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Abstract

In this paper, we develop a coupling of natural boundary element method and finite element

method for solving the time-dependent eddy current problems in unbounded domains based on a

H−ψ formulation. The H−ψ formulation allows that a scalar function is used outside the conduc-

tor and a vector function is only used in the conducting domain. To get a full discrete scheme of

the problem, the backward Euler method is applied for the discretization of the time variable and

the Nédélec element of the lowest order, the piecewise linear element and the curvilinear element

are used for the discretization of the space variables. A backward Euler-DtN alternating method

is designed to solve the discrete coupled problem. In each time step of the method, the action of

the boundary operators can be implemented by calculating a series of the spherical harmonics,

instead of solving boundary integral equations. We derive an error estimate of the fully discrete

scheme, and prove the convergence of the alternating method. Numerical experiments show the

effectiveness of the new method.
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1 Introduction

The eddy currents problems, which are described by Maxwell’s equations without the displacement

currents [1, 5, 6], are popular in electromagnetism. There are many researches on solutions of eddy

current problems in literature. For example, the boundary integral equation methods [15, 16, 22],

the mixed finite element method [2] and the mixed finite element method associated with boundary

element [7]. In addition, there are some other particular methods, such as mixed FEM-BIEM method

[8], the adaptive finite element method [32], symmetric FEM-BEM method [17] and mortar element

method [14, 23].

In this paper, based on the ideas described in [30, 31] and the eddy current formulation of the

magnetic field (H − ψ formulation), we develop a coupling of natural boundary element method and

finite element method for solving the time-dependent eddy current problems in unbounded domains.

The H − ψ formulation allows that a scalar function is used outside the conductor and a vector

function is only used in the conducting domain. We first introduce a spherical artificial boundary

which contains the conductor, so the whole unbounded domain is decomposed into three subdomains

by the surface of the conductor and the spherical artificial boundary. Then the backward Euler method

is applied for the discretization of time variable, and the coupled variational problem at each time

step can be derived by using the natural integral operator of the harmonic equation for the exterior

spherical domain. For the discretization of the space variables, the Nédélec element of the lowest order

is introduced in the conductor, while the piecewise linear element and the curvilinear element closing

the spherical boundary are used in the domain which is between the spherical artificial boundary

and the surface of the conductor. A backward Euler-DtN alternating algorithm is designed to solve

the corresponding discrete problem. In this new method, the action of the natural integral operator

can be implemented by calculating a series of the spherical harmonics, so there is no need to solve

boundary integral equations. We derive an error estimate for the fully discrete scheme, and prove the

convergence of the alternating algorithm. Some numerical experiments will illustrate our theoretical

results.

The paper is arranged as follows. The eddy current problems are described in Section 2. The cou-

pled variational problem at each time step is given in Section 3. Section 4 presents the discretizations

and introduces a backward Euler-DtN alternating algorithm. In Section 5, we derive an error esti-

mate for the fully discrete scheme, and prove the convergence of the backward Euler-DtN alternating

algorithm. Section 6 discusses some implementation details of the algorithm. Numerical examples are

given in section 7. In Section 8 we summarize the backward Euler-DtN alternating algorithm.
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2 Preliminaries

2.1 The model

Let Ωc ⊂ R3 be a conducting domain and Γc be its boundary. The external domain is denoted by

Ωe = R3 \ Ωc. The eddy currents problems in R3 can be described as





∇×H = J, in R3,

µ∂H
∂t +∇×E = 0, in R3,

∇ ·B = 0, in R3,

(2.1)

where H, B, J and E denote the magnetic field, the magnetic flux density, the total current density

and the electric field, respectively. B = µH and µ is the magnetic permeability. J can be defined by

J =





σE, in Ωc,

Js, in Ωe,

(2.2)

where Js is the solenoidal source current carried by some coils in the air and σ stands for the electric

conductivity. We assume that µ, σ ∈ L∞(R3), which are time independent and associated with linear

isotropic media, and there exist two positive constants µmin and σmin such that µ ≥ µmin in R3,

σ ≥ σmin in Ωc and σ ≡ 0 in Ωe.

The problem has the following interface conditions:

[H]× nc = 0, [B] · nc = 0, on Γc, (2.3)

where [v] stands for the jump of v at the interface and nc denotes the unit outward normal vector

on Γc. Moreover, such a type of interface conditions is to be verified at any surface where σ or µ

is discontinuous [23]. Besides the interface conditions, we have to impose the appropriate regularity

conditions at infinity. Since the problem is time-dependent, the suitable initial conditions are also

needed. In particular, the initial condition on B has to satisfy ∇ · B = 0 and [B] · n = 0 at any

interface. It is easy to see that the condition ∇ · B = 0 is satisfied at any time, provided that this

condition is met at the initial time [14].

2.2 The Sobolev spaces

In order to describe the problem in a mathematically rigorous way, this subsection is devoted to

the definitions of function spaces.

Function spaces in Ωc and Ωe. Assume that Ωc is a bounded simply connected convex poly-

hedron domain. We recall the Sobolev spaces Hs(Ωc), s ≥ 0 with the convention H0 ≡ L2. L2(Ωc) is

the usual Hilbert space of square integrable functions with the norm ‖u‖L2(Ωc) =
(∫

Ωc
u2dx

) 1
2

.

Hs(Ωc) := {u ∈ L2(Ωc) | Dξu ∈ L2(Ωc), |ξ| ≤ s}
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endowed with the norm and semi-norm

‖u‖Hs(Ωc) :=


 ∑

|ξ|≤s

‖Dξu‖2L2(Ωc)




1
2

and |u|Hs(Ωc) :=


 ∑

|ξ|=s

‖Dξu‖2L2(Ωc)




1
2

,

where ξ represents non-negative triple index. From now on, we denote vector-valued quantities by

boldface notation, such as L2(Ωc) := (L2(Ωc))3. Define

H(curl,Ωc) := {u ∈ L2(Ωc) | curlu ∈ L2(Ωc)},

H0(curl,Ωc) := {u ∈ H(curl,Ωc) | u× nc = 0 on Γc}.

H(curl,Ωc) is equipped with the norm:

‖u‖H(curl,Ωc) :=
(
‖u‖2L2(Ωc)

+ ‖curlu‖2L2(Ωc)

) 1
2

.

Moreover, we define

W1
0(Ωe) :=

{
ϕ | ϕ

r
∈ L2(Ωe),∇ϕ ∈ L2(Ωe)

}
,

equipped with the norm

‖ϕ‖W1
0(Ωe) :=

(
‖ϕ

r
‖2L2(Ωe) + ‖∇ϕ‖2L2(Ωe)

) 1
2

,

where r =
√

x2 + y2 + z2.

Function spaces on the boundary. In the paper, we also need some Sobolev spaces defined

on the conductor surface Γc and a spherical artificial boundary Γe. Let Γ denote Γe or Γc, then the

Sobolev spaces Hs(Γ), Hs
t (Γ) and differential surface operators (curlΓ, curlΓ, divΓ and ∇Γ) can be

defined for all s ∈ R using local charts and transformations [9, 11].

For any s > 0, Let

Hs
t (Γc) = {v ∈ Hs(Γc) | v · nc = 0 on Γc} ⊂ L2

t (Γc) ≡ H0
t (Γc),

whose norm is defined in [24]. H−s
t (Γc) denotes the dual space of Hs

t (Γc) with L2
t (Γc) as a pivot space.

The norm on H−s
t (Γc) can be written as

‖v‖H−s
t (Γc)

= sup
u∈Hs

t (Γc)

| ∫
Γc

v · udA|
‖u‖Hs

t (Γc)
.

Moreover, we know

divΓc((u× nc)|Γc) = (curlu) · nc, ∀ u ∈ H(curl,Ωc),

which implies divΓc
(γτ (u)) ∈ H− 1

2 (Γc) [10]. Then we define the space:

H− 1
2 (divΓc

,Γc) = {v | v ∈ H− 1
2

t (Γc), divΓc
v ∈ H− 1

2 (Γc)},

whose norm is

‖v‖
H− 1

2 (divΓc ,Γc)
=

(
‖v‖2

H
− 1

2
t (Γc)

+ ‖divΓc
v‖2

H− 1
2 (Γc)

) 1
2

.
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Function spaces involving time. According to [27], we give the definitions of the function

spaces involving time. Let X be a real Banach space with norm ‖ · ‖X. Lp((0, T );X) consists of all

measurable functions ζ : [0, T ] → X with

‖ζ‖Lp((0,T );X) :=

(∫ T

0

‖ζ‖p
Xdt

) 1
p

< ∞, for 1 ≤ p < ∞,

and

‖ζ‖L∞((0,T );X) := ess sup
0≤t≤T

‖ζ‖X < ∞.

2.3 The H− ψ formulation

Since divJs ≡ 0, there exists a source magnetic field Hs such that

Js = curlHs, in R3. (2.4)

By using the Biot-Savart Law for general coils, the field Hs can be written as:

Hs := curlAs where As :=
1
4π

∫

R3

Js(y)
|x− y|dy.

From now on, our goal is to find the residual H0 := H−Hs, which is called the reaction field [13, 32].

Since

∇×H = ∇× (H0 + Hs) = Js, in Ωe,

by using (2.4), we have

∇×H0 = 0, in Ωe, (2.5)

which suggests that there exists a scalar potential ψ such that

H0 = ∇ψ, in Ωe. (2.6)

To simplify the problem, we assume that µ and σ are constant functions. It is known that the

problem in Ωc can be written as:




∇×H = σE, in Ωc,

µ∂H
∂t +∇×E = 0, in Ωc,

∇ ·H = 0, in Ωc.

(2.7)

By using H = H0 + Hs in Ωc, we can obtain the following problem with the variables H0 and E,




∇×H0 = σE, in Ωc,

µ∂H0
∂t +∇×E = −µ∂Hs

∂t , in Ωc,

∇ ·H0 = 0, in Ωc.

(2.8)

According to the first two equations of (2.8), we can get

µ∂H0
∂t + 1

σ∇×∇×H0 = −µ∂Hs

∂t in Ωc. (2.9)
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Furthermore, the problem has the following interface conditions on Γc:

H0 × nc = ∇ψ × nc, H0 · nc = ∇ψ · nc, on Γc. (2.10)

Since ∇ ·H = 0 in R3, we can get 4ψ = 0 in Ωe. Then the problem with the variable ψ in Ωe is

as follows: 


4ψ = 0, in Ωe,

∂ψ
∂nc

= H0 · nc, on Γc.

(2.11)

According to [33], we know that the problem (2.11) has a unique solution ψ ∈ W1
0(Ωe), provided

H0 · nc lies in the space H− 1
2 (Γc).

For the initial condition, we set

H0(·, 0) = 0, ψ(·, 0) = 0.

So we can write the initial problem with the variables H0 and ψ as:




µ∂H0
∂t + 1

σ∇×∇×H0 = −µ∂Hs

∂t , in Ωc,

∇ ·H0 = 0, in Ωc,

4ψ = 0, in Ωe,

H0 × nc = ∇ψ × nc, on Γc,

H0 · nc = ∇ψ · nc, on Γc,

H0(x, 0) = 0, for x ∈ Ωc,

ψ(x, 0) = 0, for x ∈ Ωe.

(2.12)

In an analogous way to [32], we can define

V := {v | v = w in Ωc for some w ∈ H(curl,Ωc) and v = ∇ϕ in Ωe

for some ϕ ∈ W1
0(Ωe) such that w × nc = ∇ϕ× nc on Γc}.

