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Abstract

Variational formulations of three fourth order geometric partial differential equations are
derived, and based on which mixed finite element methods are presented for constructing
G! smooth B-spline surfaces. Solutions to several surface modeling problems, including
surface fairing, free-form surface design, surface blending and hole filling with G continuity,
are handled by this approach. Experimental results show that our method is efficient and
gives the desired results. Convergence properties of the proposed method are additionally
investigated, which justify that the method is both effective and mathematically correct.
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1 Introduction

A surface satisfying a geometric partial differential equation (GPDE) is referred to as a GPDE
surface (see [27]). GPDE surfaces are favorable in the areas of computer graphics and computer
aided geometric design since they often possess certain optimal properties. For instance, the
GPDE surface which is a steady state solution of mean curvature flow has minimal surface area
(see [17]), and the Willmore surface which is a steady solution of Willmore flow has minimal
total squared mean curvature (see [11, 12]). However, the construction of GPDE surfaces is not
a trivial task, because GPDEs are highly nonlinear in general. In recent years, the constructions
of discrete GPDE surfaces (typically using triangular meshes) have been studied intensively
using divided difference-like discretization techniques (see [22, 24, 26, 27]) or even finite element
methods (see [21, 23]). However, the construction techniques for continuous GPDE surfaces,
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using Bernstein-Bézier surface, B-spline surfaces and NURBS surfaces (see [14]), are few and far
between???.

As a subset of NURBS surfaces and an extension of Bernstein-Bézier surfaces, the class of B-
spline surfaces has become the most popular for shape design and geometric modeling. B-spline
surfaces are widely used in the fields of computer graphics, animation and computer added design
(CAD) and computer added manufacturing (CAM). The aim of this paper is to establish an
efficient, reliable and mathematically correct method for constructing GPDE B-spline surfaces
with specified G' boundary conditions, and using mixed finite element methods.

Divided difference-like techniques are generally more efficient and easier to implement. How-
ever, they lack of 777 convergence analysis. In contrast, the finite element methods, while com-
putationally more intensive, have sound and well established mathematical theory (see [20]).
More importantly, finite element method can handle G! boundary condition much more natu-
rally than the divided difference-like method. In divided difference-like method, the length of
the tangent vectors on the surface boundaries have to be taken into account, while in the finite
element method presented in this paper, the lengths of the tangent vectors have no effect on the
constructed surfaces, and hence is our solution method of choice.

The rest of the paper is organized as follows: Section 2 introduces necessary background
material from differential geometry and our earlier publications (for completeness). Section
3 describes the used nonlinear GPDEs, their variational formulations and the details of the
discretizations of the variational forms in both the spatial and the temporal directions. Details of
the implementation and examples to illustrate the different effects achievable from the solutions
of these GPDEs are given in section 4.

2 Preliminaries and Notations

This section introduce the necessary background material and notations, including definitions
and relations amongst a few geometric differential operators, curvatures and spline functions.

2.1 Differential Geometry of Parametric Surface

Let S := {x(u!,u?) € R? : (u',u?) € 2 C R?} be a parametric surface. For simplicity, we
assume it is sufficiently smooth and orientable. Let gog = (Xyo,X,s) and bog = (N,X,a,5) be
the coefficients of the first and the second fundamental forms of S with

ox 9%x

Xt = e X = Guagesr @012
n = (xy X Xp)/[%u X % |, (u,v):= (Ul,UQ)a
where (-, -), |||, -x- stand for inner product, Euclidean norm and cross product in R? respectively.
Let
(6% =[gap] ™"y [6*]=[bap]™", g =det[gap], b=det[bas].



