=win Q. for some w € H(curl, Q) and v =V in Q,
for some ¢ € W}(€,) such that w x n. = Vi x n. on I'.}.

For any w € V, we multiply the two sides of (2.9) by w and integrate it in Q. to obtain

O0H, 1 OH,
/chat-WdV+O_/QC(VXVXHO)-de——/QC,u T -wdV, (2.13)
where w = { W %n {2 . Then we can get
Ve, in Q.
H 1 H,
/ ,u&~wdv+*[/ (VXHO)-(VXW)dV+/ (n.x(VxHjy)) wdA] = —/ ,u6 -wdV. (2.14)
Q. Ot o Ja, r. Q. Ot

Let us consider the item %frc (n. x (V x Hyp)) - wdA. By the Corollary 3.20 of [24] and (2.10), we

obtain
%frc(nc x (V x Hy)) - wdA = %frc (VxHyp) (Vo xn.)dA
= 1 Jo (ne x (V x Hp)) - VpdA = — [ (% - no)pdA — [i (nZ5e - n.)pdA (2.15)

= — fo (n2e no)pdA — [, p 2R pdA.




According to [33], we have
— Jo (VY no)pdA = [, Vi VedV, V€ WH(Qe).
By (2.14), (2.15) and (2.16), (2.13) can be written as:

Jo n%E - wdV + L [ (V x Hy) - (V x w)dV + 5 [, uVe - VedV

OH, OH,
ot wdV + frc (” ot

=~ fq. b ‘n.)pdA.

So the initial problem (2.12) has the following variational form:

Find Hy € L2((0,T); V) such that
% Jps 1Ho - wdV + %fszc (V x Hp) - (V x w)dV

= — o n%p - wdV + [ (1% ne)pdA, VwevV,

Hy(-,0) =0, ¥(-,0) =0.

(2.16)

(2.17)

(2.18)

By the Galerkin method, it can be proved that the problem (2.18) has a unique solution Hy €

L2((0,T); V), provided that H, and A are regular enough.

2.4 Spherical harmonics

In this subsection, we will introduce the spherical harmonics, which are the eigenfunctions of the

Laplace-Beltrami operator on the unit sphere. The spherical harmonics will be used to define the

natural integral operator for the exterior spherical domain. There are abundant results on the spherical

harmonics, see, for example, [20, 26].

Let (z,y,z) be the rectangular coordinates. We adopt the spherical polar coordinates (p, 0, ¢)

which satisfy x = psinf cos ¢, y = psinfsin¢ and z = pcos¥.

The spherical harmonics of order [ are the 2[ + 1 functions of the form

Y(0,0) =\ g P (cost)e ™,

where [ =0,1,2,...and m = —1[,... [, or

YO% (0’ d)) = 22#[’[”(@039)’

Yir0,9) = %'Eéizgiﬂm(cosﬂ)cos(m@,
Yoi(0,9) = %-E;Iﬁ;iﬂm(cosﬁ)sm(m@,

where [ =0,1,2,...and m=1,...,1.

The associated Legendre functions P/ (z) satisfy :

Pr(z) = ()" (1—2?)% L2~ 1)L ifo<m<l,

Pr(z) = (=1)"" R (x), it —1<m<o,

where [ =0,1,2,...,m=—[,...,land -1 <z < 1.

(2.19)

(2.20)

(2.21)



We also have the following orthogonalities
ST LT (8,0)Y,7(8, ) sin 0d9d = Sy
2Ty (0, )Y (0, 6) sin 0d0dd = Sy Smm61ar,
where ¢,t’ = 0,1,2. Moreover, [26] describes that the two families of spherical harmonics constitute

the orthogonal basis of the space L?(s) respectively, also orthogonal in the space H!(s) , where s

denotes the surface of a unit sphere.

3 Coupled variational problem

Let {to,t1, -+ ,ta} be a partition of the time interval [0,7] and 7,, = t,, — t,,—1 be the nth length
of time segment. In this section, the main purpose is to give the coupled variational formulation of
(2.12) at each time step. Above all, we introduce a ball Bg containing the conductor, whose radius is
R. The whole unbounded domain (2. is decomposed into two subdomains by the surface of the ball.
We denote the bounded domain 2, N Br by Q., and the unbounded domain 2.\ Bg is denoted by
Qe,. Let the interface I' = Q., N Q,. Then we assume that

Hy, (X) = HO(X7 tn)a ¢1n (X) = "bl (X, tn)a and 'LZJQn (X) = 1/12 (X7 tn)7

forn=0,..., M, where {1 = g, and 12 =

0., Therefore, we know that
HO()(X) = O, ¢10(X) = 0, and ’lﬁgo(x) =0.

The backward Euler method is applied for the discretization of the time variable. Substituting

Hon—Hon—1 OH
Tn for ot

|, , we have the approximative problem at the time t,, for n =1,..., M:

Hy, + 22V x V x Ho,, = —7 28 (t,) + Hopo1,  in Q,

V- Hy, = 0, in O,
A/lbln = 07 in Qel7

(3.1)
Aan = 07 in Q927

HOn XN, = vwln X g, HOn e = V’(/}ln ‘e, on ch

Vin = Yan, VUip -0 = VP, - D, on I',

where n. denotes the unit normal vector on I'., which points to the exterior of the Bg. Then we give

some notations:

Vi :=H(curl,Q.), V{:={ucV,|uxn.=0o0nT.}, (3.2)
Vo= H'(,), 3 = {p € V2 | ploa., =0}, (3-3)
Vo i= H'(Qe))/Po, V2 = {p € Vol ¢loa., = [0}, (3.4)



Vs i= W(Qe,), Ve ={peVs|p=0o0nT.}, (3.5)
where Py is the set of all constants and [0] denotes the element “0” of Hz (9%, )/Py. We assume

OH, (
ln

f, =— tn) + Hop—1,

then the bilinear forms and the functionals associated with (3.1) are

anl(u,v):/ u-v+;—Z(V><u)~(V><v)dV, Yu, vevy, (3.6)
Qe
talo ) = [ (Ve VOV, Vo T, (37)
Q,
Foi(v) = / f, -vdV, VveVy (3.8)
Qe

forn=1,..., M.

According to [28], we can get the Poisson integral formula for the exterior spherical domain €,:

2m 2 /Y /
r? - R7) 1/)2n(9 ¢')sind" .,
Van(r,0,6) = T / / RN T T d9'd¢/, forr >R, (3.9)

and the natural boundary integral formula for the exterior spherical domain €2.,:

81/’271 _ . (l+1)(2l+1) o T d YA ! anl 3!
0.0 = > /0 /0 Pi(cos )04, (¢, ¢') sin0/d6/ds (3.10)

where

cosy = cos @ cos O + sin@sin @ cos(¢p — ¢)r  and S, = Yanlr, .

So we obtain the coupled variational form of the problem (3.1):

Find (Hon, ¥1n,%2n) € Vi X Vo x Vs, n=1,..., M, such that

Yan(r, 0, ¢) = fo (T(szj«zwzé}gi/c’iﬂ)/bf)f d9’d¢’,  forr >R,
an1(Hon, v) = Fo1(v), VveVy,
S, Hon - VpdV =0, Ve HE(QW),
Hy, x n, = Vi1, X ng, on I, (3.11)
Y1in = Yan, on T,
b G dA — [ (Hop - ne)dA =0,
an2(Y1n, ) = Jp. 8(;/;;” wdA — fr (Ho,, - ng)pdA, V€ Va.