For any w ∈ V, we multiply the two sides of (2.9) by w and integrate it in Ωc to obtain
∫

Ωc

µ
∂H0

∂t
·wdV +

1
σ

∫

Ωc

(∇×∇×H0) ·wdV = −
∫

Ωc

µ
∂Hs

∂t
·wdV, (2.13)

where w =

{
w, in Ωc

∇ϕ, in Ωe

. Then we can get

∫

Ωc

µ
∂H0

∂t
·wdV +

1
σ

[
∫

Ωc

(∇×H0)·(∇×w)dV +
∫

Γc

(nc×(∇×H0))·wdA] = −
∫

Ωc

µ
∂Hs

∂t
·wdV. (2.14)

Let us consider the item 1
σ

∫
Γc

(nc × (∇ ×H0)) · wdA. By the Corollary 3.20 of [24] and (2.10), we

obtain

1
σ

∫
Γc

(nc × (∇×H0)) ·wdA = 1
σ

∫
Γc

(∇×H0) · (∇ϕ× nc)dA

= 1
σ

∫
Γc

(nc × (∇×H0)) · ∇ϕdA = − ∫
Γc

(µ∂Hs

∂t · nc)ϕdA− ∫
Γc

(µ∂H0
∂t · nc)ϕdA

= − ∫
Γc

(µ∂Hs

∂t · nc)ϕdA− ∫
Γc

µ∂(∇ψ·nc)
∂t ϕdA.

(2.15)
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According to [33], we have

− ∫
Γc

(∇ψ · nc)ϕdA =
∫
Ωe
∇ψ · ∇ϕdV, ∀ ϕ ∈ W1

0(Ωe). (2.16)

By (2.14), (2.15) and (2.16), (2.13) can be written as:

∫
Ωc

µ∂H0
∂t ·wdV + 1

σ

∫
Ωc

(∇×H0) · (∇×w)dV + ∂
∂t

∫
Ωe

µ∇ψ · ∇ϕdV

= − ∫
Ωc

µ∂Hs

∂t ·wdV +
∫
Γc

(µ∂Hs

∂t · nc)ϕdA.

(2.17)

So the initial problem (2.12) has the following variational form:

Find H0 ∈ L2((0, T );V) such that




∂
∂t

∫
R3 µH0 ·wdV + 1

σ

∫
Ωc

(∇×H0) · (∇×w)dV

= − ∫
Ωc

µ∂Hs

∂t ·wdV +
∫
Γc

(µ∂Hs

∂t · nc)ϕdA, ∀ w ∈ V,

H0(·, 0) = 0, ψ(·, 0) = 0.

(2.18)

By the Galerkin method, it can be proved that the problem (2.18) has a unique solution H0 ∈
L2((0, T );V), provided that Hs and As are regular enough.

2.4 Spherical harmonics

In this subsection, we will introduce the spherical harmonics, which are the eigenfunctions of the

Laplace-Beltrami operator on the unit sphere. The spherical harmonics will be used to define the

natural integral operator for the exterior spherical domain. There are abundant results on the spherical

harmonics, see, for example, [20, 26].

Let (x, y, z) be the rectangular coordinates. We adopt the spherical polar coordinates (ρ, θ, φ)

which satisfy x = ρ sin θ cos φ, y = ρ sin θ sinφ and z = ρ cos θ.

The spherical harmonics of order l are the 2l + 1 functions of the form

Ŷ m
l (θ, φ) =

√
2l+1
4π · (l−m)!

(l+m)!P
m
l (cosθ)eimφ, (2.19)

where l = 0, 1, 2, . . . and m = −l, . . . , l, or




Y 0
0l(θ, φ) =

√
2l+1
4π Pm

l (cosθ),

Y m
1l (θ, φ) =

√
2l+1
2π · (l−m)!

(l+m)!P
m
l (cosθ)cos(mφ),

Y m
2l (θ, φ) =

√
2l+1
2π · (l−m)!

(l+m)!P
m
l (cosθ)sin(mφ),

(2.20)

where l = 0, 1, 2, . . . and m = 1, . . . , l.

The associated Legendre functions Pm
l (x) satisfy :





Pm
l (x) = (−1)m 1

2ll!
(1− x2)

m
2 dl+m

dxl+m (x2 − 1)l, if 0 ≤ m ≤ l,

Pm
l (x) = (−1)−m (l+m)!

(l−m)!P
−m
l (x), if − l ≤ m ≤ 0,

(2.21)

where l = 0, 1, 2, . . ., m = −l, . . . , l and −1 ≤ x ≤ 1.
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We also have the following orthogonalities




∫ 2π

0

∫ π

0
Ŷ m′

l′ (θ, φ)Ŷ m
l (θ, φ) sin θdθdφ = δll′δmm′ ,

∫ 2π

0

∫ π

0
Y m′

t′l′ (θ, φ)Y m
tl (θ, φ) sin θdθdφ = δll′δmm′δtt′ ,

where t, t′ = 0, 1, 2. Moreover, [26] describes that the two families of spherical harmonics constitute

the orthogonal basis of the space L2(s) respectively, also orthogonal in the space H1(s) , where s

denotes the surface of a unit sphere.

3 Coupled variational problem

Let {t0, t1, · · · , tM} be a partition of the time interval [0, T ] and τn = tn − tn−1 be the nth length

of time segment. In this section, the main purpose is to give the coupled variational formulation of

(2.12) at each time step. Above all, we introduce a ball BR containing the conductor, whose radius is

R. The whole unbounded domain Ωe is decomposed into two subdomains by the surface of the ball.

We denote the bounded domain Ωe ∩ BR by Ωe1 and the unbounded domain Ωe\BR is denoted by

Ωe2 . Let the interface Γe = Ωe1 ∩ Ωe2 . Then we assume that

H0n(x) = H0(x, tn), ψ1n(x) = ψ1(x, tn), and ψ2n(x) = ψ2(x, tn),

for n = 0, . . . , M , where ψ1 = ψ|Ωe1
and ψ2 = ψ|Ωe2

. Therefore, we know that

H00(x) ≡ 0, ψ10(x) ≡ 0, and ψ20(x) ≡ 0.

The backward Euler method is applied for the discretization of the time variable. Substituting
H0n−H0n−1

τn
for ∂H0

∂t |t=tn
, we have the approximative problem at the time tn for n = 1, . . . , M :





H0n + τn

µσ∇×∇×H0n = −τn
∂Hs

∂t (tn) + H0n−1, in Ωc,

∇ ·H0n = 0, in Ωc,

4ψ1n = 0, in Ωe1 ,

4ψ2n = 0, in Ωe2 ,

H0n × nc = ∇ψ1n × nc, H0n · nc = ∇ψ1n · nc, on Γc,

ψ1n = ψ2n, ∇ψ1n · ne = ∇ψ2n · ne, on Γe,

(3.1)

where ne denotes the unit normal vector on Γe, which points to the exterior of the BR. Then we give

some notations:

V1 := H(curl,Ωc), V0
1 := {u ∈ V1 | u× nc = 0 on Γc}, (3.2)

Ṽ2 := H1(Ωe1), Ṽ 0
2 := {ϕ ∈ Ṽ2 | ϕ|∂Ωe1

= 0}, (3.3)

V2 := H1(Ωe1)/P0, V 0
2 := {ϕ ∈ V2 | ϕ|∂Ωe1

= [0]}, (3.4)
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V3 := W1
0(Ωe2), V 0

3 := {ϕ ∈ V3 | ϕ = 0 on Γe}, (3.5)

where P0 is the set of all constants and [0] denotes the element “0” of H
1
2 (∂Ωe1)/P0. We assume

fn = −τn
∂Hs

∂t
(tn) + H0n−1,

then the bilinear forms and the functionals associated with (3.1) are

an1(u,v) =
∫

Ωc

u · v +
τn

µσ
(∇× u) · (∇× v)dV, ∀ u, v ∈ V1, (3.6)

an2(ϕ,ψ) =
∫

Ωe1

(∇ϕ · ∇ψ)dV, ∀ ϕ, ψ ∈ Ṽ2, (3.7)

Fn1(v) =
∫

Ωc

fn · vdV, ∀ v ∈ V1, (3.8)

for n = 1, . . . , M .

According to [28], we can get the Poisson integral formula for the exterior spherical domain Ωe2 :

ψ2n(r, θ, φ) =
R

4π

∫ 2π

0

∫ π

0

(r2 −R2)ψd
2n(θ′, φ′) sin θ′

(R2 + r2 − 2Rrcosγ)3/2
dθ′dφ′, for r > R, (3.9)

and the natural boundary integral formula for the exterior spherical domain Ωe2 :

∂ψ2n

∂ne
(θ, φ) =

∞∑

l=0

(l + 1)(2l + 1)
4πR

∫ 2π

0

∫ π

0

Pl(cos γ)ψd
2n(θ′, φ′) sin θ′dθ′dφ′, (3.10)

where

cos γ = cos θ cos θ′ + sin θ sin θ′ cos(φ− φ)′ and ψd
2n = ψ2n|Γe

.

So we obtain the coupled variational form of the problem (3.1):

Find (H0n, ψ1n, ψ2n) ∈ V1 × Ṽ2 × V3, n = 1, . . . , M , such that




ψ2n(r, θ, φ) = R
4π

∫ 2π

0

∫ π

0
(r2−R2)ψd

2n(θ′,φ′) sin θ′

(R2+r2−2Rrcosγ)3/2 dθ′dφ′, for r > R,

an1(H0n,v) = Fn1(v), ∀ v ∈ V0
1,

∫
Ωc

H0n · ∇pdV = 0, ∀ p ∈ H1
0 (Ωc),

H0n × nc = ∇ψ1n × nc, on Γc,

ψ1n = ψ2n, on Γe,

∫
Γe

∂ψ2n

∂ne
dA− ∫

Γc
(H0n · nc)dA = 0,

an2(ψ1n, ϕ) =
∫
Γe

∂ψ2n

∂ne
ϕdA− ∫

Γc
(H0n · nc)ϕdA, ∀ ϕ ∈ Ṽ2.

(3.11)

4 A solution method

In this section, we introduce some discrete function spaces and the Dirichlet-to-Neumann operator

for the exterior Dirichlet problem of the Laplace equation. Then, a backward Euler-DtN alternating

algorithm is proposed to solve the discrete problem of (3.11).
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4.1 The discretization

To get the discrete form of the problem (3.11), we first give the following discrete function spaces.

The discretizations of V1 and V0
1. Let {T c

hc
}hc>0 be a family of tetrahedral meshes within Ωc,

where hc is the maximum diameter of the meshes. The set of edges of T c
hc

is denoted by Eh. By using

the Nédélec edge elements of the lowest order, we give the finite element space defined on T c
hc

:

N1
1,h := {vh ∈ H(curl,Ωc) | vh|K ∈ R1(K), ∀ K ∈ T c

hc
},

where R1(K) is a subset of all linear polynomials on the element K of the form:

R1(K) = {a + b× x; a ,b ∈ R3, x ∈ K}.

From [18, 25], we know that the tangential components of any edge element function vh of N1
1,h

are continuous on all edges of every element in T c
hc

and vh is uniquely determined by its moments on

edges of T c
hc

:

Me(vh) = {
∫

e

vh · τeds, e ∈ Eh},

where τe is a unit vector on the edge e. So we can obtain the discretizations of the function spaces

V1 and V0
1:

V1h := V1 ∩N1
1,h, and V0

1h := V0
1 ∩N1

1,h.

The discretizations of V2 and Ṽ2. In the domain Ωe1 , we also introduce a family of tetrahedral

meshes, {T e
he
}he>0, such that the meshes T e

he
and T c

hc
are matched on Γc, where he is the maximum

diameter of the mesh T e
he

. The set of nodes of T e
he

is denoted by Nh. Let Ωh
e1

=
⋃

K∈T e
he

K, which

is an inscribed polyhedron of Ωe1 , then we use the piecewise linear finite elements to get the finite

element space defined on T e
he

:

Sh := {ϕh ∈ H1(Ωh
e1

) | ϕh|K ∈ P1(K),∀ K ∈ T e
he
},

where P1(K) denotes the set of polynomials of total degree at most 1 defined on the element K. For

any ϕh ∈ Sh, it can be uniquely determined by

Ma(ϕh) = {ϕh(a), a ∈ Nh}.

Since Ωe1 is a curvilinear domain, we need curvilinear tetrahedral mesh near Γe to subdivide Ωe1

completely. The following map F̃k described in [24] will be used to obtain the curvilinear tetrahedral

mesh of Ωe1 .