Curvatures. To introduce the notions of mean curvature and Gaussian curvature, we use the
concept of Weingarten map or shape operator (see [9]). The shape operator of surface S is a
self-adjoint linear map on the tangent space TxS := span{x,, X, } defined by

W TS — TS,
such that
W(xy) = —ny, W(xy,) = —n,. (2.1)

We can easily represent this linear map by a 2 x 2 matrix S = [b,3][¢*’]. In particular,
Ny, n,] = —[x,, x,]S7 (2.2)

is valid. The eigenvalues k1 and ko of S are principal curvatures of S and their arithmetic average
and product are the mean curvature H and the Gaussian curvature K, respectively. That is

- k1 + ko _ tr(S)

H = ;
2 2

K = k‘lk‘g = det(S).

Let H= Hn and K = Kn, they are referred to as mean curvature vector and Gaussian curvature
vector, respectively. Now we introduce a few geometric differential operators.

Tangential gradient opertor. Suppose f € C!(S) then the tangential gradient operator V
acting on f is defined as

Vi o= e xl[9*)fu £l €R (2.3)
For a vector-valued function f = [f1,--- , fi]7 € CY(S)¥, we define its gradient by

V= [Vf,---,Vfi] € R3**
It is easy to see that

Vx = [Xua XUHgaﬁHXuv Xv]Ta (2.4)
Vn = —[xq, XUHgaﬁ]S[xu, Xv]T7
and both Vx and Vn are symmetric 3 x 3 matrices.

The second tangential operator. Let f € C'(S). Then the second tangential operator <
acting on f is defined as

Of = [Xuvxv”haﬁ] [fuafv]T S R?. (2'6)
where
_ L b —bio
[hagl = P [ b by ] ) (2.7)



The third tangential operator. Let f € C!(S). Then the third tangential operator @ acting
on f is defined as

of = [mev][gaﬁ]s[fm fv]T € R3.

The three tangential operators introduced above are in the tangent space TxS, they are
linearly dependent. In fact, we have the following Lemma.

Lemma 2.1 For any function f € CY(S), we have
2HVf=0f +<f. (2.8)
Proof. From the definitions of the three tangential operators we know that if the equality
2H[g*"] = [¢*7]S + [hag]- (2.9)

holds, then (2.8) is obviously valid. From a direct calculation, (2.9) could be easily derived.
Divergence operator. Suppose v is a smooth vector field on surface S, then the divergence
operator div acting on v is defined as

. 1 o 0
Laplace-Beltrami operator. Let f € C?(S). Then the Laplace-Beltrami operator (LBO) A
acting on f is defined as (see [9], p. 83)

Af = divy(Vf).

Obviously, A is a second order differential operator. It is well known that LBO relates to the
mean curvature vector via the equation: Ax = 2H.
Let us introduce a divergence theorem (see [3], p. 142).

Lemma 2.2 (Riemannian Divergence Theorem) Let S be an orientable surface, Q0 a sub-
region of S with a piecewise smooth boundary 0. Let n. € TxS (x € 0Q) be the outward unit
normal along the boundary 0). Then for any given C' vector field v on S, we have

/Q divy(v)dA = /8 (v.no)ds.

Theorem 2.1 (Green’s formula for LBO) Let S be an orientaable surface, Q a subregion
of § with a piecewise smooth boundary 0. Let n, € TxS (x € 982) be the outward unit normal
along the boundary O). Then for a given C' smooth vector field v on S, we have

[V + savtoaa = | fevnads (2.11)

o2

Proof. Taking v as fv in the Riemannian divergence theorem, we immediately obtain (2.11).



2.2 Spline surface

There are several equivalent approaches to define spline functions, including divided difference
of truncated power function (see [7, 18]), the blossoming method (see [15]) and Cox-Door’s
recursive formulas (see [6, 8]). We adopt the approach of recursive formulas as these are the
easiest to program.