4 A solution method

In this section, we introduce some discrete function spaces and the Dirichlet-to-Neumann operator
for the exterior Dirichlet problem of the Laplace equation. Then, a backward Euler-DtN alternating

algorithm is proposed to solve the discrete problem of (3.11).



4.1 The discretization

To get the discrete form of the problem (3.11), we first give the following discrete function spaces.
The discretizations of V; and VY. Let {7} }n.>0 be a family of tetrahedral meshes within €2,
where h, is the maximum diameter of the meshes. The set of edges of 7,7 is denoted by &,. By using

the Nédélec edge elements of the lowest order, we give the finite element space defined on 7;’ :
Nih = {vn € H(curl,Q.) | vi|x € Ri(K), VK € T },
where R;(K) is a subset of all linear polynomials on the element K of the form:
Ri(K)={a+bxx; a,becR? x€K}.

From [18, 25], we know that the tangential components of any edge element function v, of Nll,h
are continuous on all edges of every element in 7;° and vy, is uniquely determined by its moments on
edges of 7)¢

M (vy) = {/vh - Teds, e € &},
e

where 7. is a unit vector on the edge e. So we can obtain the discretizations of the function spaces
V; and V{:
Vi, :=ViNN,, and V9§, :=V{nN{,.

The discretizations of V5 and Va. In the domain Qe,, we also introduce a family of tetrahedral
meshes, {7;° }5.>0, such that the meshes 7, and 7,¢ are matched on I'., where h. is the maximum
diameter of the mesh 7,° . The set of nodes of 7,° is denoted by N,. Let Qb = UKGT;SP K, which
is an inscribed polyhedron of €),, then we use the piecewise linear finite elements to gef the finite

element space defined on 77 :
Sp={en € H'(Q!) | ¢nlx € P(K),V K € T },

where P; (K) denotes the set of polynomials of total degree at most 1 defined on the element K. For

any @p € Sp, it can be uniquely determined by

Ma(pn) = {¢nla), a € Np}.

Since 2, is a curvilinear domain, we need curvilinear tetrahedral mesh near I'. to subdivide €2,
completely. The following map F}, described in [24] will be used to obtain the curvilinear tetrahedral
mesh of €2, .

Let K € Thee be a tetrahedron, which has two or three vertices on I'., with barycentric coordinate
functions A;, 1 < j < 4. We can give Dubois’ definition of F, : K — f(, where K denotes the
curvilinear tetrahedron having the same vertices with K [21].

1. if K and K have two common vertices on I'. , a; and as, we define

Fi(x) = (1= X3 = Ag)Pr, (M45222) + Agag + Aaau, (4.1)

10



2. if K and K have three common vertices on I', , a;, as and a3, we define

F) = (1= Ag)Pr, (Maphgmeihaan) |y, (42)
where
Pr.x = Rx/|x|, x € Qr,. (4.3)

Qr, C £, is a neighborhood of I'. and Pr, just projects the points in {2r, normally onto I'¢, which
is well defined provided x # 0. It is easy to see that F}, is a continuously differentiable, invertible and
surjective mapping.
Let
By, ={K €7, | K has two or three vertices on I'.},

then we can define Fj, : o — Q.,,

~ Fk(x), if xe K € By,
Fr(x) =
X, if x€ K € 7)Y \Bp,.

The discrete function space of ‘72 is obtained as follows:
Vap, = {Zn € HY(Q,) | @n o F, = op, for some pp, € Sp},
then we can get the discretizations of the function spaces Vo, V¥ and V:
Var = Vol (Van/Py), Vi = V3N (Van/Py) and Vi), = V3 N Vay,.

Since the curvilinear tetrahedral mesh of €., has created a curvilinear triangulation on the bound-

ary 8€,,, we can get the discrete spaces of H2 (99, ):

Xn = {@nloa., | Fn € Van}-

4.2 Dirichlet-to-Neumann operator

For the exterior Dirichlet problem of the Laplace equation, we will give Dirichlet-to-Neumann
operator which is actually the natural integral operator discussed in [29, 31].

According to [26], the spherical harmonics )A/lm form a basis of the linear space L2(s), so any
function g4 € L?(T) can be expanded as a sum of spherical harmonics }Aflm:

00 l -
0 = oY, ™ (6
<pd( 7¢) l;)mg—lwl l ( 7¢)7 (44)

B = s Jr, 0al0,0)Y"(0,0)dA.

a4 can also be expanded as a sum of the other family of spherical harmonics (2.20):

m=1

ca0.0) = 5 ( S (PRI (6.6) + eRY (60, 8) + Y0, ¢>) ,
I

0 _
Pot R?

Y-
?
S
&
“%
&
=3
=
=
jsW
S

moo__
Pu =

Spglb = % f]"e <pd(97 ¢)Y27ln (07 d))dA

11



For s > 0, the space H*(T,) is constituted of the functions in L?*(T.) such that the series

l
lpallZecr.) —RQZ Z 13" RQZ (1+1)? (Z wi?|2+|<p£’?|2)+|so8ll2>

=0 m=—1
is convergent. Its hermitian product is

(Tl + onvst) + @8@81) :

||Mg
I
=

00 l
(0a,Ya)msr,) =R ZZ (L+ 1)@y =
1=0 m=

For s < 0, the space H*(T'.) is the space of distributions in D’(T) such that the series

[e%e) l
lealls(r,) = R Z Z D13 =R*) (1 +1)* (Z
=0

=0 m=—1 m=1

(it + leBil?) + |w81|2>

is convergent.

Then we introduce two families of harmonic functions

1 ~

for{=0,1,2,...and m = —1I,...,[, and
Kgy(r,0,6) = ;Y (0, 9),
Kii(r,0,¢) = = Y7 (0,9), (4.7)
K3 (r,0,¢) = 7 Y51 (0,9),

for /1 =0,1,2,...and m = 1,2,...,[, which are not smooth at the origin and tend to zero at infinity.

Consider the exterior Dirichlet problem

D, =0, in Q.,,

(4.8)
7/}62 = l/fd, on I'..
Since 14 can be expanded as
Wa( Z Z VY0, 0) =Y (Z TYI(0, 6) + V5 Y3 (0, 9)) +w8lY0‘%(9,¢>> . (49)
=0 m=—1 =0 \m=1
according to [26], we can obtain
e l e l
1 ~
ey (r,0,0) =D Y0 REWPY™0.0) g = > D> RPWIE!(r,0,), forr >R, (4.10)
=0 m=—I =0 m=—I

%) 141 1
boa(r6,8) =3 B ( S (WY (6, 6) + v (0. 9)) +w81Y0%<e,¢>)

oo l
S i ( S (WK (1,0, 6) + VKD (16, 8)) + vO KO (r. 6, <z>>)  forr >R
(4.11)

Since it is known that
oK™
on,

_(l + 1) Yi’ln,

Rl+2

e

12



we can define the Dirichlet-to-Neumann operator G, : H 3 (Te) — H —3 (T), which associates 4 with
the normal derivative gd’d of the exterior Dirichlet problem (4.8). For ¢4 given by (4.9), G. satisfies

that l
Geba == 3 HU+DEY"(6,9)
=om=-1 . (4.12)
= 5 ) (£ WRYR0.0 + Y e.0) +i0yEe.0)
and
(Getoa, pa)r. = Jp (Getba)padA
(4.13)

o'} l .
— S RO+ ( S (ot + e + ¢81so8l) . Vs € HY(DL),

=0 m=1

where ¢4 has the expansion
00 l R ) l
a0,0) =" Y FY(0.0) =) (Z (P11 Y1' (0, 0) + 51 Yar (0, 9)) + so&%%(w) :
=0 m=—1 =0 m=1

4.3 Backward Euler-DtN alternating algorithm

Based on the previous preparations, we will propose a backward Euler-DtN alternating algorithm
for solving the discrete problem of (3.11) in this subsection. Since our ultimate aim is to obtain
H, € V, we only need to get Vi instead of ¢; in €.,. In the algorithm, we only obtain ﬁln € Vop
such that V{ﬁ\m =V, forn =1,..., M. For ease of notation, we denote %n by 91, in the rest of
this paper. Let

Z:={A| X €xn/Po},

then the backward Euler-DtN alternating algorithm is described as follows:
1. Let n:=1 and H}, = Hy, = 0.
2. Solve the discrete problem of (3.11) at t,:

(a) Given the initial value A, o € Z. Let m := 0.