Let K ∈ T e
he

be a tetrahedron, which has two or three vertices on Γe, with barycentric coordinate

functions λj , 1 ≤ j ≤ 4. We can give Dubois’ definition of F̃k : K → K̃, where K̃ denotes the

curvilinear tetrahedron having the same vertices with K [21].

1. if K and K̃ have two common vertices on Γe , a1 and a2, we define

F̃k(x) = (1− λ3 − λ4)PΓe
(λ1a1+λ2a2

λ1+λ2
) + λ3a3 + λ4a4, (4.1)
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2. if K and K̃ have three common vertices on Γe , a1, a2 and a3, we define

F̃k(x) = (1− λ4)PΓe
(λ1a1+λ2a2+λ3a3

λ1+λ2+λ3
) + λ4a4, (4.2)

where

PΓex = Rx/|x|, x ∈ ΩΓe . (4.3)

ΩΓe ⊂ Ωe1 is a neighborhood of Γe and PΓe just projects the points in ΩΓe normally onto Γe, which

is well defined provided x 6= 0. It is easy to see that F̃k is a continuously differentiable, invertible and

surjective mapping.

Let

Bhe = {K ∈ T e
he
| K has two or three vertices on Γe},

then we can define F̂h : Ωh
e1
→ Ωe1 ,

F̂h(x) =





F̃k(x), if x ∈ K ∈ Bhe
,

x, if x ∈ K ∈ T e
he
\Bhe .

The discrete function space of Ṽ2 is obtained as follows:

Ṽ2h := {ϕ̃h ∈ H1(Ωe1) | ϕ̃h ◦ F̂h = ϕh for some ϕh ∈ Sh},

then we can get the discretizations of the function spaces V2, V 0
2 and Ṽ 0

2 :

V2h = V2 ∩ (Ṽ2h/P0), V 0
2h = V 0

2 ∩ (Ṽ2h/P0) and Ṽ 0
2h = Ṽ 0

2 ∩ Ṽ2h.

Since the curvilinear tetrahedral mesh of Ωe1 has created a curvilinear triangulation on the bound-

ary ∂Ωe1 , we can get the discrete spaces of H
1
2 (∂Ωe1):

χh := {ϕ̃h|∂Ωe1
| ϕ̃h ∈ Ṽ2h}.

4.2 Dirichlet-to-Neumann operator

For the exterior Dirichlet problem of the Laplace equation, we will give Dirichlet-to-Neumann

operator which is actually the natural integral operator discussed in [29, 31].

According to [26], the spherical harmonics Ŷ m
l form a basis of the linear space L2(s), so any

function ϕd ∈ L2(Γe) can be expanded as a sum of spherical harmonics Ŷ m
l :





ϕd(θ, φ) =
∞∑

l=0

l∑
m=−l

ϕ̂m
l Ŷ m

l (θ, φ),

ϕ̂m
l = 1

R2

∫
Γe

ϕd(θ, φ)Ŷ m
l (θ, φ)dA.

(4.4)

ϕd can also be expanded as a sum of the other family of spherical harmonics (2.20):




ϕd(θ, φ) =
∞∑

l=0

(
l∑

m=1
(ϕm

1lY
m
1l (θ, φ) + ϕm

2lY
m
2l (θ, φ)) + ϕ0

0lY
0
0l(θ, φ)

)
,

ϕ0
0l = 1

R2

∫
Γe

ϕd(θ, φ)Y 0
0l(θ, φ)dA,

ϕm
1l = 1

R2

∫
Γe

ϕd(θ, φ)Y m
1l (θ, φ)dA,

ϕm
2l = 1

R2

∫
Γe

ϕd(θ, φ)Y m
2l (θ, φ)dA.

(4.5)
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For s > 0, the space Hs(Γe) is constituted of the functions in L2(Γe) such that the series

‖ϕd‖2Hs(Γe) := R2
∞∑

l=0

l∑

m=−l

(l + 1)2s|ϕ̂m
l |2 = R2

∞∑

l=0

(l + 1)2s

(
l∑

m=1

(|ϕm
1l |2 + |ϕm

2l |2) + |ϕ0
0l|2

)

is convergent. Its hermitian product is

〈ϕd, ψd〉Hs(Γe) := R2
∞∑

l=0

l∑

m=−l

(l + 1)2sϕ̂m
l ψ̂m

l = R2
∞∑

l=0

(l + 1)2s

(
l∑

m=1

(ϕm
1lψ

m
1l + ϕm

2lψ
m
2l ) + ϕ0

0lψ
0
0l

)
.

For s < 0, the space Hs(Γe) is the space of distributions in D′(Γe) such that the series

‖ϕd‖2Hs(Γe) := R2
∞∑

l=0

l∑

m=−l

(l + 1)2s|ϕ̂m
l |2 = R2

∞∑

l=0

(l + 1)2s

(
l∑

m=1

(|ϕm
1l |2 + |ϕm

2l |2) + |ϕ0
0l|2

)

is convergent.

Then we introduce two families of harmonic functions

K̂m
l (r, θ, φ) =

1
rl+1

Ŷ m
l (θ, φ), (4.6)

for l = 0, 1, 2, . . . and m = −l, . . . , l, and




K0
0l(r, θ, φ) = 1

rl+1 Y 0
0l(θ, φ),

Km
1l (r, θ, φ) = 1

rl+1 Y m
1l (θ, φ),

Km
2l (r, θ, φ) = 1

rl+1 Y m
2l (θ, φ),

(4.7)

for l = 0, 1, 2, . . . and m = 1, 2, . . . , l, which are not smooth at the origin and tend to zero at infinity.

Consider the exterior Dirichlet problem



4ψe2 = 0, in Ωe2 ,

ψe2 = ψd, on Γe.

(4.8)

Since ψd can be expanded as

ψd(θ, φ) =
∞∑

l=0

l∑

m=−l

ψ̂m
l Ŷ m

l (θ, φ) =
∞∑

l=0

(
l∑

m=1

(ψm
1l Y

m
1l (θ, φ) + ψm

2l Y
m
2l (θ, φ)) + ψ0

0lY
0
0l(θ, φ)

)
, (4.9)

according to [26], we can obtain

ψe2(r, θ, φ) =
∞∑

l=0

l∑

m=−l

Rl+1ψ̂m
l Ŷ m

l (θ, φ)
1

rl+1
=

∞∑

l=0

l∑

m=−l

Rl+1ψ̂m
l K̂m

l (r, θ, φ), for r > R, (4.10)

and

ψe2(r, θ, φ) =
∞∑

l=0

Rl+1

rl+1

(
l∑

m=1
(ψm

1l Y
m
1l (θ, φ) + ψm

2l Y
m
2l (θ, φ)) + ψ0

0lY
0
0l(θ, φ)

)

=
∞∑

l=0

Rl+1

(
l∑

m=1
(ψm

1l K
m
1l (r, θ, φ) + ψm

2l K
m
2l (r, θ, φ)) + ψ0

0lK
0
0l(r, θ, φ)

)
, for r > R.

(4.11)

Since it is known that
∂K̂m

l

∂ne

∣∣∣∣∣
Γe

= −(l + 1)
1

Rl+2
Ŷ m

l ,

12



we can define the Dirichlet-to-Neumann operator Ge : H
1
2 (Γe) → H− 1

2 (Γe), which associates ψd with

the normal derivative ∂ψd

∂ne
of the exterior Dirichlet problem (4.8). For ψd given by (4.9), Ge satisfies

that

Geψd = −
∞∑

l=0

l∑
m=−l

1
R (l + 1)ψ̂m

l Ŷ m
l (θ, φ)

= −
∞∑

l=0

1
R (l + 1)

(
l∑

m=1
(ψm

1l Y
m
1l (θ, φ) + ψm

2l Y
m
2l (θ, φ)) + ψ0

0lY
0
0l(θ, φ)

) (4.12)

and

〈Geψd, ϕd〉Γe
=

∫
Γe

(Geψd)ϕddA

= −
∞∑

l=0

R(l + 1)
(

l∑
m=1

(ψm
1l ϕ

m
1l + ψm

2l ϕ
m
2l) + ψ0

0lϕ
0
0l

)
, ∀ϕd ∈ H

1
2 (Γe),

(4.13)

where ϕd has the expansion

ϕd(θ, φ) =
∞∑

l=0

l∑

m=−l

ϕ̂m
l Ŷ m

l (θ, φ) =
∞∑

l=0

(
l∑

m=1

(ϕm
1lY

m
1l (θ, φ) + ϕm

2lY
m
2l (θ, φ)) + ϕ0

0lY
0
0l(θ, φ)

)
.

4.3 Backward Euler-DtN alternating algorithm

Based on the previous preparations, we will propose a backward Euler-DtN alternating algorithm

for solving the discrete problem of (3.11) in this subsection. Since our ultimate aim is to obtain

H0 ∈ V, we only need to get ∇ψ1 instead of ψ1 in Ωe1 . In the algorithm, we only obtain ψ̂1n ∈ V2h

such that ∇ψ̂1n = ∇ψ1n for n = 1, . . . , M . For ease of notation, we denote ψ̂1n by ψ1n in the rest of

this paper. Let

Z := {λ | λ ∈ χh/P0},

then the backward Euler-DtN alternating algorithm is described as follows:

1. Let n := 1 and H̃h
00 = H00 ≡ 0.

2. Solve the discrete problem of (3.11) at tn:

(a) Given the initial value λn,0 ∈ Z. Let m := 0.

(b) Let

F̃n1(v) =
∫

Ωc

(−τn
∂Hs

∂t
(tn) + H̃h

0n−1) · vdV, ∀ v ∈ V1h.

Find Hh
0n,m ∈ V1h such that





an1(Hh
0n,m,v) = F̃n1(v), ∀ v ∈ V0

1h,

Hh
0n,m × nc = ∇λn,m × nc, on Γc.

(4.14)

(c) Expand λn,m|Γe in the series form

λn,m|Γe
= c +

∞∑

l=1

(
l∑

k=1

(qm,k
n,1lY

k
1l + qm,k

n,2lY
k
2l) + qm,0

n,0lY
0
0l

)
, (4.15)
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where c can be any real number. Then we define λe
n,m ∈ χh such that

λe
n,m|Γe

= − 1
4πR

∫

Γc

Hh
0n,m · ncdA +

∞∑

l=1

(
l∑

k=1

(qm,k
n,1lY

k
1l + qm,k

n,2lY
k
2l) + qm,0

n,0lY
0
0l

)
, (4.16)

and λn,m = [λe
n,m].

(d) Take ψh
2n,m|Γe

= λe
n,m|Γe

, then we can get ψh
2n,m and ∂ψh

2n,m

∂ne
by using (4.11) and (4.12).

ψh
2n,m(r, θ, φ) = − 1

4πr

∫
Γc

Hh
0n,m · ncdA

+
∞∑

l=1

Rl+1

(
l∑

m=1
(qm,k

n,1lK
m
1l + qm,k

n,2lK
m
2l ) + qm,0

n,0lK
0
0l

)
, for r > R.

∂ψh
2n,m

∂ne
= Ge(λe

n,m|Γe
)

= 1
4πR2

∫
Γc

Hh
0n,m · ncdA−

∞∑
l=1

(l+1)
R

(
l∑

k=1

(qm,k
n,1lY

k
1l + qm,k

n,2lY
k
2l) + qm,0

n,0lY
0
0l

)
.

(e) Find ψh
1n,m ∈ V2h such that

∫
Ωe1

∇ψh
1n,m · ∇ϕdV =

∫
Γe

∂ψh
2n,m

∂ne
ϕdA− ∫

Γc
(Hh

0n,m · nc)ϕdA, ∀ ϕ ∈ V2h. (4.17)

(f) If the accuracy of the approximation is enough, then iteration stops and let

H̃h
0n =





Hh
0n,m, in Ωc

∇ψh
1n,m, in Ωe1

∇ψh
2n,m, in Ωe2

;

else

λn,m+1 = (1− ϑn,m)λn,m + ϑn,mψh
1n,m|∂Ωe1

,

where ϑn,m is the mth linear relaxation factor at the time tn.

