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1 F B

- N ; ! H F t q 6 � PDE� b 5 , � X , z ; c ; ! PDE S b 5 . ' , ; ! PDE b 5

( ; c ~ % y ] (o 5 4 ~ m , y M y b ( 6 m , y � � b ( 6 m V ) g � N k 3 S [ � . ; !

PDE � 	 � s e y S , 
 A ; ! PDE b 5 $ � � � M m S S 5 , � e T 3 > 
 A � t (r T

v D � ) ; ! PDE b 5 q 5 c x � 	 k , � , � # ( d , t q k � ) } P c [29, 31, 33, 32],

� , � # ( d 4 q k � ) } P c [1, 26, 30]. � P S < S � 
 A u ( a � � E S ; ! PDE

Bézier b 5 .

Bézier b e � b 5 S � � � � q & N 1959 C , L � l T , k � � : & � ! S � M C [ S

� � D De Casteljau� B � # Bernsteinf i � ^ � b e � b 5 , { @ � b e b 5 { = S � d

q k ; $ n , k � 
 D � ! S Pierre Bézier� _ � W 3 : " i F � Bézier b e � b 5 (g M P

c [13]). R $ , Bézierb e b 5 Q N � � % W i F " � � p " # N � � { = _ . > z < b 5 {

= _ , h 0 { � Q f H Bézier b 5 J K W U 	 , " Z � _ K W ? E N � ^ S � • y . 0 # S (

) � � • y � ; ! � • y . ; ! � • y ' Barsky [3] 3 : , > � L _ k % H 7 � ) � � • y .

0 # S ; ! � • y � G1
� • y , � , f � Bézier b 5 S G1

� • y � ) } P c [12, 14].

~ ? # , b 5 
 A S PDE � � [ � q 6 , " Z � h � � p " # , b 5 K W � b 5 - z �

S % � b 5 { = V  2 _ (M P c [4, 5, 10, 24]). � [ � q 6 � e y S , � , _ ] . K � � [

� q 6 $ � ; ! PDE, " Z � 	 ^ � > r v a 2 v , u ( � ^ S q d y . ~ J J S ; ! PDE �

M y b ( # , � h � " # > b 5 < @ � b 5 � & _ () M P c [2, 7, 8, 18]). ' , M y b ( #

> � ^ ? $ A E N G1
� • y , , � k 3 { 
 } ' � # " X ; ! # , o Willmore # , b 5 � t

# V (M P c [6, 20, 21, 31]).

' , Bézier b 5 S � � y ] , � P } ' # ; ! PDE 	 g ^ Bézier b 5 S u 6 v p , - }

u ( ; c ~ % y ] S Bézier b 5 J . � o Willmore Bézier b 5 J u ( y M q M y b ( ~ m

1) � j = ' v R O � E w i • � 3 ` (60773165) a � � E f Z 3 > � m j G ? ' (2004CB318000)U t m .
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S y ] � Bézier 6 m b 5 J u ( 5 4 ~ m S y ] V . T 3 � # " X ; ! PDE 	 � b K W ? S

G1
� • y . > � : Bézier b 5 J S � ^ � [ Y � B � ^ � [ Y S 9 N _ , # * V g ^ 9 
 @

& � [ Y , W s # " X ; ! # d @ & � [ Y c x � � X c S 
 ( , ~ b Q N ~ % S Bézier b

5 J .

� P S R . & t } S o _ � X h Z _ z P � ; ! PDE q k - � | S 1 = Q � , 
 � F t

; ! q 5 S 1 = � - � # S ; ! PDE V . X r Z g ^ . � ; ! PDE Bézierb 5 S 
 A q k ,

@ n 
 � F t ' u S � t ( , Bézierb 5 � [ Y S g ^ � 
 ( q k V . X " Z d - 3 : S q k

c x � � y � V � � " � : q � ; ! PDE Bézierb 5 S � u . X V Z � 8 � # Bézier b 5

� p � ( S d [ . ~ $ � Z y \ f P .

2 H � K 0

� Z • � _ P _ # N x � � 1 � Q � , R _ 
 � � p F t ; ! S 1 = Q � � F t ' u �

Bézier b 5 S ^ � , � 8 � P - � # S ; ! PDE V q 5 S @ n .

2.1 � 5 + & � = � � �

J J J U M , G { T 3 - } ' S � � � 8 t � & S � O C � ^ k S ) � b 5 S B fx(u1; u2) 2

R3 : (u1; u2) 2 D � R2g. { g�� = hxu� ; xu� i 8 b�� = hn; xu� u� i t ! � � b 5 S S X � � X h

1 � v � S \ � , R _

xu� =
@x
@u� ; xu� u� =

@2x
@u� @u� ; �; � = 1; 2;

n = (xu � xv)=kxu � xvk; (u; v) := (u1; u2);

x � h�; �i , k � k, � � � t ! � � E ; � Q � I R3
_ S � r @ 4 , o � � B 4 . "

[ g�� ] = [ g�� ]� 1; [ b�� ] = [ b�� ]� 1; g = det[g�� ]; b = det[b�� ]:

� # L p @ � , � �  p b 5 S S M y b ( H � � � b ( K:

H =
1
2

[ g�� ]:[ b�� ] � K =
b
g

; (1)

R _ x � A:B � � ATB S 5 . "

H = Hn � K = Kn;

/ 3 t ! 3 J M y b ( k k � � � b ( k k . _ 5  p ; � � P � # N S b 5 v S F t ' u .