(b) Let
=~ O0H,
Fnl(v) :/ (_Tn ot ( n) +H0n 1) vdV, VY veEVy,.
Qe

Find Hf, ,, € V1, such that

anl(Hgn,m’v) = ﬁnl (V)’ v v E \[(1)h7
(4.14)
H’(}n m XN = VA, X0, on I'..
(¢) Expand A, n|p, in the series form
oo l
Anmlp, = ¢+ Z (Z In, Y+ Iy, TYa) + qzlo(gYoz) (4.15)
=1 \k=1



where ¢ can be any real number. Then we define A7, € x» such that

. 1 N
Nmlr. = =5 / HG, o med A+ ) (Z@n;a’;m + i Yal) + qi{fb%%) . (416)
¢ =1 \k=1
and A = [N, ]

h
(d) Take ¢, [, = A%, |r,, then we can get ¥%, ,, and % by using (4.11) and (4.12).

wgn,m(rv 0, d)) = 7% fr‘ i Hgn,m ‘n.dA

00 l
& & 0
+ 3 RIA! ( D (qn"fllK{’; + q:ZQlKgf) + q::OZK((J)l> , forr> R.

=1 m=1

Ol m
dn. = ge(/\reL,m

r.)

(=) l
141 K ke ,0
= 471132 frc Hgn,m ‘ncdA — 121 : R ) (Z (qu”Yﬁ + q::zlyﬁ) + q:ozyo%) .

(e) Find ¢f, ,, € Vo such that

OY3,m
fQEl V@D{Ln,m ! VWW = fFE 62118 @dA - fr‘c (Hgn,m : nc)<pdAa v (oS V2h,- (417)
(f) If the accuracy of the approximation is enough, then iteration stops and let
_ Hf}n,m, in Q.
HG, = 4 Vol in Qe

h .
Van)m, in Q.,

else

/\n,m+1 - (1 - ﬂn,m))\n,m + ﬁn,mw?n,mlaﬂel 5
where ¥, ,, is the mth linear relaxation factor at the time ;.

(g) Let m:=m + 1, go to the step (b).
3. If n < M, then n :=n + 1 and go to step 2.

Remark 4.1. The aim of choosing NS . in (c) of step 2 is to ensure the consistency of the problem

(4.17).

5 Convergence of backward Euler-DtN alternating algorithm

5.1 Preconditioned Richardson iterative method

In order to give the convergence of the backward Euler-DtN alternating algorithm, we first need to
get the convergence of the DtN alternating algorithm at each time step.

For any A, € Z, we introduce the following discrete problems at ¢,, for n =1,..., M.

14



Find Rff)\n € Vq; such that
an1 (R Ap, v) =0, Vve Vi,
Rf)\n Xxn.=VA, X n, on I',.

Find Tf?n € V9, such that

an1 (THE, ,v) = F,i(v), Vve V9,

where

F OH

= —Tn o (tn) + ﬁgn_l and ﬁnl(v) = /s EL -vdV, Vve&Vy,.
Find HS: € Vy such that
anl(Hg’f,v) = ﬁnl(v), Vve VY,
Hgf xn, = V\, X ng, on T..
Find Rzel An € Vo, such that
Jo., VRI X - VipdV =0, Vo€ Vh,
RU“ N, = A, on 09, .

From the definitions of the discrete problems, it is known that

H;' = RN, + T/,

(5.2)

(5.3)

We will define the discrete Steklov-Poincaré operators S¥,, Sk =S and the operator ®" at ¢, for

n=1,..., M.
<S{ln)\1n7 )\2n> = fpc RnHAln ' ncAQndAa v )\l'ru )\Qn c Z.

SE Aty Asn) = [ VRE Ay - VRE AgndV, ¥ Ap, Aon € 2.
2n Qel

For any A1, A2, € Z, we have

)\in

[eS) l
k ko ok k 0 0 -
r.=c+ Z (Z(qm,uyu + Qin21Ya1) + qin,OlYOl> , fori=1,2,

=1 \k=1

where ¢ can be any real number. Then \J,, can be defined. it satisfies that

oo l

k k k k 0 0

)\gn r. = (Z(q2n,1lyll + Q2n,2lyzl) + Q2n,01Y01> )
=1 \k=1

and g, = [AY,].
Let
Hg', = R7 )\, + T7F,
and define Af,, € xy, such that

o0

l
e 1 C,h
Afnlr. = "R /F Hyy,, - nedA + Z (Z(qlfn,uyﬁ + gl Yor) + q(l)n,OlYO%> )

. =1 \k=1

15
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and Ay, = [AS,]

we can define

(S =~ e 8,04

0o l
_ (141) k k k k 0 0
= 121 T (Z (910 1190,11 T @in 21950 21) T qln,Olq2n,Ol> s VA, Aon € Z,

(5.9)
(@8 Aan) = — fp (THE, no)A3,dA, ¥ Ayp € Z, (5.10)
where (-,-) denotes the duality pairing between Z  and Z.
Let
Sh =gt 4 Sh 1 8h forn=1,2,...,M,
then we introduce the following discrete problems:
Find A}, € Z such that
(SEALm) = (@),  Vne Z, forn=1,.. M (5.11)
It is easy to see that the operator S¥ is symmetric and positive definite in Z forn =1,2,..., M,

hence we can apply the Richardson method with S%, as a preconditioner for solving (5.11) at t,,, i.e.
given A\, o € Z, for each m > 0, solve
)\n,erl = )\n,m + ﬁn,m(Sgn)il[(I)Z - S:Ll)\n,m}
(5.12)
= (1 - 19n,m))‘n,m + ﬂn,m(sgn)_l[q)z - (S{]n + Sgn)/\n,m]v
where ¥, ,,, is the mth linear relaxation factor at t,.
In the following, we will give the equivalence of the Richardson method (5.12) and the DtN
alternating method proposed in the second step of the backward Euler-DtN alternating algorithm at

each time step.

Lemma 5.1. The DtN alternating method proposed in the second step of the backward Fuler-DtN

alternating algorithm is equivalent to the preconditioned Richardson iterative method (5.12) at t,, for

n=1,...,M.

Proof: We first define H{", 4" and w;z

On>» ¥1n

Find H}" € V3, such that

anl(Hm,v) = ﬁnl(v), Vvevy,
HI)Z xn, = VA xn,, on I..

Expand Al |r, in the series form

Mlr, =c+
!