Definition. Given a positive integer m, nonnegative integer k and a knot sequence

ug <o <y Ui S Ui <o < U9k

U = {ug, - ,Umyar} is referred to as knot vector. Then B-splines basis functions are defined
as follows
1, for we [ujuit1),
Ni,O(U): iy U 1=0,1,--- ,m-+2k—1,
0, otherwise,
U — Uy U, — U
Nz,k(u) = %Nl,k—l(u) + Z‘H€+—1NZ+1’]€_1(U), 1= 07 17 e .m + k _ 1’
Uitk — Uj Uitk+1 — Ui+1
0
Assume 0= 0

(2.12)

where 4 is the index of N; i (u), k is the degree.
Spline surface. For given positive integers m, n and a nonnegative integer k, and knot vectors

U= {’LLO, e 7um+2k}7 V= {'U(), e 7Un+2k}7
the degree k four-sided spline surface is defined as

m+k—1n+k—1
x(u,v) = Z Z pijN@k(u)Nj,k(v)’ (u,v) € Q:= [0, 1]27
i—0  j=0

where p;; € R3 are called control points of surface x(u,v). If i = 0 or m, j = 0 or n, p;; is called
boundary control points. Other control points are called inner control points. In order to have
the spline surface be at least C? smooth, we take k > 3.

3 Construction GPDE Spline Surfaces

This section is devoted to details of the construction of B-spline GPDE surfaces, including the
formulation of GPDEs, and their variational forms.



3.1 GPDEs and their Variational Forms

To construct G' smooth GPDE B-spline surface patch, we use three fourth order equations,
namely surface diffusion flow (SDF), Willmore flow (WF) and quasi-surface flow (QSDF).

Surface Diffusion Flow

ox
i —2AHn. (3.1)

This flow is introduced by Mullins in 1957 (see [13]), to describe the interface motion law of
growing crystal.

Willmore flow

0

= =~ [AH 4 2H(H - K)]n. (3.2)
There are now sound published research papers that use this flow (see [2, 11, 12, 19]). If the
initial surface is a sphere, Willmore flow keeps the spherical shape unchanged.

Quasi-surface diffusion flow

ox

— = -A’x. 3.3
ot x (3:3)

This flow was introduced in [24], and is used in surface design. It is known that tangent flow

on a surface does not alter the surface shape (see [10]). Hence if we remove the tangential flow

portion of (3.3), we obtain a geometric flow

0

ait( = —2(AH — 4H® + 2HK)n.

If S is a closed surface and A stands for its area, then by Green’s formula we obtain (see [4, 17]
for the rate of change rates of the surface area and the enclosed volume of the evolved surface)

iA(t) = —2/ [IVH|? +2H?*(2H? — K)] dA < 0.

Hence, Quasi-surface diffusion flow is area diminishing. The shrinkage stops when H = 0.
Next we present variational form formulations for the GPDE equations (3.1)-(3.3). The
detailed derivations are given in the appendix.
The mixed variational form of (3.1) is: Find (x,y) € H%(S)? x H*(S)? such that

a—XQZ) dA + 2/ [gf)@ y — n(VqS)TVy} ndA =0, Vo € H&(«S),
s Ot S

1 1
/Syi,l) dA+ 5 /S(VX)TW dA — 2/ nads=0, Woe HY(S), (3-4)

oS
S(0) =Sy, 9S(t) =T, n.(x)=n")(x), vx €T,



()

where n; ’ is the given co-normal on the boundary curve I'. Similarly, the mixed variational
form of Willmore flow (3.2) can be writen as: Find (x,y) € H?(S)3 x H'(S)?3 such that

)
g ait‘Qs dA + /S [p0y —n(Ve)'Vy|n dA

2 T = }
4 /S 2n(H? — K)¢n"y dA=0, Ve € Hy(S), (3.5)

2
S(0) = Sp, 8(t) =T, ne(x)=n"(x), vx eT.

/yl[} dA+1/(VX)TV1l) dA—l/ na ds =0, Vi€ HY(S),
S 2Js oS

Finally, the mixed variational form of the quasi-surface diffusion flow is: Find (x,y) € H?(S)? x
H'(S)3 such that

g E;)t(gﬁ dA — 2/8(vy)Tv¢ dA =0, Vo € HY(S),

1 T 1 _ 3.6
/Syq,l)dA+2/8(Vx) v@z)dA—Q/aanqus_o, v € HY(S), (3.6)
S(0) =Sy, dSt) =T, n.(x)=n")(x), vx €T\

In the section section 3.4, systems (3.4)—(3.6) are numerically solved using mixed finite
element methods.