* : � 8 O : G { f 2 C1(S), � # N f v S 2 a ' u r s ^ � J

r s f = [xu; xv][ g�� ][ fu; fv]T 2 R3: (2)
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* - � 8 O : G { v � b 5 S v S � � � & k � / , � # N v v S Y t a ' u divs ^ � J

divs(v) =
1
p

g

"
@
@u

;
@
@v

#hp
g [ g�� ] [xu; xv]Tv

i
: (3)

Laplace-Beltrami 8 O (LBO): { f 2 C2(S), � # N f v S Laplace-Beltrami' u � s ^ �

J (M P c [9], 83 � )

� s f = divs(r s f ):

' (2) � (3) � A Q

� f =
1
p

g

"
@
@u

;
@
@v

#hp
g[ g�� ] ( fu; fv )T

i
(4)

= g�
u fu + g�

v fv + g�
uu fuu + g�

uv fuv + g�
vv fvv; (5)

R _

g4
u = �

�
g11(g22g122� g12g222)+2g12(g12g212 � g22g112)+g22(g22g111� g12g211)

�
=g2;

g4
v = �

�
g11(g11g222� g12g122)+2g12(g12g112 � g11g212)+g22(g11g211� g12g111)

�
=g2;

g4
uu = g22=g; g4

uv = � 2g12=g; g4
vv = g11=g:

a h , � s � � � h X F t ' u . LBO 0 M y b ( k k R I ( o _ � \ : � sx = 2H:

2.2 Bézier + &

7 � Bézier + & . d , � ^ S s { N � n, {

Bn
i (t) =

n!
i!(n � i)!

ti(1 � t)n� i ; t 2 [0; 1]; i = 0; � � � ; n;

J n B Bernsteinf i � S 1 � � , > 0 (m; n) B " � Bézier b 5 ^ � J

x(u; v) =
mX

i=0

nX

j=0

pi j Bm
i (u)Bn

j (v); (u; v) 2 
 := [0; 1]2;

R _ pi j 2 R3
3 J b 5 x(u; v) S � [ Y . L i = 0 0 m, j = 0 0 n � , pi j 3 J � ^ � [ Y , 0

� ^ � [ Y f � S � [ Y , 3 J B � ^ � [ Y .

, � Bézier + & . d , � ^ S s { N � n, {

Bn
i jk(t) =

n!
i! j!k!

uiv jwk; (u; v; w) 2 [0; 1]3; u + v + w = 1; i + j + k = n;

J n B Bernstein-Bézierf i � S 1 � � , > 0 n B r � Bézier b 5 ^ � J

x(u; v) =
nX

i+ j+k=n

pi jk Bn
i jk (u; v; w); (u; v; w) 2 
 3 := [0; 1]3;
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R _ pi jk 2 R3
3 J b 5 x(u; v; w) S � [ Y . L i = 0 0 j = 0 0 k = 0 � , pi jk 3 J � ^ � [

Y , � $ W , 0 � ^ � [ Y f � S � [ Y , 3 J B � ^ � [ Y .

2.3 9 G � � � PDE

J � 
 A G1
� • S b 5 J , T 3 � # " X ; ! PDE. _ 5  p r � � P � # # S " X

; ! PDE. + & � - # (SDF) . { S0 � R3
_ S a S � ^ k S b 5 . b 5 � t # (M P c

[19, 22]) o � � I R3
_ � | � & � ^ k b 5 fS(t) : t � 0g, � R , z _ 5 S q 6

8
>>>><
>>>>:

@x
@t = � 2[� sH]n; S(0) = S0;

@S(t) = � :
(6)

P c [11] � : � } ; ! # S ] S D > I � y . b 5 � t # � 5 4 , K � � 6 4 S .

Willmore # (WF). Willmore # ^ � J o _ S q 6

8
>>>><
>>>>:

@x
@t = � [� sH + 2H(H2 � K)]n; S(0) = S0;

@S(t) = � :
(7)

, z q 6 � sH + 2H(H2 � K) = 0 S b 5 � 3 J Willmore b 5 0 � 
 5 , / � o _ p � S �

^ Y (M P c [25])

E(S) :=
Z

S
H2dA:

Willmore # 
 ( � M Z y M q M y b ( K y . ] S D > I � y ) 9 P c [23].

) + & � - # (QSDF). B b 5 � t # (M P c [31]) ^ � o _

8
>>>><
>>>>:

@x
@t = � � 2

sx; S(0) = S0;

@S(t) = � :
(8)

B b 5 � t # � 5 4 , K S .

3 � � PDE Bézier + & � � I

> ; � ' 4 � W T k P [ n P Bézier j c S P _ j q t \ P _ l S h U r , X u k P [

n P Bézier j c f , m g Q v W T S P _ o ^ i b x w T S ] Z e p V U R .

� � PDE Bézier + & � � I � N . b > T 3 7 � ; ! PDE Bézierb 5 S 
 A % i , 2 � %

S u 6 � b > _ ; m Z _ � : .

1. � - 9 G � = � � � 8 O : t ! > r T v � " � v D � v � t Laplace-Beltrami' u

(g M x3.1) � � � b ( (g M x3.2).
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2. � I 
 � � � M � : C � ^ S � ^ ? S Y k � , = ' B � ^ � [ Y (g M x3.3). o � �

^ � ^ 9 N � h � ( B � ^ � [ Y , > 0 L � % � � ~ * .