0o l
Kk oy k Koy k ,0
(Z(qjl,llyll + QIL,QIYQZ) + ql,ozYo3> )

1 \k=1
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where ¢ can be any real number. Then we define A\, € xj, satisfying

1 o0
X, = ——= [ HI! ndA+)
nlr. 4R /FC on 11 *

=1

I
<Z i LY+ q'n, S Y +al 01Y01>

k=1

and A\l = [\¢].
By using (4.11), (4.12) and ¥ |, = A¢|p_, we can obtain ¥4 and 6w2”|
Find 9" € Vy), such that

Jon, VUL VodV = [o BiodA — [ (L n)edd, Vo€ Vo

Define

h _ 11th h h TR h h A ) h h .\t
eHn,m B HOn HOn m eqbgn,m i w2n - ¢2n,m7 ewln,m Ea wln - wln,m’ e)\n,m T )‘n -

We can see that

h - 0

anl(eHmm,v) =0, Vve Vi,
h — Vel

€, X Ne =Vey, o |r. xn.,  onl,

fQ Vewln m V(pdV fl" z/!zn = dA fl" eHn m nc)(pdAv v 2 S szh’

and

h h
exnm+1 = Unmin,m + (1- 197l7m)e)\7L,m’

_ _h
where 7, m = ewln,m|r952e1'

Since
(S3n1in.m: €) = = ((S12€%nm> €) + (S5n€Rnm: €)) s ¥ C € 2,
we have
S3nm = = (5108 m + S5 €N m)-
Moreover, it is known that
e’immH — eﬁn)m =D mn,m + (1 — 19n7m)e’§n7m — eﬁnym

— h
- 19n,m77n,m - ﬁn,me)\nﬂrr

So

h h h _ h _h
SQn(e)\n,m+1 - e)\n,m) - n m(Sln + S.‘Bn) €xn mo 19n7mS2ne)\n,m'

Then we can get
Sgn()‘n,m - )‘n,erl) = _ﬁn,m(S{Ln + S:?n)()‘:rz - An,m) - 19n,msgn(>‘;rz - )‘n,m)~
We notice that

(St + 83, + S5, = @,

17



therefore,

Sgn/\n,m-i-l = Sgn/\n,m + ﬂn,m[@z - (S{ln + Sgn + Sgn))‘n,m]~

So the DtN alternating algorithm at t, is equivalent to the preconditioned Richardson iterative
method:

Given A, o € Z, for each m > 0, solve

>\n,m+1 == An,?n + ﬁn,m(sgn)71[©2 - SZAn,m]

= (1 = Inm) A + nm (S8 7L®E — (S + SE ) \m], forn=1,2,..., M. O

5.2 Convergence of the preconditioned Richardson iterative method

In order to obtain the convergence of the DtN alternating algorithm at each time step, according
to the equivalence given in lemma 5.1, we will devote ourselves to getting the convergence of the
preconditioned Richardson iterative method (5.12) at ¢, forn =1,2,..., M.

We first present some auxiliary lemmata.
Lemma 5.2. The operator St : Z — Z' is symmetric and positive semi-definite forn =1,..., M.

Proof: For any A1, A\2p, € Z, according to the definition of the operator S{’n, we have
<S{ln>\1n7 >\2n> = ch RnH)\ln . Ilc)\zndA, fOI‘ n — ]., ey M

Let V., be the piecewise linear finite element space of H'(f2.) which is defined on ’];fc. Since
Aon € Z, we can let A5, € Vo, /Py be the discrete harmonic extension of Aoy |r, in .. Then we know
that VA3, € Vi, and

H
V)‘;n X nC|3Qc = Rn Aon X nc|8Qc-

According to (5.1), we have

fﬂc RnH/\ln . (R,ﬁ’/\gn — VA5 + %(V X Rf/\ln) -V x (RnH/\Qn —VA;,)dV =0,
then we can obtain that
ch RZN;, - REN, + ﬁ(v x REN,) - (V x RENy,,)dV

= ch RH\, -VA;,dV = ch RZ )\, - n o, dA.
So
(St Aon) = Jo, (RE A REDan + 229 x REA) - (V x REz,) ) av.
From the previous formulation, we can see that
(St Aty An) = fo, (Rff)\ln R A+ 22(V x RIA,) - (V RfAln)) AV >0, Y Aip € 2,
and (ST Ain, A2n) = (ST Aon, Atn)s ¥ Ain, Ao € 2.

So the operators SI : Z — 2’ is symmetric and positive semi-definite for n =1,..., M. O

18



Lemma 5.3. The operator S& : Z — Z' is symmetric and positive definite forn =1,... M.

Proof: For any A1, A2y, € Z, since

(Sh Ans Aan) = VR;fcl)\ln . VR:/fl)\gndk forn=1,..., M,
2n
Qey

it is easy to see that the operators S¥ are symmetric. Moreover, according to Poincaré inequality, we

know that

Ve 2 _ . Ve . 2
||Rn 1/\1”HH1(961)/P0 = wlg]f;o ||Rn 1)\171 w”Hl(Qel)
2
< C inf (\Rﬁwln —wlga + | fy (BE A, —w)dV|) ,
we Py 1 €1

R

0. RYCUAL,dV
.

a7 it follows that

where C' is a positive constant. Taking w =
Qel

e e
| B 1)‘171”%(1(9@1)/33 < C|Rn 1)‘1n|§11(§z€1)-
By using the trace theorem, we get
(SB A Mn) = Jo YRR Aiy - VEL AidV

Ve "
=|Rn 1)\1n‘%11(9c1) > &lRa 1)‘1””%11(%1)/1:’0’

> Cull bl o
el

where C,, is the positive constant depending on n. So the operator S¥ : Z — Z’ is symmetric and

positive definite forn =1,..., M. O
Lemma 5.4. The operator S : Z — Z' is symmetric positive semi-definite forn =1,..., M.

Proof: For any A1, Ao, € Z,

<S§Ln/\1n’ )\2n> = fFE %)f: )‘gndA

oo l
(i+1) k k k k 0 0
; R <Z (‘hn,uqzn,u + qln,2lq2n,21) + qln,Oqun,0l> )

so we have

— (1 +1) l k k

2 2 2
(S4 A 1n, A1p) = Z R (Z(|QIn,1l| +1dn 2?) + latnol®) = 0

1=1 k=1

and
<S£}),lnA1n7 A2n> - <Sgn)\2n7 )\1n>
Therefore, the operator S, : Z — Z’ is symmetric positive semi-definite for n =1,..., M. O

Lemma 5.5. For any A\, € Z, we have
(82 Xy Ain) < CF(SH Ay Ain), forn=1,..., M,

where the positive constant C§ s independent of n, h. and he.
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Proof: For any A\, € Z,

NgE

l
I+1
(Shdane M) = £ G2 (5 bl + el + o)

l

Il
—

Since
—_ 0 _
WPanlecllys o,y p, = B0 IMalee =0l )
00 l
= RS0 1) (X Gabnd? + e ol?) + e ) + dn(0)?)
wePy  \j=1 k=1 )
0o l 2
= R(E0+ 0 (S b + o) + ) )
we have
S Ny Mn) = 25| An|r, |12 < A in)? < CFA(SE Ain, Ain
< 3n\ny A1 > RSH In|T. H%(FE)/PO* RSH 1 ||H%(6961)/P0f 1n< 2n\ny A1 >a
where C7,, is independent of h. and he.
Let Cf = max Cf,. This completes the proof. O
1<n<M

Lemma 5.6. For any A\, € Z, we have
(St A1n, An) < C3(SE A, M), forn=1,..., M,
where the positive constant C3 is independent of n, h. and he.