3.2 Construction Steps of GPDE B-Spline Surfaces

Problem Description. Given four boundary curves and the cross tangents on the curves,
we need to construct a four-sided B-spline surface x(u,v) = Z;Egk_l Z;Lig_l Pij Ni k() Nj i (v),
(u,v) € [0, 1]? which interpolates the given boundary curves with the given tangents, and satisfies
a specific GPDE in (0,1)?

The construction steps are outlined as follows. The details of each step are given in subse-
quent subsections.

1. Construct initial inner control points: The initial inner control points can be arbi-
trarily given. However, to have a fast convergence of the evolution process, good initial
values are necessary. We use the Coons interpolation technique [5] using the boundary
control points to construct inner control points (see section 3.3).

2. Evolve the control points: Use a specific GPDE to evolve the inner control points, till
steady state solution is achieved. The evolution includes the following steps (see section
3.4):

(a) Set a temporal step-size 7.



(b) Discretize the specific GPDE in the spatial direction using a mixed finite element
method (see section 3.4.1), to yield a system of nonlinear ordinary differential equa-
tions (ODEs).

(c) Discretize the system of ODEs in the temporal direction using a semi-implicit scheme
(see section 3.4.3), to yield a linear system.

(d) Solve the linear system using an iterative approach, to yield a new approximate
solution of the inner control points.

(e) Check the termination conditions, if they are satisfied, stop the evolution, otherwise
go back to step 2.

3.3 Construction of Initial Inner Control Points

Good initial inner control points yield a more efficient evolution step. We utilize the construction
technique of Coons surface patch (see [5]) from the boundary curves, to calculate our initial inner
control points. The construction results are

PEJ)_pz(J)—i-p(U) p%f”)} t=1,--- - m+k—2, j=1,--- ,n+k—2

where (if k = 3),

pE;L) 1—qo Poj + QPm+k—1,55

(
pg}) (1 ﬁj Pio + /Gjpl n+k—1,
= (

(

)
)
)
)

Pi; 1 —a;)(1 = Bj)Poo + @i(1 — Bj)Pm+k—1,0
+ (- ﬂ]p()n-i-k 1+Oéz/3jpm+k 1,n+k—1,
1 . 1 .
3 1=1, 3 7 =1,
o = 1;11, i:27...7m7 ﬂ]: ];’ j=2,~--,n,
1—%, 1=m++1, 1_3%” j=n+1.

3.4 Construction of Inner Control Points

For ease of description, we reorder the basis functions and control points into one dimensional
arrays. First, we order the inner basis and control points as follows:
¢(i—1)(n+k—2)+j—1(uav) = Ni,k(u)Bjyk(U)’ 1= 17 am+k72a ]: ]-a )n+k727
X(i—l)(n+k—2)+j—1 = pl]) 221,,m+k—2, ]:177n+k_2
Then we order the basis and control points on the boundary. Starting with the indices (0, 0), the

basis functions and control points at the surface boundary are arranged in clockwise order. Using
this ordering of the basis functions and control points, the spline surface patch is represented as

v) =Y xidi(w,0) + Y x505(u,v), (3.7)
=0 j=no+1



where
no=m+k—-2)(n+k—-2)—1, nm=m+k)(n+k)—1.

The mean curvature vector of the surface is represented approximately as
ny
H(u,v) = > hj¢;(u,v), h; € R (3.8)
§=0

The coefficients x; of (3.7) are unknowns, while the coefficients x; in the second term are given.
All the coefficients in (3.8) have to be calculated.