3. � I � 2 ( � � M � : 9 
 @ & � [ Y � � � l � � ^ S . K J � � _ � % S 
 ( n

( 
 � , � S 9 
 @ & � [ Y S � d � s 0 � e � S . T 3 Q P , L B � ` , U ] F � ,

Bézier b 5 S � [ f � v � � 0 Bézier b 5 , - � Bézier b 5 S � [ f � v � � � J

Bézier b 5 S � d . � A , J � Q N ; ! PDE b 5 S 9 
 � d , T 3 # f " S ; ! PDE

	 
 A 9 
 @ & � [ Y (g M x3.4).

4. C � � 2 ( � � M � : # X ^ S ; ! PDE 
 ( 9 
 @ & � [ Y , U N R ^ p 0 . T 3 #

� I q k � ! � � � I q k � � t S � V q k 	 _ ] f " S ; ! PDE (g M x3.5).

3.1 Laplace-Beltrami 8 O � � - �

J � > r � � " � b 5 J v � V _ ] ; ! PDE, { t ! > r T v � " � v D � v � t

Laplace-Beltrami' u . _ 5 o r T v D � � " � v D � �  p � c � t � � . / 3 v � J [ ,

n � = ' , g Z u ( T 3 - { � S � d y ] .

x

x

x

x

i

j+1

j

j-1

bij

aij

x

x

xi

xj+1

j

jq

j'

(a) (b)

@ 1: (a) T � i j � � i j S ^ � . (b) " � v xi ; x j ; x j+1; x0
j S ^ � .

, � @ < � . Laplace-Beltrami 8 O � � - � . � , r T v D � v Laplace-Beltrami' u S

� t ( , T 3 ( # ' DesbrunV k 3 : S � � (M P c [8], [17])

� s f (xi) �
3

A(xi )

X

j2N(i)

cot� i j + cot� i j

2
[ f (x j ) � f (xi )]; (9)

R _ N(i) � ] Y xi S � * � p ] Y S X � 7 , � i j � � i j o @ 1(a) - � , A(xi) � 
 H ] Y xi

S f & r T v S 5 4 S � .

T 3 � # A � t � � S 5 � � > ” ; p ” 9 N _ , } � t � � � h X � � S . g > � P _ ,

T 3 S Bézier b 5 � t ( W � , z - N S ” ; p ” 9 N . _ 5  � T 3 E h P 8 S \ � (g M

[27]).
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  3.1 { xi r T v D � M S � � H J % S ] Y , x1; � � � ; x6 � / S % � � p Y . G { xi

� x j ( j = 1; � � � ; 6) M , � � 8 t � & S ) � b 5 F(u; v) 2 R3
v , f (x) � F(u; v) v 8 t � &

S � � , " Z D > qi, q1; � � � ; q6 2 R2
� Q

xi = F(qi) x j = F(q j) Z q j = q j� 1 + q j+1 � qi ; j = 1; � � � ; 6: (10)

> 0

3
A(xi ; h)

6X

j=1

cot� i j (h) + cot� i j (h)
2

[ f (x j(h)) � f (xi)] = � s f (xi ) + O(h2); (11)

R _

x j(h) = F(q j(h)); q j(h) = qi + h(q j � qi); j = 1; � � � ; 6: (12)

A(xi ; h) � r T v [xi ; x j(h); x j+1(h)] S 5 4 S � , � i j (h) � � i j (h) o (9) _ > � ' ] Y x j(h) ^

� .

7 � @ < � . Laplace-Beltrami 8 O � � - � . { xi J � � " � v D � S ] Y , [xix jx j0x j+1]

J 0 xi f � S " � v , > 0 > P [16] _ T 3 3 : o _ � t � �

� s f (xi ) �
4

A(xi )

X

j

h

 j 0[ f (x j 0) � f (xi )] + � j [ f (x j ) � f (xi )] + � j+1[ f (x j+1) � f (xi )]

i
: (13)

R _

A(xi ) =
X

j

A j; A j =
p

kSuk2kSvk2 � h Su; Svi 2

� j =
kSuk2 � k Svk2

4A j
; � j+1 =

kSvk2 � k Suk2

4A j
; 
 j 0 =

kSu � Svk2

4A j
;

Su =
1
2

(x j+1 � xi) +
1
2

(x j 0 � x j); Sv =
1
2

(x j � xi) +
1
2

(x j 0 � x j+1):

� , A � t � � , T 3 > P [16] _ P 8 � o _ \ � :


  3.2 { xi � " � v D � M S � � H J " S ] Y , x1; � � � ; x4 � / S " � � p Y . x j 0( j =

1; � � � ; 4) � " � v [xix jx j 0x j+1] _ 0 xi f d S Y (M @ 1(b)� . G { xi ; x j � x j 0 ( j = 1; � � � ; 4)

M , � � 8 t � & S ) � b 5 F(u; v) 2 R3
v , f (x) � F(u; v) v 8 t � & S � � , Z D >

qi; q1; � � � ; q4, q10, � � � ; q40 2 R2
� Q

xi = F(qi); x j = F(q j); x j 0 = F(q j 0);

q j 0 = q j + q j+1 � qi; j = 1; � � � ; 4; q j+2 � qi = � (q j � qi); j = 1; 2; (14)

> 0

4
A(xi ; h)

X

j

h

 j 0(h)[ f (x j 0(h)) � f (xi )] + � j(h)[ f (x j (h)) � f (xi )] + � j+1(h)[ f (x j+1(h)) � f (xi)]

i

= � s f (xi ) + O(h2); L h ! 0; (15)
6



R _

x j(h) = F(q j(h)); q j(h) = qi + h(q j � qi); j = 1; � � � ; 4; 10; � � � ; 40: (16)

A(xi ; h), � j(h); � j+1(h) � 
 j 0(h) ' ] Y 7 x j(h); x j+1(h) � x j 0(h) � (13) _ S ^ � � : .