Proof: According to [4], we know that

h < ) 2
<S1nA1na /\1n> =~ CHV)\IH X n(/”H_%(diUr‘c,Fc)

= (I9A x|+ i (T 02,y )

c

= CHVRZQ /\1n X nC“iI,%(FC)v v A1n S Za

where C' is independent of A..

Let us introduce the Hilbert space Xpor, defined in [3],
Xoor, :={s € Hy?*(T'c) | s -m|p, =0 and divr s € Hyy? ()}
With the result given in [3], we know that (VRZel Ain X 0o)|r, € Xpo,r, and
WPey * Yeq
(VR Ay X 1) r. [l ago v, < C* VR MnllH(curLo,,)-

Since

HOVRE A X 0)le g3y < CHOVRR A xmo)lrll gy

_1
H™ 2 (I H,,? ([.)

where C' depends on the area of I'. and the distance between I'. and T'., we have

I(VR M % molecly 3 ) < CIVERR Arallmeun o, = CIVRL Mallesqa,,).

_1
H™2(T,

20
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Then we obtain that

<S{Ln>‘1n7)‘1n> < CHVR#I Atn X HCH?_F%( ) < C;nHVRTLEl )‘lnHiQ(Qel) = C§n<sgn)‘1n’)‘1ﬂ>’

I'e
where C3,, is independent of h. and h..

Let C5 = ax C3,,- This completes the proof. O

Now we can give the convergence of the preconditioned Richardson iterative method (5.12) at each

time step. The proof of this theorem depends on the previous Lemmata.

Theorem 5.1. If 0 < mind, , < max¥,, < 2/(1+ Cf + C3) forn = 1,2,..., M, then the
m m
preconditioned Richardson iterative method at each time step converges with a rate independent of h.

and he.

Proof: The discrete Steklov-Poincaré operators S%,, S5 and S% are linear operators from the
finite dimensional space Z into its dual Z’. Let {xs}, s =1,..., M}, be a basis of Z, then we define

the matrices associated with the finite dimensional operators Sf,,, Sk and Sk :
(A2 Ain, Aan) == (SE A, Aon)s ¥ Ainy Az € RM1 = 1,2, 3, (5.13)

where (-, -) denotes the Euclidean scalar product in R™* and
Mh Mh

A = Z AnkXk, Aon = Z A2nkX-
k=1 k=1

According to Lemma 5.2-5.4, we can get that the operators S” are symmetric and positive definite.

By using Lemma 5.5 and 5.6, we have

m«gﬁ)‘l”’ )\1n> S <S£Ln)\1n, )\1n> § <Sg>\1n, )\1n>, A >\1n € Z, forn = 1, ey M.

Since

)‘n’erl - )‘;rz (1 - ﬁn’m(Sgn)ilsg)()‘n,m - )‘L)

[T (1 =90 x(55,)71S8) (Ao — AL,
k=0
we can obtain the matrix form:
Xn,m+1 - XL = (I - ﬁn,m(A}QLn)ilAZ)(l)‘\n,m - XL)
= I = 00 (45,) 747 Co = 2.
Then

[Anm+1 — )‘L” < V7T+1||)‘n,0 - )‘;rz”v

where || - || is the norm of vector and
vy, = max(l — mind, m,, (1 + C7 + C5) maxd,, m — 1) < 1,

when 0 < min ¥, ,, < maxv, , < 2/(1+Cf +C5).
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It follows that
Hm |[Apmit — ALl =0, forn=1,2,..., M.

m—
Therefore,

lm || Apmt1 — A || ® =0, forn=1,2,..., M,
m—0o0

Qey)/Po
and the convergence rate of the preconditioned Richardson iterative method at each time step is

independent of h. and he. O

5.3 Error estimate for the fully discrete scheme
Let Qp = Q.U ﬁel and
X:= {v:v=win Q. for some w € V; and v =V in Q,
for some ¢ € V5 such that w x n. = Vo x n. on T'.}.
We denote the finite element space of X by
Xp = {vp:vy=wpin Q. for some wy, € Vi, and v, = Vip, in Q,

for some @y, € Vo, such that wy, x n. = Ve, x n. on I'.}.

Let HY = { Ho» in €
0 Vs, in Q

formulation, which is the problem (2.18) restricted in 2.

Find Hy € L%((0,7T), X) such that

be the solution of the problem (2.18). Consider the following variational

0, B wav + L fﬂc(v x Ho) - (V x w)dV — [, 9Ge(Wzlre) g 4

— Jo. % M n)pdd,  VweX, (5.14)
HO(X7O) :03 X € an
where w = { 1n' 2 and Hy = Ho, H% e . The solution of the problem (5.14) is equal
Ve, in ., Vi, in Qe

to Hj|q,. Moreover, it is easy to see that

B 9Ge(Y2]r.) / OH, _
/Fc T dA + . (1w Y JdA =0.

Let (HY,,,%7,,,¥2,) be the solution of the problem (3.11). The variational form of the problem

(3.1) restricted in Q is as follows:

Find Hy, € X, for n =1,2,..., M, such that

be Hon—Hon 1 ~wdV + 7]9 V « HOn) (V % W dV f (ge Yanl|re)—Ge(Yan—1|r, )ngA

Tn Hno Tn

=~ fo. %t cwdV + [ (2= (tn) - n)pdA, ¥V w e X,

Hyp =0, x€Q.
(5.15)
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Hy,, in Q.

A ,forn=1,2,..., M. By using the
V'(Wlnna m Qel

The solution of the problem (5.15) is equal to {

system (3.1), we can verify that

/ 7 (g"‘(%"'re) — g"wz”‘l'“)) dA +/ 1) n)dA =0, forn=1,2,... M.
r. r.

Tn ot

Let the solution of the discrete problem of (3.11) be (Hgn T gl ), then we can introduce the
discrete formulation of the problem (5.15).
Find H}, € X;,, for n =1,2,..., M, such that

h _y1h h
Jo, Bt dV L [ (V x H,) - (V x wi)dV - [, (Sl nghiln )y o,

Tn Tn

== fQ dt ) - wrdV + fr 8t (tn) mc)pndA, ¥V wy € Xy,
HgO =0, x¢€ Qba
(5.16)
. r,h
where wj, ={ w1 Q. and the solution of the problem (5.16) is Hf:, = HOTh in Q. for
Vn, in (e, Vipyy, s in Qe

n=0,1,...,M

Since

8w2n —
/ A /FC(HO" ‘n.)dA =0,

we can get that

h - h
/ (Malgs (tn) - n.)dA +/ L (ger”'Fe) ge(%”‘”e)> dA=0, forn=1,2,..., M.
T T.

Tn

In the domain €, the backward Euler-DtN alternating algorithm proposed in subsection 4.3 is
actually used to solve the following problem:

Find HBZ € Xy, forn=1,2,..., M, such that

Th th _g@h
Jop, BBt qv 4+ L [ (U x HIY) - (V x wi)dV + [ TP g ay

Tn n

_fI‘e Ge(inlre) ~Ge(By s Ir.) opdA = —fQ m (tn) - wth—i—fF at (tn) - mepndA, ¥V wy, € X,

Tn

H"=0, xe,

(5.17)
th .
where H(JSZ = I;Iqoﬁ’h H% Qe and Hgn has been defined in subsection 4.3 forn =0,1,2,..., M. It
In>

can be verified that

Th
/ Ge(tanlr.) = Ge(Vhn-lr. )dA+/ —aHs(tn)~nch:0, for n =1,2,..., M.
r.