3.4.1 Spatial Discretizations

Spatial Discretizations of SDF and WF. Substituting (3.7) and (3.8) into (3.4) and (3.5),

and taking the test functions ¢ as ¢;(i = 0,--- ,ng), ¥ and ¢;(i = 0,--- ,ny), and finally noting

that 8xajt(t) = 0 if j > ng, we obtain the following matrix representations of (3.4) and (3.5):

1) 0X g (t
{ Méo)aig() + Lglll)Hru(t) =0, (3.9)
MPHo () + LY X (t) = B,
where
X;(t) = BE(), - xT@T € R,
H,, (t) =[hi@),--- 7h31 )T e R3m+D),
B g [bg‘? “ .. 7bgl]T 6 R3(7‘L1+1)7
M%) = (mij)g}:’%o , Mr(i) - (m”):;l:’%l :
(1) _ (jw)rem @ _ (;@)"F
Lni = L )z’j:O o b= (lij >ij:0 )
and
mi = Iy / bidy dA, Ty / bi; A,
) S
(3.10)
1
li(j) :2/5 [6: © ¢; —n(V¢;)TVe;]nT dA for SDF,
ZS) = /S [¢l[® ¢5 + 2n(H2 - K)ng] — H(V@)TV%} n'dA for WF,
2 1
iy = 5l /S (Vi) TVe;] dA,
bz‘ = 1/Ilc¢i ds. (3.11)
2 Jr



Moving the terms related to the known vertices x,,11, - - -, Xp, in equation(3.9) to the equations’s
right-hand side, we rewrite (3.9) as

(3.12)

Note that, matrices MT(L? and M,(L?) are symmetric and positive definite. The integrals in defining
the matrix elements are computed using Gaussian quadrature formulas over rectangles. The
knots and weights of the Gaussian quadrature formulas can be found in [1, 25].

Spatial Discretizations of QSDF. Substituting (3.7) and (3.8) into (3.6), taking the test
8XJ(t)

functions ¢ as ¢;(i = 1,--- ,ng) and @ as ¢;(i = 1,--- ,n1), and finally noticing that =0
if j > ng, we obtain the following matrix form of (3.6):
MY 2@ 19, (1) = 0,
{ (0) @ 1) (3.13)
Hnl( ) + Lnl Xm( ) =B,
where
Xi(t) = [xo(t),--,x;(H)]T e RUTD*S,
ni (t) = [ho(t), T ’hnl (t)]T € R(nl+1)X3v
B = b, - 7‘bm]T c R(mi+1)x3
3 no,n 4 ni,n
Méo) = (mij)ijo:’()o s M7(Ll) = (mij)iji()l s
() _ (;®)"™ @ _ (™K
L = (lij )ij:O ’ L = (lij )ij:O ’
and
mij :/ Pip; dA,
S
3
1) =2 /S (Vo;)TVe; dA,
1
ZS'L) :2/(V¢j)TWﬁi dA,
S
1
bi = /l’lcqf)i ds. (314)
2 Jr
Moving the known terms in (3.13) to the equation’s right-hand side, we obtain
(3) X (1) (3)
My 50— + Ln, Hp, (t) =0,
{ i, @ ) @ (3:15)
Mp, Hm( ) + Lno Xno (1) = B,

Matrices MT(L%) Mﬁ) are symmetric and positive definite. It should be pointed out that the size
of the matrices in (3.12) are much larger than those in (3.15). But the right-handed side of
(3.15) has three columns.

10



3.4.2 Boundary Conditions

In the boundary integrals (3.11) and (3.14), where n. is the co-normal of the surface, it is
infeasible to compute these co-normals from the previous approximation, since they do not
satisfy the given boundary condition. The right way is to replace n. with n((;F). That is

b; = 1/n,<f>¢l- ds.
2 Jr

A point to note is that the integral above does not involve the length of the tangent vector.