' V � � sx = 2Hn, T 3 n � C Laplace-Beltrami' u S � t � � Q N M y b ( S � d � � .

3.2 � 6 + $ � � - �

J � > r � � " � b 5 J v � V _ ] ; ! PDE, { t ! = ' r T v � " � v D � S d $

� � b ( . _ 5 o r T v D � � " � v D � �  p � c � t � � . / 3 � v � J [ , n � = ' ,

u ( T 3 - { � S � d y ] .

, � @ < � . � 6 + $ � � � . � # � � -Bonnet ^ � , n � Q N � � b ( S _ � � t � d

(M P c [17])

K(xi) =
3(2� �

P
� j)

A(xi )
; (17)

R _ A(xi) � r T v [xix jx j+ ] S 5 4 S � , � j � T \ x jxix j+ . � , } � t � � S � � y , T 3

> P [28] _ E P 8 � o _ \ � :


  3.3 { xi � r T v D � M S � � H J % S Y , x j ; j = 1; � � � ; 6 � / S % � � p Y .

> 0 > ^ � 3.1 S 9 N _ , T 3 (

3
A(xi ; h)

h
2� �

6X

j=1

� j(h)
i

= K(xi) + O(h2); L h ! 0: (18)

7 � @ < � . � 6 + $ � � � . b > T 3 } ' 1 , � � -Bonnet̂ � S � � b ( K S � t ( .

{ M � ) � b 5 F(u; v) 2 R3
S � � " � v D � , fxig � M S ] Y 7 . " N(i) = f1; 2; � � � ; ng

� � ] Y xi S � * � p Y S X � 7 . [xix jx j+1x j+n] � M _ 0 ] Y xi f � S " � v , x j+n �

[xix jx j+1x j+n] _ 0 ] Y xi f d S Y .

x

x

xi

xj+1

j+n

j

jq
x

x

xi

xj+1

j+n

j

bj
ja

@ 2: T � j ; � j ; � j S ^ � .

> P [15] _ , T 3 3 : � o _ � t � � :

K(xi ) �
4

A(xi)

h
2� �

nX

j=1

� j + � j + � j

2

i
; (19)

7



R _

� j = \ x jxix j+1; � j = \ x j+1xix j+n; � j = \ x j+nxix j ;

M @ 2 - � . � , } � � S � � y , T 3 > P [15] _ P 8 � o _ \ � :


  3.4 > ^ � 3.2 S 9 N _ , T 3 (

4
A(xi ; h)

h
2� �

4X

j=1

� j(h) + � j(h) + � j(h)
2

i
= K(xi) + O(h2); L h ! 0: (20)

v � " � ^ � _ S � � y 9 N � f < S . : 0 � t b 5 d " S ) � 2 v S � t Y , z M

x " � v 9 N (M (10) � (14)). > x $ � , r � � " � Bézier b 5 J S � t ( _ , } M x "

� v 9 N W � , z . L � � t " k r O S . � J k 3 ; 0 m J F , D � � | S � � y 9 N 0 }

� F , ) � 2 v S � � y 9 N 
 n � � # . � P S 	 k � 8 , � C \ � � A W � f n .

3.3 
 � � � M � � � I

� J � 
 A S b 5 J J X ^ B � S Bézier b 5 , - � � ^ S � ^ b e � � f " B � S

Bézier b e . d , " � Bézier b 5 , � � ^ � ^ � [ Y J

p0j; pm j; pi0; pin; i = 0; 1; � � � ; m; j = 0; 1; � � � n:

< A R B , + � � ^ " 9 � v S Y k � . / 3 � � n B Bézier b e v � . { 0 � u = 0 � u = 1

d " S v� q k S Y k � Bézier b e t ! J

V(0)(v) =
nX

j=0

v(0)
j Bn

j (v); V(1)(v) =
nX

j=0

v(1)
j Bn

j (v);

0 � v = 0 � v = 1 d " u� q k S Y k � Bézier b e t ! J

U(0)(u) =
mX

i=0

u(0)
i Bm

i (u); U(1)(u) =
mX

i=0

u(1)
i Bm

i (u):

J � 0 � ^ S " 9 � ^ b e f n , / 3 S \ � � , z

v(0)
0 = m(p10 � p00); u(0)

0 = n(p01 � p00);

v(1)
0 = m(pm0 � pm� 1;0); u(0)

m = n(pm1 � pm0);

v(0)
n = m(p1n � p0n); u(1)

0 = n(p0n � p0;n� 1);

v(1)
n = m(pmn � pm� 1;n); u(1)

m = n(pmn � pm;n� 1):

: L � � \ � ' � ^ b e g ^ .