Tn ot
Let H*(curl, Q) = {v € H*(%) | V x v € H*()} (a > 0) equipped with the norm
1

2
||VHH‘1(curl,Qb) = (Hv”%-la(ﬂb) + Hv X V“%—Ia(ﬂb)) )

then we give the error estimate between Hp and Hy(t,,).
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Theorem 5.2. Assume that the solution Hy of the problem (5.14) is reqular enough. Let {HE 1} be
the approzimation solution defined by (5.16). 2(t,) and V%, have been used in (5.14) and (5.16).

h = max{h., he} and 7 = maxt,. Then we have

IHG, — Ho(tn) [m(eura,) + VO], = Vi1 (ta) Lz, ) + 195, - ba(ta)ll 3
< (B t0) o oDt eusr.ondl + 07 o7 61Dl a0, )l
7 o 2Dl gy o+ 7 J ||H0tt(l)||L2(Qb)dz) . forn=1,2,.... M,

where%<s§1,1§r§rof0rsomer022,

Proof: We divide the proof into three steps.
Step 1. Define a mapping P : X — X,
Define
A(D,B):/Q VxD. -V xBdV vV D,B € H(curl, Q,.),

and

b(B,q) = —/Q B-VqV ¥V BeH(curl,Q.), ¢ H}(Q).

c

Let Uy be the finite element space of HJ(f2.) defined on 7,0 . Then we define a mapping P, :
Vi — Vy,,. For any v € Vq, P.(v) satisfies the following system.
Find (P.(v),p") € V15, x Uy, such that

A(P.(v),Br) + b(By,p") = A(v,By) + b(Bn,p), VB e VY,
b(P.(v),q") = b(v,q"), V¢" e Uy,
P.(v)xn.=vxn., p"=0, onl.,
where p € H(€2.). According to [12], we have
IPe(v) = VIaeur,o,) + Ip = 2" 1200y < CR°(IVIIEe (curta.) + [Pl m1++(a.)))

for v.€ H*(curl,Q,.), p € H'T5(Q.), for some 1/2 < s < 1.
Next we can define a mapping ﬁe : Vo — Vay,. For any u € 172, ﬁe(u) satisfies the following system:

Find P.(u) € Vay, such that

Jo.. VP, (u) - V@pdV = Jo. Vu-VgndV, Y Gy € Vg,
P.(u) = u, on 0€Q,, .

According to [19], we know
IVP.(u) — Vul g2,y < OB Hull g, )
Define the mapping P, : Vo — Vyy,. For any u € Vs,
P.(@) = |P.(u)],
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where u € V5 and @ = [u]. Then we can get
VP (@) - Vil 12(,,) < Ch il g, )/ -
So we define the mapping P; : X — X, such that

Pi(v) =4 Pelv) ey oy
VP.(¢), in Q.

Step 2. Give the error estimate between Hy(t,,) and Py (Hq(t,))
Since Hy(t,) € X, we have

IP(Ho(tn)lo.) — Holtn)lo. lH(cur,0.) + P —thHg(QC) (5.18)

< Ch*(|[Ho(tn)

Qi eurro) + Pl 1+ 0.))

and

IVPe(¥1(tn)) = Vi (ta) 2., < OB v (ta)llarca.,) P (5.19)

where Hg(t,,)

= Vi ().
Moreover, since V - Hy(t,,) = 0, according to [12], we can get that the p of (5.18) is equal to zero.
Then

Q

€1

HPC(HO(tn”QC) - HO(tn)|Qc||H(curl,Qc) < ChSHHO(tn)|QC”Hs(curl,Qc)- (520)

The error estimate between Hy(t,,) and P1(Hy(¢,)) can be obtained.

”Pl(HO(tn)) - Ho(tn)”H(curl,Qb)
< C (W*I1Ho(tn) [ (eurt.0n) + A7 (tn) 101, /7 ) (5.21)

s [tn r— tn
< C (B Jy" [Bor (D)l (eurt o0l + 57 fo" 61D e e, /o)

Step 3. Give the error estimate between Hy(t,,) and H},
Let
H{, — Ho(tn) = Hf, — P1(Ho(t,)) + P1(Ho(tn)) — Ho(tn) = " + 0"

n n—1 —_
We denote @ by 0;w™. Then it is easy to see that w™ satisfies the following equation

_ h -~ h
be 0" - widV — (fpe Ge(¥3,Ire) ge(anfl‘Fe)LphdA _ fre ge(wQ(tn)ll—‘e)_ge(wQ(tn_l)lr‘e)(phdA)

Tn Tn

+ fo, (Vx @) - (Vxwy)dV = —R™(wy), V¥ wy € Xy,
(5.22)

where

Rn(Wh) — fgb Pi(Ho(tn))—P1(Ho(tn—1)) . thv _ fpc ge(d)z(tnﬂre)*Qc(LbQ(tn—l)h“e)(phdA

Tn Tn

= Jo, P wndV + [, PG (1) prd A

+om Jo, V x (Pe(Ho(tn)) — Ho(ty)) - (V x wy)dV.
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Let

Ry (wh) = Jo, (P — 1) (Helta)stoltecs)) v, qv,

Tn

Ry (wh) = [, (Ho(tn)*HO(tn—l) _ aHgitn)) wdV — (fr Ge(Wa(tn)lre)=Ge(Wata-slre) ) 1 4

Tn Tn

9G.
_fre %(%)@hdﬁl) 7

Ry(wi) = oo fo, V x (Pe(Ho(ty)) — Ho(ty)) - (V x wp)dV,

SO

R"(wn) = Ry (wn) + R3 (wn) + R3 (Wn).
Take wp, = w™ in (5.22), then it follows that
Ja, Oy - w"dV + L fQ (Vxw") (Vxw)dV
2 (Jo, Gl — (bl JadA — o Gl e, —vatu )l Jalkdd) (529
< [R{(@") + R (@") + Ry (w")],
where o' = ¢ — 4y (t,) forn=0,1,2,..., M.
w, in Q

From now on, for any w = e e X, we let
Ve, in Q,

1
2
wll = (”w”%-l(curl,QC) + HVSDH%,Z(QSI)) :

We can take of'|r, = |p. — a(ty)

(5.23) for n =0,1,2,..., M, then it is obtained that
-+ i = ) g

< O (=t + s = Yalta-1)]

el lems) — B (1) (e, - | 2211 ) — B

H3(T.)

Tn ot (t")HH%(re)
+7,||(P1 — 1) (M) z2(y) + TallV X (Pe(Ho(tn)) — Ho(tn))HLQ(QC)) :
By using recursion, it follows that
1+ W, = w2ty o,

< O X7 IV x (Pe(Ho(t) ~ Holt)) e + | P02 — 1)z,
j:

+||w2(ti)_7:‘f2(ti71) 8(;!;2 (i )||H2(F : +|(P; - 1) (Ho(ti)_TI;IO(ti—l)) ||L2(Qb)> )

Since
P, - 1) (M) = (P, - 1) (Tj—l fttjj,l Ho, () ) —1 ft (P, — I)(Ho(1))dl,
we have

> 7| (Py — 1) (Felta=Hellt)) 1

Jj=1

5 02, O (o0 e curn oy + 0 oae Dy e, )
pa

s [tn r— n
< C<h Jo" IHoe (D] a: curondl + A"t 3 ||1/11t(l)HHT'(Qel)/P0dl)o

IN
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Moreover, it is known that

H,(t;) — Ho(t: OHy(t; K
o(t;) o(tj-1) _ g; i) - 77—]._1/ (I —tj—1)Hou(1)dl,

tj71

Tj

and

alt) ~alty)_ 006) s [ gy,

7_] at J ti_1
then we have

n Ho(t;)—Ho(t,_ OHo (¢,
Z 7l ( (%) ™ ofty-1) _ e(;t(m) lL2(00)

Jj=1

<O 0=t Hou O e
=
< O7 [ [IHow ()12 (6 dl,

and
n t;)— ti— 15}
Z 1’7'.]'”% _ %(m“ %(Fe)

=
<Cxl S U=t )aa Ol
=

< O7 3 [ (D) dl.