3.4.3 Temporal Direction Discretization

We consider only the temporal direction discretization of SDF and WF. The temporal direction
discretization of QSDF is similar. Suppose we have approximate solutions X,(ll;) = X, (tr) and
Hﬁf) = H,,(t;) at t = tx. We obtain approximate solutions X,SIZH) and Hr(l]fﬂ) at t = tpy1 =
tr + 7%) using a semi-implicit Euler scheme. Specifically, we use the following approximation

Xﬂo (tk+1) - Xno (tk) —~ 6Xn0

~

7(k) ot

The matrices M), M@ LM and L?) in (3.12) are computed using the surface data at t = t;,.

This yields a linear system with X,(lﬁﬂ) and H}L’fﬂ) as unknowns:

k+1
Pt
JZ a0

My R LY
2

_[r®BOL M) P
LY M B

B2

Though the matrices M) and M® are symmetric and positive definite, the total matrix is
neither symmetric nor positive definite. However the coefficient matrix of this system is highly
sparse, hence an iterative method for its solution is desirable. We use Saad’s iterative method,
namely GMRES (see [16]), to solve our sparse linear system. The numerical tests show that this
iterative method works very well.

4 Implementation and Experimental Results

This section presents some of our experimental results including our results on approximation
errors, our results of smoothness at the surface boundaries as well as illustrative examples of
surface modeling.

4.1 Numerical Test of the Convergence

Our numerical examples demonstrate that our GPDE solution is convergent. To illustrate this
goal, we select some surface models which are the exact solution of certain GPDEs.

11



Taking N = m+ 2, m = n, we compute the approximation errors of the evolved surface and
the exact solution for N = 8. For 7 = 0.001, Table 4.1 lists the maximal errors of the discretized

solutions and exact solution for i = 0,1, --- , 10, here i is forward steps in the temporal direction.
Additionally, we compute the maximal errors of the steady solutions of the used geometric PDE
and the exact solution for N = 3,4, .. The computation results are given in Table 4.2. The

initial surfaces are constructed by averaging the linear interpolations in the u and v directions.
We do not use the Coons interpolation as suggested in section 3.2 to determine the initial surfaces
simply because the initial surfaces constructed are too accurate for these example geometric
models. To show the strength of our approach, we rather choose a poor initial surfaces.

Example 4.1 Let S be a sphere. Then AH = 0, H> — K = 0. Hence S is a steady state
solution of SDF and WF. We use six four-sided spline surface patches to approximate the sphere
and compute the mazimal errors of our siz GPDE surfaces and the exact sphere. The compution
results are listed in the second and third columns of Tables 4.1 and 4.2.

Example 4.2 Let S be a torus, which is formed by rotating a circle in the xy-plane with center
[0, R,0]T and radius r around the y-axis:

x(u,v) = [rsin(u), (R 4 r cos(u)) sin(v), (R + r cos(u)) cos(v)] .

If R/r = /2, then S is a steady state solution of WF. The fourth column of Tables 4.1 and 4.2
gives the maximal approximation errors.

Example 4.3 Let S be a cylinder. Then its mean curvature is a nonzero constant and its
Gaussian curvature is zero. Hence, S is a steady state solution of the SDF. The fifth column of
Tables 4.1 and 4.2 gives the maximal approximation errors.

Example 4.4 Let S be a minimal surface defined by the following equation

x(u,v) = [u, h(u)cos(v), h(u)sin(v)]?, (4.1)
where

h(u) = acosh(u/a+b), a=1.5, b=0.

Since the mean curvature of this surface is zero (but Gaussian curvature is nonzero), S is a
steady solution of SDF, QSDF and WF. The sizth, seventh and eighth columns of Tables 4.1
and 4.2 give the maximal approximation errors.

From the numerical results in Table 4.1 we can see that the maximal errors are monotonically

decreasing as i increases. This shows that the proposed method is effective and reliable. The
results in Table 4.2 further show that the approximation is very accurate.