'

@x(u; v)
@u

�����
u=0

= m
nX

j=0

(p1j � p0j)Bn
j (v) = V(0)(v);

8



T 3 � � � � g ^ B � ^ � [ Y p1j

p1j =
1
m

v(0)
j + p0j; j = 1; � � � ; n � 1:

R / r } B � ^ � [ Y � $ W g ^ , K � $ ? | : , 0 " T Y f � S " � B � ^ � [ Y t ! �

g ^ � B . J � � L � B - ^ S B � ^ � [ Y � f < S , 0 " T Y f � S Y k � b e S � [ Y

� , z o _ S 9 N :

1
mv(0)

1 + p01 = 1
nu(0)

1 + p10; � 1
mv(1)

1 + pm1 = 1
nu(0)

m� 1 + pm� 1;0;
1
mv(0)

n� 1 + p0;n� 1 = � 1
nu(1)

1 + p1n; � 1
mv(1)

n� 1 + pm;n� 1 = � 1
nu(1)

m� 1 + pm� 1;n

o � - � S Y k � b e S � [ Y $ , z L p 9 N , � 8 / 3 $ � � L � ^ S . A � , T 3 � T

Y | d S " � B � ^ � [ Y t ! d J � B g ^ S V S M y V . :

p11 =
1
2

" 
1
m

v(0)
1 + p01

!
+

 
1
n

u(0)
1 + p10

!#
;

pm� 1;1 =
1
2

" 
�

1
m

v(1)
1 + pm1

!
+

 
1
n

u(0)
m� 1 + pm� 1;0

!#
;

p1;n� 1 =
1
2

" 
1
m

v(0)
n� 1 + p0;n� 1

!
+

 
�

1
n

u(1)
1 + p1n

!#
;

pm� 1;n� 1 =
1
2

" 
�

1
m

v(1)
n� 1 + pm;n� 1

!
+

 
�

1
n

u(1)
m� 1 + pm� 1;n

!#
:

3.4 � 2 ( � � M � � � I

� I � 2 ( � � M � � � 2 L . J � # f " S ; ! PDE 	 
 A 9 
 @ & � [ Y , T 3 +

{ � � : 9 
 @ & � [ Y S 9 
 V . d , " � Bézier b 5 , } 9 
 V � ' � ( S � ^ � [ Y

� 8 B � ^ � [ Y > u � v q k t ! � r B * V , = M y Q N . :

p(0)
i j =

1
2

(p(u)
i j + p(v)

i j ); i = 2; � � � ; m� 2; j = 2; � � � ; n � 2;

R _

p(u)
i j =

(i � 1)(i � m+ 1)
m� 1

� m� i
m

p0j +
i
m

pm j

�
+

i(m� i)
m� 1

 
m� i � 1

m� 2
p1j +

i � 1
m� 2

pm� 1; j

!
;

p(v)
i j =

( j � 1)( j � n + 1)
n � 1

� n � j
n

pi0 +
j
n

pin

�
+

j(n � j)
n � 1

 
n � j � 1

n � 2
pi1 +

j � 1
n � 2

pi;n� 1

!
:

0 K Y # � ^ � [ Y � e y * V = M y Q N .

d , r � Bézier b 5 , 9 
 @ & � [ Y S 9 
 V � ' � ( S � ^ � [ Y � 8 B � ^ � [

Y > u, u � w r � q k t ! � r B * V , = M y Q N (u 6 ^ Z * ).

C � � 2 ( � � M � � � 2 L . J � # ; ! PDE 
 ( 9 
 @ & � [ Y , T 3 � t - # S ; !

PDE, d , 2 � � 9 
 @ & � [ Y 
 A � � e y q 6 . u 6 o _ : { p(k)
i j J > � � t = k� � S

9



q 6 S � t ] , b > � / Q > � � t = (k+ 1)� � S q 6 S � t ] p(k+1)
i j . b � > " � v D � v

� t Willmore # S � t ( J � c x � 8 . � ` , d , � [ Y S h K F ~ k , T 3 � (13) e s

q J

� s f (pi j ) �
X

� =� 1;1

X

� =� 1;1

h

 i+�; j+� [ f (pi+�; j+� ) � f (pi j )]

+ � i+�; j[ f (pi+�; j) � f (pi j )] + � i; j+� [ f (pi; j+� ) � f (pi j )]
i
: (21)

, � q 6 (7) S � b � d o _ :

@p
@t

�
p(k+1)

i j � p(k)
i j

�
: (22)

q 6 (7) S * b S X � i � d J

� sHn �
X

� =� 1;1

X

� =� 1;1

n(p(k)
i j )

h

 i+�; j+� [H(p(k+1)

i+�; j+� ) � H(p(k+1)
i j )]

+ � i+�; j[H(p(k+1)
i+�; j ) � H(p(k+1)

i j )] + � i; j+� [H(p(k+1)
i; j+� ) � H(p(k+1)

i j )]
i
; (23)

R _ n(p(k)
i j )H(p(k+1)

qr ) c � % � t J

n(p(k)
i j )H(p(k+1)

qr ) �
1
2

n(p(k)
i j )n(p(k)

qr )T � sp
(k+1)
qr : (24)

g � sp
(k+1)
qr = # (21) � d :

� sp
(k+1)
i j �

X

� =� 1;1

X

� =� 1;1

h

 i+�; j+� [p

(k+1)
i+�; j+� � p(k+1)

i j ]

+ � i+�; j[p
(k+1)
i+�; j � p(k+1)

i j ] + � i; j+� [p
(k+1)
i; j+� � p(k+1)

i j ]
i
: (25)

(24) _ S k k � ' b 5 S(k)(u; v) = ' . L � S(k)(u; v) J ' � [ Y fp(k)
i j g - ^ � S b 5 . A � ,

L p � [ Y � � Q S . q 6 (7) S * b S X h i � d J

2H(H2 � K)n �
h
H2(p(k)

i j ) � K(p(k)
i j )

i
� sp

(k+1)
i j : (26)

g � sp
(k+1)
i j = ' (25) S * b � d . (26) � * b S M y b ( 8 � � b ( t ! ' � � (13) � (19)