H3(T.)

In addition,

> 71V x (Pe(Ho(t:) = Ho(t)) 2o, < Ctah® fy"

j=1

Ho: ()| 115 (cur1, 0, dl.
Therefore, we have

e[+ ll%4, — b2(ta)ll g3
< C (hs(l + tn) fO" HHOt(l)HHS(curl,Qc)dl + bt f()n ”ql)lt(l)”H"(Qﬁl)/Podl

+7 [y [b2ee D 1 +7 fo" ||H0tt(l)||L2(Qb)dl> '

By using the triangle inequality and (5.21), we get

||H}Oln - Ho(tn)”H(curl,Qc) + va{bn - VIpl(tn)”LQ(Qel) + ||wgn - ¢2(tn)HH%(F8)
< 0 (W0t t0) fi B e eust ol + 17 f3 90Dl o/l

+7'fotn |‘¢2tt(l)|‘H%(F8)dl+Tﬁ)tn ||H0tt(l)HL2(Qb)dl) y for n = 1,2,...,M. O
Theorem 5.3. If {H}"} and {H.} are the solutions of (5.17) and (5.16) respectively, then

h h h
IEE, — B lceurt.o0 + 1V60, = V6illuaa,,) + [98lr, — 5ile DLy

n—1 _ ~ _ (5.24)
< O % (1B~ W aecon + IV = Vililran,) + 95 = el ) )

Proof: subtracting (5.17) from (5.16), it can be obtained that

Iy (B —Hiy Moo By gy I (Gelinlre) =Ge(ihylre) _ GelWiuoilre)—Ge(Bhuzlre) y g4

Tn Tn Tn Tn

h

_ T h _ h
+$ ch(v x (HI — H(T)Z)) (Y x wp)dV + fﬂel (vw{; Vit VYL, V@ln_l) VondV =0,

Tn Tn
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for any wj, € Xy, so we get

h_pyrth
Joo, (oMo y -y qv 4 L [ (W x (HE, — HIL)) - (V x wy)dV

vl —wpih (P —G.(pih
+fszel( Y1 wl”)'VQOth—fpe(g (Yanlre)—9g (%n\re))(phdA

Tn Tn

(5.25)

h

_gh h _ogh
= fo (BB a4 f, (T T v v

Tn Tn

h _ h
B fpc(QE(w27L71|FE) ge($2,L71\re))<phdA7 YV wy € X,.

Tn

Let

h th h 1
In = (IH, — HE 3 eurna,) + IV, = VIR0, + (85,0, — %Imlli%(r ))z.

By taking wj, = (HZ, — H}") in (5.25), we have
2< (I8, — B, o, 8, - B o)
IV, = Vb, e ) V98, — VeitllLec, )
s vl )

< Ol (I8, = B 120,y + 19001 = V81 oo,

e — wgnfl |Fe HH% (Te) Hwéln

~ 2
Haale. = ol 2 )

SO

Lo < C (I8, .y = B, 1|22 0 + V1 — VO 12,
1

~ 2
Hoale ~ Fale by )

By recursion and the triangle inequality, we can get

h h h
M8, — A lseunan + V04, = Velleaq.,) + W5 In, = bl

r, — P,

n—1
h 1 h i h
< 0% (B3 - Wy + IV~ Vi, + 0k

HE <re)) ’
which completes the proof. O

Theorem 5.1 shows that the right hand side of (5.24) is convergent to zero, then Theorems 5.2 and
5.3 imply that the backward Euler-DtN alternating algorithm is convergent.

6 Implementation

In this section, we will discuss some implementation details of the backward FEuler-DtN alternating
algorithm.
Bases of several spaces.

1. For any K € 7,7 , we define
C.(K) = {e| e is the edge of K},
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sothe set & = |J C.(K). Let the number of edges in &, be M..
KeT
For any e € &, there is a relevant function uy . € Nll’h whose support is in F. = |J K. Here
KeZ(e)

Z(e) ={K | e e C(K)}.

Moreover, uy, . satisfies that
1, ife =e,
Upc - T, ds =
e 0, ife;#e,

for any e; € &,. So we get a basis of Nih, denoted by
B.={upe, € N, e €& i=1,2,...,M]}.
2. For any K € 7,7 , we define
Cc(K) = {nd | nd is the vertex of K},

so the set Ny = |J Co(K). Let the number of nodes in AV}, be N,.
KeT,
For any nd € Ny, there is a relevant function ¢y, 4 € S, whose support is in Fpq = U K.
KeY(nd)
Here

Y(nd) ={K | nd € C.(K)}.
Moreover, ¢, q satisfies that

1, if nd; = nd,
0, if nd; # nd,

©nnd(nd;) =

for any nd; € N}. So we get a basis of S, denoted by
Be = {thnd, € Sn | nd; € Np,i =1,2,..., N}
3. According to the relationship between S;, and 172;“ we can also obtain a basis of 172;”
B. = {Bhnd; | Phona, © Fh = hnd,, nd; € Njpyi = 1,2,..., N, }.

4. Let the number of nodes of Thee on the spherical artificial boundary be Ng; and the number of

nodes on I'. be Ngo. It is easy to see that (Ng1 + Ng2) < Ne. Define
Ns1 = {nd € N} | nd is a node on the spherical artificial boundary},

Ns2 = {nd € N}, | nd is a node on I},
and
./\[S = N51 U st.
For any nd € N, there is a corresponding function @, 4 € g@. So we can get the basis of xy, denoted
by
Bs - {Xl | Xi = S’Eh,nds(,i)bﬂely nds(i) € NS? (ndé(l) € NSla if 1 < { < Nsl)}v
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where nd,(; is the ith node in Ny and s(i)th node in NVj.
Expansion of y;.
According to the definition of By, x;, i =1, ..., N1, correspond to the nodes on I',, which can be

expanded as:

[e'S) l
Xi = Z <Z (XY (0, 0) + X Yo (0, 0)) + Xio Yol (0, ¢)> , fori=1,..., Ng, (6.1)

=0 \m=1

where
o= 7 Jr, xi(0,9)Y3(6, $)dA,
X = e Jr, xi(0,9) Y (0, 9)dA,
Xl = o fo xi(0.0) Y3 (0, 0)dA.