(g) Let m := m + 1, go to the step (b).

3. If n < M , then n := n + 1 and go to step 2.

Remark 4.1. The aim of choosing λe
n,m in (c) of step 2 is to ensure the consistency of the problem

(4.17).

5 Convergence of backward Euler-DtN alternating algorithm

5.1 Preconditioned Richardson iterative method

In order to give the convergence of the backward Euler-DtN alternating algorithm, we first need to

get the convergence of the DtN alternating algorithm at each time step.

For any λn ∈ Z, we introduce the following discrete problems at tn for n = 1, . . . , M .
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Find RH
n λn ∈ V1h such that





an1(RH
n λn,v) = 0, ∀ v ∈ V0

1h,

RH
n λn × nc = ∇λn × nc, on Γc.

(5.1)

Find TH
n f̃n ∈ V0

1h such that

an1(TH
n f̃n,v) = F̃n1(v), ∀ v ∈ V0

1h, (5.2)

where

f̃n = −τn
∂Hs

∂t
(tn) + H̃h

0n−1 and F̃n1(v) =
∫

Ωc

f̃n · vdV, ∀ v ∈ V1h.

Find Hc,h
0n ∈ V1h such that





an1(H
c,h
0n ,v) = F̃n1(v), ∀ v ∈ V0

1h,

Hc,h
0n × nc = ∇λn × nc, on Γc.

(5.3)

Find R
ψe1
n λn ∈ V2h such that





∫
Ωe1

∇R
ψe1
n λn · ∇ϕdV = 0, ∀ ϕ ∈ V 0

2h,

R
ψe1
n λn = λn, on ∂Ωe1 .

(5.4)

From the definitions of the discrete problems, it is known that

Hc,h
0n = RH

n λn + TH
n f̃n.

We will define the discrete Steklov-Poincaré operators Sh
1n, Sh

2n, Sh
3n and the operator Φh

n at tn for

n = 1, . . . , M .

〈Sh
1nλ1n, λ2n〉 =

∫
Γc

RH
n λ1n · ncλ2ndA, ∀ λ1n, λ2n ∈ Z. (5.5)

〈Sh
2nλ1n, λ2n〉 =

∫
Ωe1

∇R
ψe1
n λ1n · ∇R

ψe1
n λ2ndV, ∀ λ1n, λ2n ∈ Z. (5.6)

For any λ1n, λ2n ∈ Z, we have

λin|Γe
= c +

∞∑

l=1

(
l∑

k=1

(qk
in,1lY

k
1l + qk

in,2lY
k
2l) + q0

in,0lY
0
0l

)
, for i = 1, 2, (5.7)

where c can be any real number. Then λ0
2n can be defined. it satisfies that

λ0
2n|Γe =

∞∑

l=1

(
l∑

k=1

(qk
2n,1lY

k
1l + qk

2n,2lY
k
2l) + q0

2n,0lY
0
0l

)
,

and λ2n = [λ0
2n].

Let

Hc,h
01n = RH

n λ1n + TH
n f̃n

and define λe
1n ∈ χh such that

λe
1n|Γe

= − 1
4πR

∫

Γc

Hc,h
01n · ncdA +

∞∑

l=1

(
l∑

k=1

(qk
1n,1lY

k
1l + qk

1n,2lY
k
2l) + q0

1n,0lY
0
0l

)
, (5.8)
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and λ1n = [λe
1n].

we can define

〈Sh
3nλ1n, λ2n〉 = − ∫

Γe

∂λe
1n

∂ne
λ0

2ndA

=
∞∑

l=1

(l+1)
R

(
l∑

k=1

(qk
1n,1lq

k
2n,1l + qk

1n,2lq
k
2n,2l) + q0

1n,0lq
0
2n,0l

)
, ∀ λ1n, λ2n ∈ Z,

(5.9)

〈Φh
n, λ2n〉 = − ∫

Γc
(TH

n f̃n · nc)λ0
2ndA, ∀ λ2n ∈ Z, (5.10)

where 〈·, ·〉 denotes the duality pairing between Z ′
and Z.

Let

Sh
n = Sh

1n + Sh
2n + Sh

3n, for n = 1, 2, . . . , M,

then we introduce the following discrete problems:

Find λ†n ∈ Z such that

〈Sh
nλ†n, η〉 = 〈Φh

n, η〉, ∀ η ∈ Z, for n = 1, . . . ,M. (5.11)

It is easy to see that the operator Sh
2n is symmetric and positive definite in Z for n = 1, 2, . . . , M ,

hence we can apply the Richardson method with Sh
2n as a preconditioner for solving (5.11) at tn, i.e.

given λn,0 ∈ Z, for each m ≥ 0, solve

λn,m+1 = λn,m + ϑn,m(Sh
2n)−1[Φh

n − Sh
nλn,m]

= (1− ϑn,m)λn,m + ϑn,m(Sh
2n)−1[Φh

n − (Sh
1n + Sh

3n)λn,m],
(5.12)

where ϑn,m is the mth linear relaxation factor at tn.

In the following, we will give the equivalence of the Richardson method (5.12) and the DtN

alternating method proposed in the second step of the backward Euler-DtN alternating algorithm at

each time step.

Lemma 5.1. The DtN alternating method proposed in the second step of the backward Euler-DtN

alternating algorithm is equivalent to the preconditioned Richardson iterative method (5.12) at tn for

n = 1, . . . , M .

Proof: We first define H†h
0n, ψ†h1n and ψ†h2n.

Find H†h
0n ∈ V1h such that





an1(H
†h
0n,v) = F̃n1(v), ∀ v ∈ V0

1h,

H†h
0n × nc = ∇λ†n × nc, on Γc.

Expand λ†n|Γe
in the series form

λ†n|Γe
= c +

∞∑

l=1

(
l∑

k=1

(q†,kn,1lY
k
1l + q†,kn,2lY

k
2l) + q†,0n,0lY

0
0l

)
,
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where c can be any real number. Then we define λe
n ∈ χh satisfying

λe
n|Γe

= − 1
4πR

∫

Γc

H†h
0n · ncdA +

∞∑

l=1

(
l∑

k=1

(q†,kn,1lY
k
1l + q†,kn,2lY

k
2l) + q†,0n,0lY

0
0l

)
,

and λ†n = [λe
n].

By using (4.11), (4.12) and ψ†h2n|Γe
= λe

n|Γe
, we can obtain ψ†h2n and ∂ψ†h

2n

∂ne
|Γe

.

Find ψ†h1n ∈ V2h such that

∫
Ωe1

∇ψ†h1n · ∇ϕdV =
∫
Γe

∂ψ†h
2n

∂ne
ϕdA− ∫

Γc
(H†h

0n · nc)ϕdA, ∀ ϕ ∈ V2h.

Define

eh
Hn,m := H†h

0n −Hh
0n,m, eh

ψ2n,m := ψ†h2n − ψh
2n,m, eh

ψ1n,m := ψ†h1n − ψh
1n,m, eh

λn,m := λ†n − λn,m.

We can see that




an1(eh
Hn,m,v) = 0, ∀ v ∈ V0

1h,

eh
Hn,m × nc = ∇eh

λn,m|Γc
× nc, on Γc,

∫
Ωe1

∇eh
ψ1n,m · ∇ϕdV =

∫
Γe

∂eh
ψ2n,m

∂ne
ϕdA− ∫

Γc
(eh

Hn,m · nc)ϕdA, ∀ ϕ ∈ V2h,

and

eh
λn,m+1 = ϑn,mηn,m + (1− ϑn,m)eh

λn,m,

where ηn,m = eh
ψ1n,m|∂Ωe1

.

Since

〈Sh
2nηn,m, ζ〉 = − (〈Sh

1neh
λn,m, ζ〉+ 〈Sh

3neh
λn,m, ζ〉) , ∀ ζ ∈ Z,

we have

Sh
2nηn,m = −(Sh

1neh
λn,m + Sh

3neh
λn,m).

Moreover, it is known that

eh
λn,m+1 − eh

λn,m = ϑn,mηn,m + (1− ϑn,m)eh
λn,m − eh

λn,m

= ϑn,mηn,m − ϑn,meh
λn,m.

So

Sh
2n(eh

λn,m+1 − eh
λn,m) = −ϑn,m(Sh

1n + Sh
3n)eh

λn,m − ϑn,mSh
2neh

λn,m.

Then we can get

Sh
2n(λn,m − λn,m+1) = −ϑn,m(Sh

1n + Sh
3n)(λ†n − λn,m)− ϑn,mSh

2n(λ†n − λn,m).

We notice that

(Sh
1n + Sh

2n + Sh
3n)λ†n = Φh

n,

17



therefore,

Sh
2nλn,m+1 = Sh

2nλn,m + ϑn,m[Φh
n − (Sh

1n + Sh
2n + Sh

3n)λn,m].

So the DtN alternating algorithm at tn is equivalent to the preconditioned Richardson iterative

method:

Given λn,0 ∈ Z, for each m ≥ 0, solve

λn,m+1 = λn,m + ϑn,m(Sh
2n)−1[Φh

n − Sh
nλn,m]

= (1− ϑn,m)λn,m + ϑn,m(Sh
2n)−1[Φh

n − (Sh
1n + Sh

3n)λn,m], for n = 1, 2, . . . , M.

5.2 Convergence of the preconditioned Richardson iterative method

In order to obtain the convergence of the DtN alternating algorithm at each time step, according

to the equivalence given in lemma 5.1, we will devote ourselves to getting the convergence of the

preconditioned Richardson iterative method (5.12) at tn for n = 1, 2, . . . , M .

We first present some auxiliary lemmata.

Lemma 5.2. The operator Sh
1n : Z → Z ′ is symmetric and positive semi-definite for n = 1, . . . , M .

Proof: For any λ1n, λ2n ∈ Z, according to the definition of the operator Sh
1n, we have

〈Sh
1nλ1n, λ2n〉 =

∫
Γc

RH
n λ1n · ncλ2ndA, for n = 1, . . . , M.

Let Vch be the piecewise linear finite element space of H1(Ωc) which is defined on T c
hc

. Since

λ2n ∈ Z, we can let λ∗2n ∈ Vch/P0 be the discrete harmonic extension of λ2n|Γc
in Ωc. Then we know

that ∇λ∗2n ∈ V1h and

∇λ∗2n × nc|∂Ωc = RH
n λ2n × nc|∂Ωc .

According to (5.1), we have

∫
Ωc

RH
n λ1n · (RH

n λ2n −∇λ∗2n) + τn

µσ (∇×RH
n λ1n) · ∇ × (RH

n λ2n −∇λ∗2n)dV = 0,

then we can obtain that
∫
Ωc

RH
n λ1n ·RH

n λ2n + τn

µσ (∇×RH
n λ1n) · (∇×RH

n λ2n)dV

=
∫
Ωc

RH
n λ1n · ∇λ∗2ndV =

∫
Γc

RH
n λ1n · ncλ2ndA.

So

〈Sh
1nλ1n, λ2n〉 =

∫
Ωc

(
RH

n λ1n ·RH
n λ2n + τn

µσ (∇×RH
n λ1n) · (∇×RH

n λ2n)
)

dV.

From the previous formulation, we can see that

〈Sh
1nλ1n, λ1n〉 =

∫
Ωc

(
RH

n λ1n ·RH
n λ1n + τn

µσ (∇×RH
n λ1n) · (∇×RH

n λ1n)
)

dV ≥ 0, ∀ λ1n ∈ Z,

and 〈Sh
1nλ1n, λ2n〉 = 〈Sh

1nλ2n, λ1n〉, ∀ λ1n, λ2n ∈ Z.

So the operators Sh
1n : Z → Z ′ is symmetric and positive semi-definite for n = 1, . . . , M .
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Lemma 5.3. The operator Sh
2n : Z → Z ′ is symmetric and positive definite for n = 1, . . . , M .