12



Table 4.1: The maximal errors of evolved spline surface for N = 8

i | Sphere-SD | Sphere-WM | Torus-WM | Sylinder-SD | Minimal-SD | Minimal-WM | Miniml-QSD
0 | 0.063509 0.063509 0.120674 0.103557 0.058233 0.058233 0.058233
1 | 0.052931 0.052803 0.101407 0.088043 0.010384 0.010475 0.007606
2 | 0.034853 0.034703 0.069213 0.062165 0.003105 0.003170 0.001538
3 | 0.021780 0.021653 0.045283 0.041831 0.001989 0.002068 0.001182
4 | 0.013532 0.013439 0.029703 0.027913 0.001647 0.001736 0.001179
5 | 0.008420 0.008357 0.019641 0.018657 0.001486 0.001585 0.001156
6 | 0.005250 0.005208 0.013076 0.012501 0.001388 0.001492 0.001130
7 | 0.003279 0.003252 0.008752 0.008390 0.001318 0.001425 0.001105
8 | 0.002051 0.002035 0.005884 0.005634 0.001266 0.001375 0.001080
9 | 0.001286 0.001276 0.003974 0.003781 0.001226 0.001336 0.001055
Table 4.2: Maximal asymptotic errors of spline surface
N Sphere-SD | Sphere-WM | Torus-WM | Sylinder-SD | Minimal-SD | Minimal-WM | Minimal-QSD
3 2.836e-04 2.852e-04 3.732e-03 5.906e-03 1.667e-03 1.734e-03 1.639e-03
4 3.173e-05 3.173e-05 7.197e-04 1.281e-03 1.363e-03 1.461e-03 1.566e-03
5 9.925e-05 1.037e-04 5.110e-04 5.854e-04 1.001e-03 1.141e-03 9.161e-04
6 3.524e-05 3.590e-05 2.076e-04 2.382e-04 1.360e-03 1.404e-03 8.859e-04
7 5.992e-05 6.525e-05 4.993e-04 3.637e-04 1.200e-03 1.300e-03 1.017e-03
8 3.537e-05 3.446e-05 3.001e-04 3.630e-04 9.168e-04 1.006e-03 7.773e-04
9 4.983e-05 4.944e-05 3.417e-04 2.844e-04 1.110e-03 1.244e-03 1.033e-03
10 | 3.998e-05 3.991e-05 2.554e-04 2.590e-04 9.843e-04 1.033e-03 9.958e-04
11 | 7.603e-05 7.943e-05 2.147e-04 2.571e-04 1.133e-03 1.249e-03 8.425e-04
12 | 7.163e-05 7.213e-05 1.939e-04 2.438e-04 1.001e-03 1.094e-03 7.688e-04

4.2 Visualization of Smoothness of Test Examples

To visually examine the constructed B-spline surfaces satisfy the specified G! boundary condi-
tion, we present a few example figures. In Figs 4.1—4.4, the first figures show the boundary
curves and the outer surfaces. The aim of showing the outer surfaces is to present normal or
tangent information. The second figures show the outer surfaces and the constructed initial sur-
faces. As in section 4, the initial surfaces are constructed by averaging the linear interpolations
in the u and v directions. The third figures give the the outer surfaces and the GPDE B-spline

surfaces with IV = 8.

The given boundary curves and and outward tangents are computed from the exact surfaces
to be approximated. In Fig 4.1, the exact surface to be approximated is a minimal surface defined
by (4.1), the constructed B-spline surface is on the domain {[z,y]” € R?: x € [0,1], y € [0,1]}.

In Fig 4.2, the given surface to be approximated is a cylinder defined by

1
(y- 3P+ =3

The constructed B-spline surface is corresponding to the domain {[z,y]T € R?: 2 € [0,1], y €

[0,1]}.