The computation of G.()\;, ,,|r.)-

Since A;, ,,,|r, has the expansion:

Nsl
Anmlre = ZQQZL,ka, (6.2)
k=1
we can get the series form of Aj, . |r, with (6.1). Let the approximate value of G. (A5, ,,,[r.) in xn be
Ns1
Lk Xk, Where g,k =1,..., Ng1, are undetermined. Then it follows that
k=1
Ns1 N1
> pwxk = a0 kGeXn-
k=1 k=1
It means that
Ns1 WE .
kzl ,uk<Xk7 Xj>H7%(F€) = kgl qgll’k<geXk7 Xj)Hf%(l"e)’ for J= 17 ey Nsl-
This leads to the following system:
ATX =Q'y, (6.3)

where A is a symmetrical matrix with A;; = <Xi,Xj>H7%(F ) Qij = <gexi,xj>H,1

2(
1)"'7N817 X = (,ula"' 7,uNS1)T and YV = (QQL,M"' 5qzrl7,,N31)T . Therefore, ge()\’reb,m

r.) for 4,7 =

r.) can be
obtained by solving the system (6.3).
Let

=0 \m=1

0o l
Xi =Y. (Z (XY (0, 0) + X7 Yo (0, 0)) + XF 0 Yol (6, ¢)>
and

00 l
Xj = Z <Z OGuYT (0, 9) + X2 Yo' (0,6)) + X?,OIY()Ol(ea ¢)> ,

=0 \m=1

by using the definition of the hermitian product in H~2 (T¢), then we can get

00 l
i Xs) g4 g,y = B lzo(l +1)7! ( 2 O+ XEXGi) + x%;x%;) ;
= m=
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and
l
<geXian>H—%(Fe) = lX%(—R) ( Zl(XZLllX;r,Lll + XlelXTzz) + XTozXTol) :
= m=
It is clear that the two infinite series can not be used directly to compute. In applications, we need
to substitute the whole infinite series by the sum of the first N terms. Therefore, the feasibility of the

substitution should be discussed. For any 1 < 7,5 < Ny, we have the following error estimates:

N !
Lij = ‘(Xi, Xj)Hfé(Fe) - R? ZZ%(Z +1)7 ( Zl(XZLuX??u + XX ar) + X:’?OZX??OZ)‘
= m=

oo l
=R*| ¥ (I+1)7! ( > OAX T+ XX ) + X??bzX%z)
I=N+1 m=1
%) l
< RN 1) S (D ( 3 (il bl + Xl + x%;llx%;l) .
= m=

By Cauchy inequality, we have

Lij <(N+1) )< CN=2||x|

il s 3l 3 PR o,

Similarly, it is obtained that

N !
(Gexis Xj>H—%(F€) - lz%)(*R) < Zl(XTuXTu + XX ) XTOIX?}OI>
) A =

< ONTHNGl g oy I,

where C' is a generic constant. From the previous estimates, we know that it is feasible to substitute

the sum of the first IV terms for the infinite series in practice.

7 Numerical examples

In this section, we will give some numerical examples for the backward Euler-DtN alternating

algorithm. Let the cube
Q. ={(z,y,2) | —a<z<a,—-a<y<a,—a<z<aa>0}

and the boundary of the cube be I'.. We assume that (). is the complement of the cube and the

artificial boundary is the sphere

Te = {(z,y,2) | r = Ri,r = Va2 +y* + 22},

For the bounded domain

Qel :{(l‘,y,Z) GQe|T<R1,T:\/m}

and 2., we all use the tetrahedral meshes and the two meshes match on I'.. In step 2 of the backward

Euler-DtN alternating algorithm, we substitute the sum of the first 10 terms for the infinite series.
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Example 1. In this numerical example, let a = 2, Ry = 6, H, = cos(x +y +z +1)(1,1,1) " and
the time interval be [0,1]. Assume that M =3 and ; = § for i = 1,2,3. We define

e"(n,m) = |} — SiAnmll 200, ),

which is the residual of the mth iteration at t,, so the stop condition of the iteration at ¢, can be

e(n,m) < 1074, Since the exact solution of this example is not known, we only give the errors
h h
ETTOTC(n’m) = ||H0n,m+1 - HOn,m”Lz(Qc)

and
Errore(n,m) = ||v¢{ln,m+1 - vw?n,mHL%Qel)'

We assume that " (n), Error.(n) and Error.(n) are equal to e (n,m), Error.(n,m) and Error.(n,m)
respectively, when the stop condition of the iteration at t,, is satisfied. Let the number of the nodes in
each direction in Q. be n. and the number of the nodes in each direction in 2., be n.. The number
of iterations at ¢,, is denoted by ITE,. The initial value A1 is 0 and the initial value \;( is the
numerical result of the last time step for ¢ = 2,3. For convenience, we let all the relaxation factor

Yp,m = 0.5. Then the numerical results are shown in table 1.1.

Table 1.1

( Computational errors in different meshes for each time step)

tn Ne Ne ITE, el (n) Errorc(n) Errore(n)
3 3 57 8.89091e-005 9.6626e-007 1.1343e-05

% 5 5 24 8.91014e-005 4.78344e-006 4.31362e-005

9 9 20 7.62595e-005 1.56637e-005 0.000133394

17 17 21 9.83177e-005 1.69839e-005 0.000126887

3 3 35 8.31169e-005 9.5219e-007 1.06897e-005

% 5 5 21 7.23104e-005 3.87084e-006 3.49387e-005
9 9 21 6.71779e-005 1.37622e-005 0.00011765

17 17 23 8.40778e-005 1.45327e-005 0.000108504

3 3 35 9.26529e-005 1.0298e-006 1.18596e-005

1 5 5 22 6.67319e-005 3.61168e-006 3.23214e-005
9 9 21 9.3471e-005 1.91476e-005 0.0001637

17 17 24 7.81718e-005 1.35124e-005 0.000100882

The table shows that the algorithm is convergent at each time step. Since the exact solution of this
example is not known, we can not get the order of convergence of the algorithm from the numerical
results.

Example 2.This example will compare the convergence rates for different relaxation factors at
each time step. We also adopt the numerical example introduced in Example 1 and only consider the

case that n. = n, = 5. Let the relaxation factors at t,, be 9,,. The results are listed in table 2.1-2.3.

Table 2.1

( Comparisons of convergence rates for different relaxation factors at 1)
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21 0.1 0.2 0.3 0.4 0.5
ITE; 104 50 31 22 24

where e"(1) < 1.0e — 4.

Table 2.2

( Comparisons of convergence rates for different relaxation factors at o)

¥ 0.1 0.2 0.3 0.4 0.5
ITE, 100 48 30 21 21

where e/(2) < 1.0e — 4.

Table 2.3

( Comparisons of convergence rates for different relaxation factors at ¢3)

J3 0.1 0.2 0.3 0.4 0.5
ITE; 98 46 29 21 22

where e"(3) < 1.0e — 4.
The numerical results in example 2 indicate that the choice of the relaxation factor is important
for the DtN alternating method at each time step. Moreover, if we choose a good relaxation factor,

the convergence rate is not sensitive when we change the relaxation factor in its neighborhood.

8 Conclusion

In the last section, we summarize the backward Euler-DtN alternating algorithm.

1. The finite element problem and boundary element problem can be handled independently from
each other at each time step.

2. At each time step, by using natural boundary reduction, the problem in unbounded domain
can be converted to the one on the artificial spherical boundary and no mesh is needed in the exterior
of artificial boundary. Once we get approximate solution on the artificial boundary, the approximate
solution in the exterior of artificial boundary can be obtained by using (4.11).

3. In this iterative method, the action of the boundary operators can be implemented by calculating
a series of spherical harmonics, then there is no need to solve integral equations.

4. The DtN alternating method at each time step converges with a rate independent of the mesh
size.

5. Provided that we choose an appropriate relaxation factor, the algorithm is convergent in a few

iterations at each time step.
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