Proof: For any λ1n, λ2n ∈ Z, since

〈Sh
2nλ1n, λ2n〉 =

∫

Ωe1

∇R
ψe1
n λ1n · ∇R

ψe1
n λ2ndV, for n = 1, . . . , M,

it is easy to see that the operators Sh
2n are symmetric. Moreover, according to Poincaré inequality, we

know that

‖Rψe1
n λ1n‖2H1(Ωe1 )/P0

= inf
w∈P0

‖Rψe1
n λ1n − w‖2H1(Ωe1 )

≤ C inf
w∈P0

(
|Rψe1

n λ1n − w|H1(Ωe1 ) + | ∫
Ωe1

(Rψe1
n λ1n − w)dV |

)2

,

where C is a positive constant. Taking w =
R
Ωe1

R
ψe1
n λ1ndV

R
Ωe1

1dV
, it follows that

‖Rψe1
n λ1n‖2H1(Ωe1 )/P0

≤ C|Rψe1
n λ1n|2H1(Ωe1 ).

By using the trace theorem, we get

〈Sh
2nλ1n, λ1n〉 =

∫
Ωe1

∇R
ψe1
n λ1n · ∇R

ψe1
n λ1ndV

= |Rψe1
n λ1n|2H1(Ωe1 ) ≥ 1

C ‖R
ψe1
n λ1n‖2H1(Ωe1 )/P0

,

≥ Cn‖λ1n‖2
H

1
2 (∂Ωe1 )/P0

,

where Cn is the positive constant depending on n. So the operator Sh
2n : Z → Z ′ is symmetric and

positive definite for n = 1, . . . , M .

Lemma 5.4. The operator Sh
3n : Z → Z ′ is symmetric positive semi-definite for n = 1, . . . , M .

Proof: For any λ1n, λ2n ∈ Z,

〈Sh
3nλ1n, λ2n〉 = − ∫

Γe

∂λe
1n

∂ne
λ0

2ndA

=
∞∑

l=1

(l+1)
R

(
l∑

k=1

(qk
1n,1lq

k
2n,1l + qk

1n,2lq
k
2n,2l) + q0

1n,0lq
0
2n,0l

)
,

so we have

〈Sh
3nλ1n, λ1n〉 =

∞∑

l=1

(l + 1)
R

(
l∑

k=1

(|qk
1n,1l|2 + |qk

1n,2l|2) + |q0
1n,0l|2) ≥ 0

and

〈Sh
3nλ1n, λ2n〉 = 〈Sh

3nλ2n, λ1n〉.

Therefore, the operator Sh
3n : Z → Z ′ is symmetric positive semi-definite for n = 1, . . . , M .

Lemma 5.5. For any λ1n ∈ Z, we have

〈Sh
3nλ1n, λ1n〉 ≤ C∗1 〈Sh

2nλ1n, λ1n〉, for n = 1, . . . , M,

where the positive constant C∗1 is independent of n, hc and he.
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Proof: For any λ1n ∈ Z,

〈Sh
3nλ1n, λ1n〉 =

∞∑
l=1

(l+1)
R

(
l∑

k=1

(|qk
1n,1l|2 + |qk

1n,2l|2) + |q0
1n,0l|2

)
.

Since

‖λ1n|Γe‖H
1
2 (Γe)/P0

= inf
w∈P0

‖λ0
1n|Γe − w‖

H
1
2 (Γe)

= inf
w∈P0

R

( ∞∑
l=1

(l + 1)
(

l∑
k=1

(|qk
1n,1l|2 + |qk

1n,2l|2) + |q0
1n,0l|2

)
+ 4π(w)2

) 1
2

= R

( ∞∑
l=1

(l + 1)
(

l∑
k=1

(|qk
1n,1l|2 + |qk

1n,2l|2) + |q0
1n,0l|2

)) 1
2

,

we have

〈Sh
3nλ1n, λ1n〉 = 1

R3 ‖λ1n|Γe
‖2

H
1
2 (Γe)/P0

≤ 1
R3 ‖λ1n‖2

H
1
2 (∂Ωe1 )/P0

≤ C∗1n〈Sh
2nλ1n, λ1n〉,

where C∗1n is independent of hc and he.

Let C∗1 = max
1≤n≤M

C∗1n. This completes the proof.

Lemma 5.6. For any λ1n ∈ Z, we have

〈Sh
1nλ1n, λ1n〉 ≤ C∗2 〈Sh

2nλ1n, λ1n〉, for n = 1, . . . , M,

where the positive constant C∗2 is independent of n, hc and he.

Proof: According to [4], we know that

〈Sh
1nλ1n, λ1n〉 ≤ C‖∇λ1n × nc‖2

H− 1
2 (divΓc ,Γc)

= C

(
‖∇λ1n × nc‖2

H− 1
2 (Γc)

+ ‖divΓc(∇λ1n × nc)‖2
H− 1

2 (Γc)

)

= C‖∇R
ψe1
n λ1n × nc‖2

H− 1
2 (Γc)

, ∀ λ1n ∈ Z,

where C is independent of hc.

Let us introduce the Hilbert space X00,Γc defined in [3],

X00,Γc
:= {ς ∈ H− 1

2
00 (Γc) | ς · n|Γc

= 0 and divΓc
ς ∈ H

− 1
2

00 (Γc)}.

With the result given in [3], we know that (∇R
ψe1
n λ1n × nc)|Γc

∈ X00,Γc
and

‖(∇R
ψe1
n λ1n × nc)|Γc‖X00,Γc

≤ C∗‖∇R
ψe1
n λ1n‖H(curl,Ωe1 ).

Since

‖(∇R
ψe1
n λ1n × nc)|Γc

‖
H− 1

2 (Γc)
≤ C‖(∇R

ψe1
n λ1n × nc)|Γc

‖
H
− 1

2
00 (Γc)

,

where C depends on the area of Γe and the distance between Γc and Γe, we have

‖(∇R
ψe1
n λ1n × nc)|Γc‖H− 1

2 (Γc)
≤ C‖∇R

ψe1
n λ1n‖H(curl,Ωe1 ) = C‖∇R

ψe1
n λ1n‖L2(Ωe1 ).
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Then we obtain that

〈Sh
1nλ1n, λ1n〉 ≤ C‖∇R

ψe1
n λ1n × nc‖2

H− 1
2 (Γc)

≤ C∗2n‖∇R
ψe1
n λ1n‖2L2(Ωe1 ) = C∗2n〈Sh

2nλ1n, λ1n〉,

where C∗2n is independent of hc and he.

Let C∗2 = max
1≤n≤M

C∗2n. This completes the proof.

Now we can give the convergence of the preconditioned Richardson iterative method (5.12) at each

time step. The proof of this theorem depends on the previous Lemmata.

Theorem 5.1. If 0 < min
m

ϑn,m ≤ max
m

ϑn,m < 2/(1 + C∗1 + C∗2 ) for n = 1, 2, . . . , M , then the

preconditioned Richardson iterative method at each time step converges with a rate independent of hc

and he.

Proof: The discrete Steklov-Poincaré operators Sh
1n, Sh

2n and Sh
3n are linear operators from the

finite dimensional space Z into its dual Z ′. Let {xs}, s = 1, . . . , Mh, be a basis of Z, then we define

the matrices associated with the finite dimensional operators Sh
1n, Sh

2n and Sh
3n:

(Ah
inλ̂1n, λ̂2n) := 〈Sh

inλ1n, λ2n〉, ∀ λ̂1n, λ̂2n ∈ RMh , i = 1, 2, 3, (5.13)

where (·, ·) denotes the Euclidean scalar product in RMh and

λ1n =
Mh∑

k=1

λ̂1nkxk, λ2n =
Mh∑

k=1

λ̂2nkxk.

According to Lemma 5.2-5.4, we can get that the operators Sh
n are symmetric and positive definite.

By using Lemma 5.5 and 5.6, we have

1
1+C∗1 +C∗2

〈Sh
nλ1n, λ1n〉 ≤ 〈Sh

2nλ1n, λ1n〉 ≤ 〈Sh
nλ1n, λ1n〉, ∀ λ1n ∈ Z, for n = 1, . . . , M.

Since

λn,m+1 − λ†n = (1− ϑn,m(Sh
2n)−1Sh

n)(λn,m − λ†n)

=
m∏

k=0

(1− ϑn,k(Sh
2n)−1Sh

n)(λn,0 − λ†n),

we can obtain the matrix form:

λ̂n,m+1 − λ̂†n = (I − ϑn,m(Ah
2n)−1Ah

n)(λ̂n,m − λ̂†n)

=
m∏

k=0

(I − ϑn,k(Ah
2n)−1Ah

n)(λ̂n,0 − λ̂†n).

Then

‖λ̂n,m+1 − λ̂†n‖ ≤ νm+1
n ‖λ̂n,0 − λ̂†n‖,

where ‖ · ‖ is the norm of vector and

νn = max(1−min
m

ϑn,m, (1 + C∗1 + C∗2 )max
m

ϑn,m − 1) < 1,

when 0 < min
m

ϑn,m ≤ max
m

ϑn,m < 2/(1 + C∗1 + C∗2 ).
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It follows that

lim
m→∞

‖λ̂n,m+1 − λ̂†n‖ = 0, for n = 1, 2, . . . , M.

Therefore,

lim
m→∞

‖λn,m+1 − λ†n‖H
1
2 (∂Ωe1 )/P0

= 0, for n = 1, 2, . . . , M,

and the convergence rate of the preconditioned Richardson iterative method at each time step is

independent of hc and he.

5.3 Error estimate for the fully discrete scheme

Let Ωb = Ωc ∪ Ωe1 and

X := {v : v = w in Ωc for some w ∈ V1 and v = ∇ϕ in Ωe1

for some ϕ ∈ V2 such that w × nc = ∇ϕ× nc on Γc}.

We denote the finite element space of X by

Xh := {vh : vh = wh in Ωc for some wh ∈ V1h and vh = ∇ϕh in Ωe1

for some ϕh ∈ V2h such that wh × nc = ∇ϕh × nc on Γc}.

Let Hr
0 =

{
Hr

0, in Ωc

∇ψ2, in Ωe

be the solution of the problem (2.18). Consider the following variational

formulation, which is the problem (2.18) restricted in Ωb.

Find H0 ∈ L2((0, T ),X) such that





∫
Ωb

∂H0
∂t ·wdV + 1

µσ

∫
Ωc

(∇×H0) · (∇×w)dV − ∫
Γe

∂Ge(ψ2|Γe )
∂t ϕdA

= − ∫
Ωc

∂Hs

∂t ·wdV +
∫
Γc

(∂Hs

∂t · nc)ϕdA, ∀ w ∈ X,

H0(x, 0) = 0, x ∈ Ωb,

(5.14)

where w =

{
w, in Ωc

∇ϕ, in Ωe1

and H0 =

{
H0, in Ωc

∇ψ1, in Ωe1

. The solution of the problem (5.14) is equal

to Hr
0|Ωb

. Moreover, it is easy to see that

−
∫

Γe

µ
∂Ge(ψ2|Γe

)
∂t

dA +
∫

Γc

(µ
∂Hs

∂t
· nc)dA = 0.

Let (Hr
0n, ψr

1n, ψ2n) be the solution of the problem (3.11). The variational form of the problem

(3.1) restricted in Ωb is as follows:

Find H0n ∈ X, for n = 1, 2, . . . , M , such that




∫
Ωb

H0n−H0n−1
τn

·wdV + 1
µσ

∫
Ωc

(∇×H0n) · (∇×w)dV − ∫
Γe

(
Ge(ψ2n|Γe )−Ge(ψ2n−1|Γe )

τn

)
ϕdA

= − ∫
Ωc

∂Hs

∂t (tn) ·wdV +
∫
Γc

(∂Hs

∂t (tn) · nc)ϕdA, ∀ w ∈ X,

H00 = 0, x ∈ Ωb.