1
2
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Fig 4.1: The first figure shows the inut boundary curves and the out-side surfaces. The second figure shows the
outer surfaces and constructed initial surfaces. The third figure gives the the outer surfaces and GPDE spline

surface using QSDF.

Fig 4.2: The first figure shows the inut boundary curves and the out-side surfaces. The second figure shows the
outer surfaces and constructed initial surfaces. The third figure gives the the outer surfaces and GPDE spline
surface using QSDF.

In Fig 4.3, the given surface is defined by

1.25 + cos(5.4v) 17
6+ 6(3u — 1)2

x(u,v) = |u, v,

The constructed B-spline surface is corresponding to the domain {[u,v]T € R% :u € [0,1], v €

[0,1]}.

Fig 4.3: The first figure shows the inut boundary curves and the out-side surfaces. The second figure shows the
outer surfaces and constructed initial surfaces. The third figure gives the the outer surfaces and GPDE spline
surface using QSDF.

In Fig 4.4, the given surface to be approximated is

x(u,v) = [U, v, e 15(=05)"+(v-05)7] "
The constructed surface is corresponding to the domain {[u,v]T € R%:u € [0,1], v € [0,1]}.
The surface meshes in these figures are generated by sampling uniformly the corresponding

surfaces on the domain [—2h,1 + 2h] x [—2h, 1 + 2h], where h is taken as g;. When [z,y]T €
[0,1] x [0,1], we sample on the constructed surfaces. If [z,y]T ¢ [0,1] x [0,1], we sample the
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Fig 4.4: The first figure shows the inut boundary curves and the out-side surfaces. The second figure shows the
outer surfaces and constructed initial surfaces. The third figure gives the the outer surfaces and GPDE spline
surface using QSDF.

given exact surfaces. The aim of such a sampling strategy is to show how smooth the outer
surfaces join with the inner surfaces at the boundaries.

The last figures in Figs 4.1-4.4 clearly show that the constructed surfaces join the outer
surfaces very smoothly. Hence G condition is well satisfied.

4.3 Examples of Surface Modeling of Clond??? Multi-Patch Object

5 Conclusions and Remarks

We have developed three different versions of the mixed finite method for solving three fourth
order GPDEs. We applied these methods to solve several surface modeling problems, including
surface denoising, surface blending, hole filling and mesh refinement with the G' continuity at
the boundaries of the constructed surfaces. Our experimental results show that our numerical
solution is efficient and gives very desirable results. We have also illustrated that the mixed
finite element methods is more stable than our previously published divided difference method
(see [24]).
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A Derivation of Variational Forms

Now we derive the variational form formulation for the equations (3.1). Let H'(S) be the
Sobolev space on the surface S, H}(S) a subspace of H!(S) consisting of the functions with
compact support. Using Green’s formulas, the systems (3.1) and (3.2) can be rewritten as week
forms. Let y = H, and ¢ € H{(S) be a test function. Then we have

/nqﬁAydA :—/[V(n¢)]TVy dA+/ n¢(Vy) 'n.ds
S S aS
=— / [¢VnVy +n(Ve)TVy] dA
S

@ / (6 ©xVy — n(Ve)TVy] dA
S

N

- [ [ou=n(ve)"vy] aa, (A1)
where the validity of (a) is owing to the equality
Vn+ ox =0.
Let
y =ny = H(x),
Then it is easy to derive that
Vy = (Vyn, oy=(2y)n.

Substituting this into (A.1), we have
/ npAydA = / (¢ 0y —n(Ve) Vy| ndA.
S N

On the other hand, for ¢ € H'(S), using Green’s formula, we have

/SHz/JdA:;/Ssz/JdA

= _;/S(vx)Twp dA+;/aS(VX)Tnc¢ ds
_ ! T !
= 2/8(vx) Vz/sz+2/ n.y ds.

oS

Therefore, the mixed variational form of (3.1) is (3.4).
The derivation of the mixed variational form for (3.2) and (3.3) are similar. We omit the
details.
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