= ' . Q L p � d � H p N q 6 (7) _ , T 3 Q N � � � , L Q � p(k+1)
i j S e y \ > . _ ] }

\ > � Q N j p(k+1)
i j . e z L � � 6 , T 3 Q N p(k+2)

i j , p(k+3)
i j , � � �, p(l)

i j , � Q

max
i j

kp(l� 1)
i j � p(l)

i j k < ��;

� � � X ^ S g a � [ 0 � . � J 9 
 @ & � [ Y b b � J _ � % r � 9 
 V , 1 ( � � s 0

g g . - � � 1 ( � � d Q # m . T 3 d � = 0:01.

d , r � b 5 J , \ � � � $ S , K � - � # S " � v D � v S Laplace-Beltrami' u S

� t � � � 8 � � b ( S = ' � � � , 4 r T v D � v S f " S � t � � . J � Z ~ G w , T

3 * e ^ Z .
10



3.5 ( � � M � � � I

� ` T 3 � ) � 2 
 = [0; 1]2 c x y : O t . @ O t Y J

(ui ; v j) =
� i
M

;
j

N

�
; i = 0; 1; � � � ; M; j = 0; 1; � � � ; N;

T 3 G ^ M � m, N � n. @ xi j = S(ui ; v j), R _ x(u; v) � g ^ S Bézier b 5 J . d , ) � 2

v S 2 � O t Y (ui ; v j), i = 2; 3; � � � ; M � 2, j = 2; 3; � � � ; N � 2, � t - # S ; ! PDE, � 
 A

� � � x(u; v) S @ & � [ Y J L Q � S e y \ > . {

S(k)(u; v) =
mX

i=0

nX

j=0

p(k)
i j Bm

i (u)Bn
j (v);

J > � � t = k� � ; ! PDE S ] , T 3 � 
 A _ � � � t = (k + 1)� S ] S(k+1)(u; v). @

x(k)
i j = S(k)(ui ; v j);

> 0 > (ui ; v j) ? , q 6 (7) S � b � d o _ :

@x
@t

�
x(k+1)

i j � x(k)
i j

�
: (27)

q 6 (7) S * b S X � i � d J

� sHn �
X

� =� 1;1

X

� =� 1;1

n(x(k)
i j )

h

 i+�; j+� [H(x(k+1)

i+�; j+� ) � H(x(k+1)
i j )] (28)

+ � i+�; j[H(x(k+1)
i+�; j ) � H(x(k+1)

i j )] + � i; j+� [H(x(k+1)
i; j+� ) � H(x(k+1)

i j )]
i
; (29)

R _ n(x(k)
i j )H(x(k+1)

qr ) c � % � d J

n(x(k)
i j )H(x(k+1)

qr ) �
1
2

n(x(k)
i j )n(x(k)

qr )T � sx
(k+1)
qr : (30)

g � sx
(k+1)
qr = # (5) = ' . { X : S � , > # (5) = ' � sx

(k+1)
qr � , { = '

S(k+1)
u (uq; vr ); S(k+1)

v (uq; vr ); S(k+1)
uu (uq; vr ); S(k+1)

uv (uq; vr); S(k+1)
vv (uq; vr ):

L p � � 8 (27) _ S x(k+1)
i j := S(k+1)(ui ; v j) y � p(k+1)

i j S e y � � . g / 3 > � � (5) _ S \

� g�
u , g�

v , g�
uu, g�

uv � g�
vv C # � Q S S(k)(u; v) = ' . q 6 (7) S * b S X h i � d J

2H(H2 � K)n �
h
H2(x(k)

i j ) � K(x(k)
i j )

i
� sx

(k+1)
i j : (31)

g � sx
(k+1)
i j < � ' (5) = ' . v � * b S M y b ( 8 � � b ( t ! ' � � (1) C b 5 S(k)

=

' . Q L p � d � H p N q 6 (7), T 3 Q N � � � , p(k+1)
i j S e y \ > . = � 0 � ^ � [ Y 0

B � ^ � [ Y ( � S i � N q 6 S * b , C Q N � � � , L Q � p(k+1)
i j (i = 2; � � � ; m � 2; j =

2; � � � ; n � 2) S e y \ > . o � M > m 0 N > n, } \ > S q 6 S � � F , L Q � S � � , �

11



\ > � 2 ^ S . A � T 3 _ / S ~ m h 5 ] . A _ ] 2 ^ \ > S k q 6 . L � � Q N j p(k+1)
i j .

e z L � � 6 , T 3 Q N p(k+2)
i j , p(k+3)

i j , � � �, p(l)
i j , � Q

max
i j

kp(l� 1)
i j � p(l)

i j k < ��;

� � � X ^ S g a � [ 0 � , T 3 d � = 10� 5. - M : S e y \ > S \ � r M � s Z � S , T

3 # U W k _ ] .

n � > v � � t ( _ , ; p � S = ' � # � X � � I % S ] , � } � t � � ! � S . = n

� N � , � sx S = ' 1 ( � # � t � � , g � � # � � sx S ] X � � , L � S � t ( q k T

3 3 R J � � t .

d , r � b 5 J , \ � � C f M x S , Y � - � # S " � v D � v S Laplace-Beltrami'

u S � t � � � 8 � � b ( S = ' � � � , 4 f " S r T v D � v S � t � � . J � Z ~ G

w , T 3 * e ^ Z .