(5.15)
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The solution of the problem (5.15) is equal to

{
Hr

0n, in Ωc

∇ψr
1n, in Ωe1

, for n = 1, 2, . . . , M . By using the

system (3.1), we can verify that
∫

Γe

µ

(Ge(ψ2n|Γe
)− Ge(ψ2n−1|Γe

)
τn

)
dA +

∫

Γc

(µ
∂Hs

∂t
(tn) · nc)dA = 0, for n = 1, 2, . . . , M.

Let the solution of the discrete problem of (3.11) be (Hr,h
0n , ψr,h

1n , ψh
2n), then we can introduce the

discrete formulation of the problem (5.15).

Find Hh
0n ∈ Xh, for n = 1, 2, . . . , M , such that





∫
Ωb

Hh
0n−Hh

0n−1
τn

·whdV + 1
µσ

∫
Ωc

(∇×Hh
0n) · (∇×wh)dV − ∫

Γe

(Ge(ψh
2n|Γe )−Ge(ψh

2n−1|Γe )

τn

)
ϕhdA

= − ∫
Ωc

∂Hs

∂t (tn) ·whdV +
∫
Γc

(∂Hs

∂t (tn) · nc)ϕhdA, ∀ wh ∈ Xh,

Hh
00 = 0, x ∈ Ωb,

(5.16)

where wh =

{
wh, in Ωc

∇ϕh, in Ωe1

and the solution of the problem (5.16) is Hh
0n =

{
Hr,h

0n , in Ωc

∇ψr,h
1n , in Ωe1

for

n = 0, 1, . . . , M .

Since ∫

Γe

∂ψh
2n

∂ne
dA−

∫

Γc

(H0n · nc)dA = 0,

we can get that
∫

Γc

(µ
∂Hs

∂t
(tn) · nc)dA +

∫

Γe

µ

(Ge(ψh
2n|Γe

)− Ge(ψh
2n−1|Γe

)
τn

)
dA = 0, for n = 1, 2, . . . , M.

In the domain Ωb, the backward Euler-DtN alternating algorithm proposed in subsection 4.3 is

actually used to solve the following problem:

Find H†h
0n ∈ Xh, for n = 1, 2, . . . , M , such that





∫
Ωc

H†h
0n−eHh

0n−1
τn

·whdV + 1
σµ

∫
Ωc

(∇×H†h
0n) · (∇×wh)dV +

∫
Ωe1

∇ψ†h
1n−∇ eψh

1n−1
τn

· ∇ϕhdV

− ∫
Γe

Ge(ψ†h
2n|Γe )−Ge( eψh

2n−1|Γe )

τn
ϕhdA = − ∫

Ωc

∂Hs

∂t (tn) ·whdV +
∫
Γc

∂Hs

∂t (tn) · ncϕhdA, ∀ wh ∈ Xh,

H†h
00 = 0, x ∈ Ωb,

(5.17)

where H†h
0n =

{
H†h

0n, in Ωc

∇ψ†h1n, in Ωe1

and H̃h
0n has been defined in subsection 4.3 for n = 0, 1, 2, . . . , M . It

can be verified that
∫

Γe

Ge(ψ
†h
2n|Γe)− Ge(ψ̃h

2n−1|Γe)
τn

dA +
∫

Γc

∂Hs

∂t
(tn) · ncdA = 0, for n = 1, 2, . . . , M.

Let Ha(curl,Ωb) = {v ∈ Ha(Ωb) | ∇ × v ∈ Ha(Ωb)} (a > 0) equipped with the norm

‖v‖Ha(curl,Ωb) =
(
‖v‖2Ha(Ωb)

+ ‖∇ × v‖2Ha(Ωb)

) 1
2

,

then we give the error estimate between Hh
0n and H0(tn).
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Theorem 5.2. Assume that the solution H0 of the problem (5.14) is regular enough. Let {Hh
0n} be

the approximation solution defined by (5.16). ψ2(tn) and ψh
2n have been used in (5.14) and (5.16).

h = max{hc, he} and τ = max
n

τn. Then we have

‖Hh
0n −H0(tn)‖H(curl,Ωc) + ‖∇ψh

1n −∇ψ1(tn)‖L2(Ωe1 ) + ‖ψh
2n − ψ2(tn)‖

H
1
2 (Γe)

≤ C
(
hs(1 + tn)

∫ tn

0
‖H0t(l)‖Hs(curl,Ωc)dl + hr−1

∫ tn

0
‖ψ1t(l)‖Hr(Ωe1 )/P0dl

+τ
∫ tn

0
‖ψ2tt(l)‖

H
1
2 (Γe)

dl + τ
∫ tn

0
‖H0tt(l)‖L2(Ωb)dl

)
, for n = 1, 2, . . . , M,

where 1
2 < s ≤ 1, 1 ≤ r ≤ r0 for some r0 ≥ 2.

Proof: We divide the proof into three steps.

Step 1. Define a mapping P1 : X → Xh

Define

A(D,B) =
∫

Ωc

∇×D · ∇ ×BdV ∀ D,B ∈ H(curl,Ωc),

and

b(B, q) = −
∫

Ωc

B · ∇qdV ∀ B ∈ H(curl,Ωc), q ∈ H1
0 (Ωc).

Let Uh be the finite element space of H1
0 (Ωc) defined on T c

hc
. Then we define a mapping Pc :

V1 → V1h. For any v ∈ V1, Pc(v) satisfies the following system.

Find (Pc(v), ph) ∈ V1h × Uh such that





A(Pc(v),Bh) + b(Bh, ph) = A(v,Bh) + b(Bh, p), ∀ Bh ∈ V0
1h,

b(Pc(v), qh) = b(v, qh), ∀ qh ∈ Uh,

Pc(v)× nc = v × nc, ph = 0, on Γc,

where p ∈ H1
0 (Ωc). According to [12], we have

‖Pc(v)− v‖H(curl,Ωc) + ‖p− ph‖H1
0 (Ωc) ≤ Chs(‖v‖Hs(curl,Ωc) + ‖p‖H1+s(Ωc)),

for v ∈ Hs(curl,Ωc), p ∈ H1+s(Ωc), for some 1/2 < s ≤ 1.

Next we can define a mapping P̂e : Ṽ2 → Ṽ2h. For any u ∈ Ṽ2, P̂e(u) satisfies the following system:

Find P̂e(u) ∈ Ṽ2h such that




∫
Ωe1

∇P̂e(u) · ∇ϕ̂hdV =
∫
Ωe1

∇u · ∇ϕ̂hdV, ∀ ϕ̂h ∈ Ṽ 0
2h,

P̂e(u) = u, on ∂Ωe1 .

According to [19], we know

‖∇P̂e(u)−∇u‖L2(Ωe1 ) ≤ Chr−1‖u‖Hr(Ωe1 ).

Define the mapping Pe : V2 → V2h. For any û ∈ V2,

Pe(û) =
[
P̂e(u)

]
,
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where u ∈ Ṽ2 and û = [u]. Then we can get

‖∇Pe(û)−∇û‖L2(Ωe1 ) ≤ Chr−1‖û‖Hr(Ωe1 )/P0 .

So we define the mapping P1 : X → Xh such that

P1(v) =

{
Pc(v), in Ωc

∇Pe(ϕ), in Ωe1

, ∀ v ∈ X.

Step 2. Give the error estimate between H0(tn) and P1(H0(tn))

Since H0(tn) ∈ X, we have

‖Pc(H0(tn)|Ωc
)−H0(tn)|Ωc

‖H(curl,Ωc) + ‖p− ph‖H1
0 (Ωc)

≤ Chs(‖H0(tn)|Ωc
‖Hs(curl,Ωc) + ‖p‖H1+s(Ωc))

(5.18)

and

‖∇Pe(ψ1(tn))−∇ψ1(tn)‖L2(Ωe1 ) ≤ Chr−1‖ψ1(tn)‖Hr(Ωe1 )/P0 , (5.19)

where H0(tn)|Ωe1
= ∇ψ1(tn).

Moreover, since ∇ ·H0(tn) = 0, according to [12], we can get that the p of (5.18) is equal to zero.

Then

‖Pc(H0(tn)|Ωc)−H0(tn)|Ωc‖H(curl,Ωc) ≤ Chs‖H0(tn)|Ωc‖Hs(curl,Ωc). (5.20)

The error estimate between H0(tn) and P1(H0(tn)) can be obtained.

‖P1(H0(tn))−H0(tn)‖H(curl,Ωb)

≤ C
(
hs‖H0(tn)‖Hs(curl,Ωc) + hr−1‖ψ1(tn)‖Hr(Ωe1 )/P0

)

≤ C
(
hs

∫ tn

0
‖H0t(l)‖Hs(curl,Ωc)dl + hr−1

∫ tn

0
‖ψ1t(l)‖Hr(Ωe1 )/P0dl

)
.

(5.21)

Step 3. Give the error estimate between H0(tn) and Hh
0n

Let

Hh
0n −H0(tn) = Hh

0n −P1(H0(tn)) + P1(H0(tn))−H0(tn) = $n + %n.

We denote ($n−$n−1)
τn

by ∂t$
n. Then it is easy to see that $n satisfies the following equation

∫
Ωb

∂t$
n ·whdV −

(∫
Γe

Ge(ψh
2n|Γe )−Ge(ψh

2n−1|Γe )

τn
ϕhdA− ∫

Γe

Ge(ψ2(tn)|Γe )−Ge(ψ2(tn−1)|Γe )
τn

ϕhdA
)

+ 1
σµ

∫
Ωc

(∇×$n) · (∇×wh)dV = −Rn(wh), ∀ wh ∈ Xh,

(5.22)

where

Rn(wh) =
∫
Ωb

P1(H0(tn))−P1(H0(tn−1))
τn

·whdV − ∫
Γe

Ge(ψ2(tn)|Γe )−Ge(ψ2(tn−1)|Γe )
τn

ϕhdA

− ∫
Ωb

∂H0(tn)
∂t ·whdV +

∫
Γe

∂Ge(ψ2|Γe )
∂t (tn)ϕhdA

+ 1
σµ

∫
Ωc
∇× (Pc(H0(tn))−H0(tn)) · (∇×wh)dV.
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Let

Rn
1 (wh) =

∫
Ωb

(P1 − I)
(

H0(tn)−H0(tn−1)
τn

)
·whdV,

Rn
2 (wh) =

∫
Ωb

(
H0(tn)−H0(tn−1)

τn
− ∂H0(tn)

∂t

)
·whdV −

(∫
Γe

Ge(ψ2(tn)|Γe )−Ge(ψ2(tn−1)|Γe )
τn

ϕhdA

− ∫
Γe

∂Ge(ψ2|Γe )
∂t (tn)ϕhdA

)
,

Rn
3 (wh) = 1

σµ

∫
Ωc
∇× (Pc(H0(tn))−H0(tn)) · (∇×wh)dV,

so

Rn(wh) = Rn
1 (wh) + Rn

2 (wh) + Rn
3 (wh).

Take wh = $n in (5.22), then it follows that

∫
Ωb

∂t$
n ·$ndV + 1

σµ

∫
Ωc

(∇×$n) · (∇×$n)dV

− 1
τn

(∫
Γe
Ge(ψh

2n|Γe
− ψ2(tn)|Γe

)αh
ndA− ∫

Γe
Ge(ψh

2n−1|Γe
− ψ2(tn−1)|Γe

)αh
ndA

)

≤ |Rn
1 ($n) + Rn

2 ($n) + Rn
3 ($n)|,

(5.23)

where αh
n = ψh

1n − ψ1(tn) for n = 0, 1, 2, . . . , M .

From now on, for any w =

{
w, in Ωc

∇ϕ, in Ωe1

∈ X, we let

|‖w|‖ :=
(
‖w‖2H(curl,Ωc)

+ ‖∇ϕ‖2L2(Ωe1 )

) 1
2

.

We can take αh
n|Γe

= ψh
2n|Γe

− ψ2(tn)|Γe
in (5.23) for n = 0, 1, 2, . . . , M , then it is obtained that

|‖$n|‖+ ‖ψh
2n − ψ2(tn)‖

H
1
2 (Γe)

≤ C
(
|‖$n−1|‖+ ‖ψh

2n−1 − ψ2(tn−1)‖
H

1
2 (Γe)

+τn‖H0(tn)−H0(tn−1)
τn

− ∂H0
∂t (tn)‖L2(Ωb) + τn‖ψ2(tn)−ψ2(tn−1)

τn
− ∂ψ2

∂t (tn)‖
H

1
2 (Γe)

+τn‖(P1 − I)
(

H0(tn)−H0(tn−1)
τn

)
‖L2(Ωb) + τn‖∇ × (Pc(H0(tn))−H0(tn))‖L2(Ωc)

)
.

By using recursion, it follows that

|‖$n|‖+ ‖ψh
2n − ψ2(tn)‖

H
1
2 (Γe)

≤ C
n∑

j=1

τj

(
‖∇ × (Pc(H0(ti))−H0(ti))‖L2(Ωc) + ‖H0(ti)−H0(ti−1)

τi
− ∂H0

∂t (ti)‖L2(Ωb)

+‖ψ2(ti)−ψ2(ti−1)
τi

− ∂ψ2
∂t (ti)‖

H
1
2 (Γe)

+ ‖(P1 − I)
(

H0(ti)−H0(ti−1)
τi

)
‖L2(Ωb)

)
.

Since

(P1 − I)
(

H0(tj)−H0(tj−1)
τj

)
= (P1 − I)

(
τ−1
j

∫ tj

tj−1
H0t(l)dl

)
= τ−1

j

∫ tj

tj−1
(P1 − I)(H0t(l))dl,

we have
n∑

j=1

τj‖(P1 − I)
(

H0(tj)−H0(tj−1)
τj

)
‖L2(Ωb)

≤
n∑

j=1

∫ tj

tj−1
C

(
hs‖H0t(l)‖Hs(curl,Ωc) + hr−1‖ψ1t(l)‖Hr(Ωe1 )/P0

)
dl

≤ C
(
hs

∫ tn

0
‖H0t(l)‖Hs(curl,Ωc)dl + hr−1

∫ tn

0
‖ψ1t(l)‖Hr(Ωe1 )/P0dl

)
.
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Moreover, it is known that

H0(tj)−H0(tj−1)
τj

− ∂H0(tj)
∂t

= −τ−1
j

∫ tj

tj−1

(l − tj−1)H0tt(l)dl,

and
ψ2(tj)− ψ2(tj−1)

τj
− ∂ψ2(tj)

∂t
= −τ−1

j

∫ tj

tj−1

(l − tj−1)ψ2tt(l)dl,

then we have
n∑

j=1

τj‖
(

H0(tj)−H0(tj−1)
τj

− ∂H0(tj)
∂t

)
‖L2(Ωb)

≤ C
n∑

j=1

‖ ∫ tj

tj−1
(l − tj−1)H0tt(l)dl‖L2(Ωb)

≤ Cτ
∫ tn

0
‖H0tt(l)‖L2(Ωb)dl,

and
n∑

j=1

τj‖ψ2(ti)−ψ2(ti−1)
τi

− ∂ψ2
∂t (ti)‖

H
1
2 (Γe)

≤ C
n∑

j=1

‖ ∫ tj

tj−1
(l − tj−1)ψ2tt(l)dl‖

H
1
2 (Γe)

≤ Cτ
∫ tn

0
‖ψ2tt(l)‖

H
1
2 (Γe)

dl.

In addition,

n∑
j=1

τj‖∇ × (Pc(H0(ti))−H0(ti))‖L2(Ωc) ≤ Ctnhs
∫ tn

0
‖H0t(l)‖Hs(curl,Ωc)dl.

Therefore, we have

|‖$n|‖+ ‖ψh
2n − ψ2(tn)‖

H
1
2 (Γe)

≤ C
(
hs(1 + tn)

∫ tn

0
‖H0t(l)‖Hs(curl,Ωc)dl + hr−1

∫ tn

0
‖ψ1t(l)‖Hr(Ωe1 )/P0dl

+τ
∫ tn

0
‖ψ2tt(l)‖

H
1
2 (Γe)

dl + τ
∫ tn

0
‖H0tt(l)‖L2(Ωb)dl

)
.

By using the triangle inequality and (5.21), we get

‖Hh
0n −H0(tn)‖H(curl,Ωc) + ‖∇ψh

1n −∇ψ1(tn)‖L2(Ωe1 ) + ‖ψh
2n − ψ2(tn)‖

H
1
2 (Γe)

≤ C
(
hs(1 + tn)

∫ tn

0
‖H0t(l)‖Hs(curl,Ωc)dl + hr−1

∫ tn

0
‖ψ1t(l)‖Hr(Ωe1 )/P0dl

+τ
∫ tn

0
‖ψ2tt(l)‖

H
1
2 (Γe)

dl + τ
∫ tn

0
‖H0tt(l)‖L2(Ωb)dl

)
, for n = 1, 2, . . . , M.

Theorem 5.3. If {H†h
0n} and {Hh

0n} are the solutions of (5.17) and (5.16) respectively, then

‖Hh
0n −H†h

0n‖H(curl,Ωc) + ‖∇ψh
1n −∇ψ†h1n‖L2(Ωe1 ) + ‖ψh

2n|Γe
− ψ†h2n|Γe

‖
H

1
2 (Γe)

≤ C
n−1∑
k=1

(
‖H†h

0k − H̃h
0k‖L2(Ωc) + ‖∇ψ†h1k −∇ψ̃h

1k‖L2(Ωe1 ) + ‖ψ†h2k |Γe
− ψ̃h

2k|Γe
‖

H
1
2 (Γe)

)
.

(5.24)

Proof: subtracting (5.17) from (5.16), it can be obtained that

∫
Ωc

(Hh
0n−H†h

0n

τn
− Hh

0n−1−eHh
0n−1

τn
) ·whdV − ∫

Γe
(Ge(ψh

2n|Γe )−Ge(ψ†h
2n|Γe )

τn
− Ge(ψh

2n−1|Γe )−Ge( eψh
2n−1|Γe )

τn
)ϕhdA

+ 1
σµ

∫
Ωc

(∇× (Hh
0n −H†h

0n)) · (∇×wh)dV +
∫
Ωe1

(∇ψh
1n−∇ψ†h

1n

τn
− ∇ψh

1n−1−∇ eψh
1n−1

τn
) · ∇ϕhdV = 0,
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for any wh ∈ Xh, so we get

∫
Ωc

(Hh
0n−H†h

0n

τn
) ·whdV + 1

σµ

∫
Ωc

(∇× (Hh
0n −H†h

0n)) · (∇×wh)dV

+
∫
Ωe1

(∇ψh
1n−∇ψ†h

1n

τn
) · ∇ϕhdV − ∫

Γe
(Ge(ψh

2n|Γe )−Ge(ψ†h
2n|Γe )

τn
)ϕhdA

=
∫
Ωc

(Hh
0n−1−eHh

0n−1
τn

) ·whdV +
∫
Ωe1

(∇ψh
1n−1−∇ eψh

1n−1
τn

) · ∇ϕhdV

− ∫
Γe

(Ge(ψh
2n−1|Γe )−Ge( eψh

2n−1|Γe )

τn
)ϕhdA, ∀ wh ∈ Xh.

(5.25)

Let

In = (‖Hh
0n −H†h

0n‖2H(curl,Ωc)
+ ‖∇ψh

1n −∇ψ†h1n‖2L2(Ω1)
+ ‖ψh

2n|Γe − ψ†h2n|Γe‖2
H

1
2 (Γe)

)
1
2 .

By taking wh = (Hh
0n −H†h

0n) in (5.25), we have

I2
n ≤ C

(
‖Hh

0n−1 − H̃h
0n−1‖L2(Ωc)‖Hh

0n −H†h
0n‖L2(Ωc)

+‖∇ψh
1n−1 −∇ψ̃h

1n−1‖L2(Ωe1 )‖∇ψh
1n −∇ψ†h1n‖L2(Ωe1 )

+‖ψh
2n−1|Γe

− ψ̃h
2n−1|Γe

‖
H

1
2 (Γe)

‖ψh
2n|Γe

− ψ†h2n‖H
1
2 (Γe)

)

≤ CIn

(
‖Hh

0n−1 − H̃h
0n−1‖2L2(Ωc)

+ ‖∇ψh
1n−1 −∇ψ̃h

1n−1‖2L2(Ωe1 )

+‖ψh
2n−1|Γe − ψ̃h

2n−1|Γe‖2
H

1
2 (Γe)

) 1
2

,

so

In ≤ C
(
‖Hh

0n−1 − H̃h
0n−1‖2L2(Ωc)

+ ‖∇ψh
1n−1 −∇ψ̃h

1n−1‖2L2(Ωe1 )

+‖ψh
2n−1|Γe

− ψ̃h
2n−1|Γe

‖2
H

1
2 (Γe)

) 1
2

.

By recursion and the triangle inequality, we can get

‖Hh
0n −H†h

0n‖H(curl,Ωc) + ‖∇ψh
1n −∇ψ†h1n‖L2(Ωe1 ) + ‖ψh

2n|Γe
− ψ†h2n|Γe

‖
H

1
2 (Γe)

≤ C
n−1∑
k=1

(
‖H†h

0k − H̃h
0k‖L2(Ωc) + ‖∇ψ†h1k −∇ψ̃h

1k‖L2(Ωe1 ) + ‖ψ†h2k |Γe
− ψ̃h

2k|Γe
‖

H
1
2 (Γe)

)
,

which completes the proof.

Theorem 5.1 shows that the right hand side of (5.24) is convergent to zero, then Theorems 5.2 and

5.3 imply that the backward Euler-DtN alternating algorithm is convergent.

6 Implementation

In this section, we will discuss some implementation details of the backward Euler-DtN alternating

algorithm.

Bases of several spaces.

1. For any K ∈ T c
hc

, we define

Cc(K) = {e | e is the edge of K},
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so the set Eh =
⋃

K∈T c
hc

Cc(K). Let the number of edges in Eh be Mc.

For any e ∈ Eh, there is a relevant function uh,e ∈ N1
1,h whose support is in Fe =

⋃
K∈Z(e)

K. Here

Z(e) = {K | e ∈ Cc(K)}.

Moreover, uh,e satisfies that

∫

ei

uh,e · τei
ds =





1, if ei = e,

0, if ei 6= e,

for any ei ∈ Eh. So we get a basis of N1
1,h, denoted by

Bc = {uh,ei
∈ N1

1,h | ei ∈ Eh, i = 1, 2, . . . , Mc}.

2. For any K ∈ T e
he

, we define

Ce(K) = {nd | nd is the vertex of K},

so the set Nh =
⋃

K∈T e
he

Ce(K). Let the number of nodes in Nh be Ne.

For any nd ∈ Nh, there is a relevant function ϕh,nd ∈ Sh whose support is in Fnd =
⋃

K∈Y(nd)

K.

Here

Y(nd) = {K | nd ∈ Ce(K)}.

Moreover, ϕh,nd satisfies that

ϕh,nd(ndi) =





1, if ndi = nd,

0, if ndi 6= nd,

for any ndi ∈ Nh. So we get a basis of Sh, denoted by

Be = {ϕh,ndi
∈ Sh | ndi ∈ Nh, i = 1, 2, . . . , Ne}.

3. According to the relationship between Sh and Ṽ2h, we can also obtain a basis of Ṽ2h,

B̃e = {ϕ̃h,ndi | ϕ̃h,ndi ◦ F̂h = ϕh,ndi , ndi ∈ Nh, i = 1, 2, . . . , Ne}.

4. Let the number of nodes of T e
he

on the spherical artificial boundary be Ns1 and the number of

nodes on Γc be Ns2. It is easy to see that (Ns1 + Ns2) < Ne. Define

Ns1 = {nd ∈ Nh | nd is a node on the spherical artificial boundary},

Ns2 = {nd ∈ Nh | nd is a node on Γc},

and

Ns = Ns1 ∪Ns2.