` K 0 } . h N L � S S 5 : > X 5 - 7 � S 
 A q k _ , o � � B � ^ Y � ? � 4 L Q

� (: 1 ( M � � ^ 9 N ), > 0 v � 
 A q k � J � c x . o � L � , L V $ 0 T 3 S � ( S

Q � (: " X q 6 b ( X � � ^ 9 N � $ A ^ ] S ) / e . L � J � 0 ? 
 � v , o � � B �

^ Y � ? � 4 L Q � , - M Z S e y \ > � $ � ] S . : \ � r M � R \ S . b s � � � K S

� u / � � 8 . } ' > a I [0; 1] v _ ] � [ � q 6 � 2 f = 0. G ^ # V B Bernsteinf i �

f (u) =
P 5

i=0 ci B5
i (u) � d q 6 S ] . 	 t � P - � S q k . � > Y ui = i

5 ? � t v q 6 . � #

_ t , t :

� 2 f (ui ) �
� f (ui� 1) + � f (ui+1) � 2� f (ui )

0:04
= 0; i = 1; � � � ; 4:

= � � f (ui ) S g g � E � H o v � , T 3 Q N � � e y q 6 } , / S \ � r M J

2
666666666666666666666664

� 18 24 � 12 0

� 12 12 0 � 6

� 6 0 12 � 12

0 � 12 24 � 18

3
777777777777777777777775

:

} r M S \ J h . � - M : S e y q 6 } $ � ] . K � 0 _ I � � � t Y d " S � � q 6 S

\ � r M � diag[12; 12]. / � s T � S .

4 3 " A � 5 L / D

� J - � # S ; ! PDE � � a s e y S , � + v P 8 T 3 S � V _ ] q k S � � y � 6

b � ? S . � Z ; � � V = ' � 8 , - 3 : S q k g � � � � S . J E A < S , T 3 { � # g g

, z ; ! PDE S : u � J � d S d l . T 3 = ' L n = 4; 6; � � �, � t ] 0 g g ] R I S ~ F

12



W , , � } + / 3 S O c y ] .

! 1. d , ^ 5 g � , � sH = 0, H2 � K = 0, - � ^ 5 � b 5 � t # � Willmore # S R 0 ] .

� � _ , T 3 t ! # b 5 � t # � Willmore # 
 ( S % � " � Bézier b 5 	 � d ^ 5 . : =

' Bézier PDEb 5 d , ^ 5 S � d W , , � � 8 - 3 : S q k � ( n S . M � 1 S X h � 8

X r � .

! 2. { S � � * 5 , / � � � 6 t > (R; 0; 0), � j J r S , xy- M 5 v S 6 g j z h � o 360

a g v 4 S b 5 . L R=r =
p

2 � , S � Willmore # S R 0 ] . b > T 3 # � � " � Willmore

Bézier b 5 	 � d S, � } + L n D F � , Willmore Bézierb 5 � d y ] . M � 1 S X " � .

! 3. { S � � 6 l 5 , / S M y b ( � s � S 0 � , � � b ( J � . - � / � b 5 � t # S

R 0 ] , K $ � Willmore # S R 0 ] . b > T 3 # � � " � b 5 � t # Bézier b 5 	 � d S,

\ � M � 1 S X V � .

! 4. { S � � _ 5 S q 6 ^ � S 6 m b 5

x(u; v) =
h
3u(1 + v2) � u3; 3v(1 + u2) � v3; 3(u2 � v2)

iT
; (32)

/ S M y b ( � � , K � � b ( $ J � . - � / � b 5 � t # � B b 5 � t # � 8 Will-

more # S R 0 ] . b > T 3 t ! # b 5 � t # , Willmore # � B b 5 � t # 
 ( S " �

Bézier b 5 	 � d S, \ � M � 1 S X % � Q � � � .

� 1: O d ~ F W ,

n ^ 5 -SDF ^ 5 -WF * 5 -WF l 5 -SDF 6 m -SDF 6 m -WF 6 m -QSDF

4 4.857e-02 4.849e-02 1.104e+00 1.561e+00 1.816e-01 1.881e-01 1.846e-01

6 3.401e-02 3.397e-02 7.384e-01 1.044e+00 1.253e-01 1.329e-01 1.316e-01

8 2.618e-02 2.616e-02 5.545e-01 7.841e-01 9.547e-02 1.025e-01 1.008e-01

10 2.120e-02 2.120e-02 4.438e-01 6.277e-01 7.673e-02 8.286e-02 8.120e-02

12 1.782e-02 1.781e-02 3.700e-01 5.232e-01 6.254e-02 6.934e-02 6.781e-02

14 1.537e-02 1.536e-02 3.172e-01 4.486e-01 5.333e-02 5.953e-02 5.819e-02

C � _ S � t � � | : , L n D F � , ~ F � d W , � _ R S . L � 8 , T 3 - 3 : S � V

q k � ( n S , � V O d , g g ] .

J � � 8 - 
 A S PDE Bézierb 5 > � ^ ? E N G1
� • y , _ 5 = � : ; � @ � .

! 5. @ 3(b) � # " � Bézier b 5 J 8 # S 9 
 b 5 , ; � * V g ^ S 9 
 Bézier K W b 5

J (b) @ & � , M 1 , g (c) _ ' QSDF 
 ( � [ Y Q N S Bézier b 5 J V � S - z � L �

S v p .
13



(a) (b) (c)

@ 3: (a) a � S � � p S I K W S b 5 . (b) 
 A S 9 
 Bézier K W b 5 . (c) � � # QSDF 


( S \ � .