For any nd ∈ Ns, there is a corresponding function ϕ̃h,nd ∈ B̃e. So we can get the basis of χh, denoted

by

Bs = {χi | χi = ϕ̃h,nds(i) |∂Ωe1
, nds(i) ∈ Ns, (nds(i) ∈ Ns1, if 1 ≤ i ≤ Ns1)},
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where nds(i) is the ith node in Ns and s(i)th node in Nh.

Expansion of χi.

According to the definition of Bs, χi, i = 1, . . . , Ns1, correspond to the nodes on Γe, which can be

expanded as:

χi =
∞∑

l=0

(
l∑

m=1

(χm
i,1lY

m
1l (θ, φ) + χm

i,2lY
m
2l (θ, φ)) + χ0

i,0lY
0
0l(θ, φ)

)
, for i = 1, . . . , Ns1, (6.1)

where




χ0
i,0l = 1

R2

∫
Γe

χi(θ, φ)Y 0
0l(θ, φ)dA,

χm
i,1l = 1

R2

∫
Γe

χi(θ, φ)Y m
1l (θ, φ)dA,

χm
i,2l = 1

R2

∫
Γe

χi(θ, φ)Y m
2l (θ, φ)dA.

The computation of Ge(λe
n,m|Γe

).

Since λe
n,m|Γe has the expansion:

λe
n,m|Γe

=
Ns1∑

k=1

qm
en,kχk, (6.2)

we can get the series form of λe
n,m|Γe

with (6.1). Let the approximate value of Ge(λe
n,m|Γe

) in χh be
Ns1∑
k=1

µkχk, where µk , k = 1, . . . , Ns1, are undetermined. Then it follows that

Ns1∑

k=1

µkχk =
Ns1∑

k=1

qm
en,kGeχk.

It means that

Ns1∑
k=1

µk〈χk, χj〉
H− 1

2 (Γe)
=

Ns1∑
k=1

qm
en,k〈Geχk, χj〉

H− 1
2 (Γe)

, for j = 1, . . . ,Ns1.

This leads to the following system:

A>X = Q>Y, (6.3)

where A is a symmetrical matrix with Aij = 〈χi, χj〉
H− 1

2 (Γe)
, Qij = 〈Geχi, χj〉

H− 1
2 (Γe)

for i, j =

1, . . . , Ns1, X = (µ1, · · · , µNs1)
> and Y = (qm

en,1, · · · , qm
en,Ns1

)> . Therefore, Ge(λe
n,m|Γe

) can be

obtained by solving the system (6.3).

Let

χi =
∞∑

l=0

(
l∑

m=1

(χm
i,1lY

m
1l (θ, φ) + χm

i,2lY
m
2l (θ, φ)) + χ0

i,0lY
0
0l(θ, φ)

)

and

χj =
∞∑

l=0

(
l∑

m=1

(χm
j,1lY

m
1l (θ, φ) + χm

j,2lY
m
2l (θ, φ)) + χ0

j,0lY
0
0l(θ, φ)

)
,

by using the definition of the hermitian product in H− 1
2 (Γe), then we can get

〈χi, χj〉
H− 1

2 (Γe)
= R2

∞∑
l=0

(l + 1)−1

(
l∑

m=1
(χm

i,1lχ
m
j,1l + χm

i,2lχ
m
j,2l) + χm

i,0lχ
m
j,0l

)
,
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and

〈Geχi, χj〉
H− 1

2 (Γe)
=

∞∑
l=0

(−R)
(

l∑
m=1

(χm
i,1lχ

m
j,1l + χm

i,2lχ
m
j,2l) + χm

i,0lχ
m
j,0l

)
.

It is clear that the two infinite series can not be used directly to compute. In applications, we need

to substitute the whole infinite series by the sum of the first N terms. Therefore, the feasibility of the

substitution should be discussed. For any 1 ≤ i, j ≤ Ns1, we have the following error estimates:

Lij =
∣∣∣∣〈χi, χj〉

H− 1
2 (Γe)

−R2
N∑

l=0

(l + 1)−1

(
l∑

m=1
(χm

i,1lχ
m
j,1l + χm

i,2lχ
m
j,2l) + χm

i,0lχ
m
j,0l

)∣∣∣∣

= R2

∣∣∣∣∣
∞∑

l=N+1

(l + 1)−1

(
l∑

m=1
(χm

i,1lχ
m
j,1l + χm

i,2lχ
m
j,2l) + χm

i,0lχ
m
j,0l

)∣∣∣∣∣

≤ R2(N + 1)−2
∞∑

l=0

(l + 1)
(

l∑
m=1

(|χm
i,1l||χm

j,1l|+ |χm
i,2l||χm

j,2l|) + |χm
i,0l||χm

j,0l|
)

.

By Cauchy inequality, we have

Lij ≤ (N + 1)−2‖χi‖
H

1
2 (Γe)

‖χj‖
H

1
2 (Γe)

≤ CN−2‖χi‖
H

1
2 (Γe)

‖χj‖
H

1
2 (Γe)

.

Similarly, it is obtained that
∣∣∣∣〈Geχi, χj〉

H− 1
2 (Γe)

−
N∑

l=0

(−R)
(

l∑
m=1

(χm
i,1lχ

m
j,1l + χm

i,2lχ
m
j,2l) + χm

i,0lχ
m
j,0l

)∣∣∣∣
≤ CN−1‖χi‖

H
1
2 (Γe)

‖χj‖
H

1
2 (Γe)

,

where C is a generic constant. From the previous estimates, we know that it is feasible to substitute

the sum of the first N terms for the infinite series in practice.

7 Numerical examples

In this section, we will give some numerical examples for the backward Euler-DtN alternating

algorithm. Let the cube

Ωc = {(x, y, z) | −a ≤ x ≤ a,−a ≤ y ≤ a,−a ≤ z ≤ a, a > 0}

and the boundary of the cube be Γc. We assume that Ωe is the complement of the cube and the

artificial boundary is the sphere

Γe = {(x, y, z) | r = R1, r =
√

x2 + y2 + z2}.

For the bounded domain

Ωe1 = {(x, y, z) ∈ Ωe | r < R1, r =
√

x2 + y2 + z2}

and Ωc, we all use the tetrahedral meshes and the two meshes match on Γc. In step 2 of the backward

Euler-DtN alternating algorithm, we substitute the sum of the first 10 terms for the infinite series.
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Example 1. In this numerical example, let a = 2, R1 = 6, Hs = cos(x + y + z + t)(1, 1, 1)> and

the time interval be [0, 1]. Assume that M = 3 and τi = 1
3 for i = 1, 2, 3. We define

eh(n,m) = ‖Φh
n − Sh

nλn,m‖L2(∂Ωe1 ),

which is the residual of the mth iteration at tn, so the stop condition of the iteration at tn can be

eh(n,m) < 10−4. Since the exact solution of this example is not known, we only give the errors

Errorc(n,m) = ‖Hh
0n,m+1 −Hh

0n,m‖L2(Ωc)

and

Errore(n,m) = ‖∇ψh
1n,m+1 −∇ψh

1n,m‖L2(Ωe1 ).

We assume that eh(n), Errorc(n) and Errore(n) are equal to eh(n,m), Errorc(n,m) and Errore(n,m)

respectively, when the stop condition of the iteration at tn is satisfied. Let the number of the nodes in

each direction in Ωc be nc and the number of the nodes in each direction in Ωe1 be ne. The number

of iterations at tn is denoted by ITEn. The initial value λ1,0 is 0 and the initial value λi,0 is the

numerical result of the last time step for i = 2, 3. For convenience, we let all the relaxation factor

ϑn,m = 0.5. Then the numerical results are shown in table 1.1.

Table 1.1

( Computational errors in different meshes for each time step)

tn nc ne ITEn eh(n) Errorc(n) Errore(n)

3 3 57 8.89091e-005 9.6626e-007 1.1343e-05

1
3

5 5 24 8.91014e-005 4.78344e-006 4.31362e-005

9 9 20 7.62595e-005 1.56637e-005 0.000133394

17 17 21 9.83177e-005 1.69839e-005 0.000126887

3 3 35 8.31169e-005 9.5219e-007 1.06897e-005

2
3

5 5 21 7.23104e-005 3.87084e-006 3.49387e-005

9 9 21 6.71779e-005 1.37622e-005 0.00011765

17 17 23 8.40778e-005 1.45327e-005 0.000108504

3 3 35 9.26529e-005 1.0298e-006 1.18596e-005

1 5 5 22 6.67319e-005 3.61168e-006 3.23214e-005

9 9 21 9.3471e-005 1.91476e-005 0.0001637

17 17 24 7.81718e-005 1.35124e-005 0.000100882

The table shows that the algorithm is convergent at each time step. Since the exact solution of this

example is not known, we can not get the order of convergence of the algorithm from the numerical

results.

Example 2.This example will compare the convergence rates for different relaxation factors at

each time step. We also adopt the numerical example introduced in Example 1 and only consider the

case that nc = ne = 5. Let the relaxation factors at tn be ϑn. The results are listed in table 2.1-2.3.

Table 2.1

( Comparisons of convergence rates for different relaxation factors at t1)
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ϑ1 0.1 0.2 0.3 0.4 0.5

ITE1 104 50 31 22 24

where eh(1) < 1.0e− 4.

Table 2.2

( Comparisons of convergence rates for different relaxation factors at t2)

ϑ2 0.1 0.2 0.3 0.4 0.5

ITE2 100 48 30 21 21

where eh(2) < 1.0e− 4.

Table 2.3

( Comparisons of convergence rates for different relaxation factors at t3)

ϑ3 0.1 0.2 0.3 0.4 0.5

ITE3 98 46 29 21 22

where eh(3) < 1.0e− 4.

The numerical results in example 2 indicate that the choice of the relaxation factor is important

for the DtN alternating method at each time step. Moreover, if we choose a good relaxation factor,

the convergence rate is not sensitive when we change the relaxation factor in its neighborhood.

8 Conclusion

In the last section, we summarize the backward Euler-DtN alternating algorithm.

1. The finite element problem and boundary element problem can be handled independently from

each other at each time step.

2. At each time step, by using natural boundary reduction, the problem in unbounded domain

can be converted to the one on the artificial spherical boundary and no mesh is needed in the exterior

of artificial boundary. Once we get approximate solution on the artificial boundary, the approximate

solution in the exterior of artificial boundary can be obtained by using (4.11).

3. In this iterative method, the action of the boundary operators can be implemented by calculating

a series of spherical harmonics, then there is no need to solve integral equations.

4. The DtN alternating method at each time step converges with a rate independent of the mesh

size.

5. Provided that we choose an appropriate relaxation factor, the algorithm is convergent in a few

iterations at each time step.
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[26] J.C. Nédélec, Acoustic and Electromagnetic Equations: Integral Representations for Harmonic Problems,

(Springer-Verlag, 2001).

[27] Michael E. Taylor, Partial differential equations, (New York : Springer, 1997).

[28] J. Wu and D. Yu, The Natural integral equations of 3-D harmonic problems and their numerical sulutions,

Math. Numer. Sinica, 20:4(1998), 419-430.

[29] De-hao Yu, Mathematical Theory of Natural Boundary Element Method, (Science Press, 1993).

[30] De-hao Yu , Wei-Min Xue and Hong-ci Huang , A Dirichlet-Neumann alternating method in infinite

domain: algorithm and convergence analysis. Research Report, ICM-95-31, Chinese Academy of Sciences;

Technical Report, Math-092, Dept. of Math., Hong Kong Baptist University, (1995).

[31] De-hao Yu, Natural Boundary Integral Method and Its Applications, (Kluwer Academic Publishers, 2002).

[32] W. Zheng, Z. Chen and L. Wang, An adaptive finite element method for the H-ψ formulation of time-

dependent eddy current problems, to appear in Numerische Mathematik.

[33] J. Zhu, The boundary element analysis for elliptic boundary value problems, (Science Press, Beijing, 1991).

35