(a) (b) (c)

@ 4: (a) a � S � � p S I K W S b 5 . (b) 
 A S 9 
 Bézier K W b 5 . (c) � � # SDF 
 (

S \ � .

! 6. @ 4(b) � # � � Bézier J 8 # S 9 
 b 5 , C @ _ � � | : * V $ S n � # � , h $ =

# SDF c x F [ , Q N ~ % S G1
� • S Bézier b 5 (@ 4 (c)).

! 7. @ 5(b) � # " � Bézier b 5 J 
 A S 9 
 8 # b 5 , � � | : , # WF 
 ( $ S Bézier

b 5 J 
 F � & .

! 8. @ 6 
 A S � Bézier 6 m b 5 J . (a) � ' q 6 (32) g ^ S 6 m b 5 S � & t . (b) � #

* V 
 A S 9 
 Bézier 8 # b 5 J , @ & � V M 1 . @ 6(c) # WF 
 ( $ S \ � , � � | : 


( $ S Bézier b 5 J V � S - z � 6 m b 5 S v p .

C @ 3- @ 6 _ S (c) � � | : , - 
 A S PDE Bézierb 5 > � ^ ? � G1
� • S .

5 1 G Bézier + & � ? M

) h Bézier b 5 > CAGD  2 s 0 # x , K � � # � B Bézier b 5 D > � p d [ . � `

' f i � * V � + T 3 Q P ( � Q S Rungerb l : : > V w Z Y v , ; p S � � S f i � *

14



(a) (b) (c)

@ 5: (a) a � S � � p S I - z S b 5 . (b) 
 A S 9 
 Bézier K W b 5 . (c) � � # WF 
 (

S \ � .

(a) (b) (c)

@ 6: (a) a � S � � p S I - z S 6 m b 5 . (b) 
 A S 9 
 Bézier K W b 5 . (c) � � # WF


 ( S \ � .

V � � S W , � ` , U ] F . d , T 3 S ; ! PDE q k , L d � = 0 � , � t ( q 6 S _ ] f

L , _ ] � � V w Z Y v S � 4 * V S 5 . - � � � 3 P , Rungerb l ( � A i } . J � � 4

: b L c b l , T 3 d * V Y S � � 7 F , f i � S B � , " > ~ m h 5 � � _ _ ] - M : S

2 ^ q 6 . : _ ] 2 ^ q 6 S k q 6 , L 0 f i � M q � d S � t ( - M : S q 6 f < , g M

q � d 1 ( Rungerb l .

� 2: 9 N �

4 6 8 10 12 14 16 18 20 22

1.75+01 1.21+02 8.44+02 5.89+03 4.13+04 2.91+05 2.05+06 1.45+07 1.03+08 7.38+08

1.00+00 1.59+04 2.44+07 1.82+10 9.86+12 4.53+15 1.89+18 7.52+20 2.88+23 1.08+26

R B � # Bézier b 5 * V S \ � r M S 9 N � * s B � S D � g � F . � 2 S X � x

� : � � K * V S 5 \ � r M S 9 N � . � 2 S X h x � : � b 5 * V S 5 \ � r M S 9 N

� . ' A T 3 | : , 9 N � * s n � X � S % a D 1 . > � # � g a ' � ; ' * i _ , � C =

' � 8 , d , � K * V S 5 , L n > 16 � , * V � � S g a + • G e . d , b 5 * V S 5 , L

m = n > 14 � , * V b 5 � 1 ( g a � . � y L � � ? S J J q k � 3 � ' � ; ' S g a , �

o � # " g a (long double)' � ; ' . K : � o A , d , � K * V S 5 , n � $ A 2 � 32, d

, h K * V S 5 , m = n $ A 2 � 28. ! B S ] x � k � � # \ H k _ ] - Q : S e y \ > ,

K L n V F � , \ H k � � � # . . � A T 3 P � , � # Bézier b 5 , n $ � 2 � 10. L d v p
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J J S ; ! { = S 5 � h � # � . d , v p z < S b 5 J , " Q R t � J q � u J t ! 
 A ,

0 � # � 9 b 5 . � g o ! 
 A ; ! PDE � 9 b 5 � V Q c � % 	 k S S 5 .

6 � %

x v - � , � P 3 : S � # ; ! # g ^ Bézier b 5 J S q k , A � Q N u ( G1
� • S <

� , z ; c ; ! PDE S Bézier b 5 . � V � � � 8 - 3 : S q k � ( n S , - 
 A S b 5 �

� ] � S . < � T 3 � X : , ' , Bézier b 5 S � ( y ] , � # � B Bézier b 5 ( � ^ S �

? , o ! � y L c q d y � T 3 { � c � % 	 k S S 5 .
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[10] H. Du and H. Qin. Dynamic PDE-based surface design usinggeometric and physical constraint.
Graphical Models, 67(1):43–71, 2005.

[11] J. Escher, U. F. Mayer, and G. Simonett. The Surface Di� usion Flow for Immersed Hypersurfaces.

SIAM Journal on Mathematical Analysis, 29(6):1419–1433, 1998.

[12] G.Farin. Smooth interpolation to scattered data. In R.E.Barnhill and W.Boehm, editors,Surface

in CAGD, pages 43–63. North-Holland,Amsterdam, 1983.
16



[13] G.Farin. A history of curves and surfaces in cagd. In G.Farin, J. Hoschek, and M. S. Kim, editors,
Handbook of CAGD, pages 1–22. Elsevier,Amsterdam, 2002.

[14] D. Liu and J. Hoschek. GC1 continuity conditions between adjacent rectangular and triangular
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