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1 #  

G - P > } y 3 1 I � ? 9 m E I � ? � _ G - • I R p � V � 8 ' U Y � p , k G �

I � , W � / E � � R M � � w U ~ p . A 3 V U E D M G0
� 3 U o _ G - $ , M A Z U D

M G1
U � _ G - $ � E � D M G2

U & _ G - $ e  � 	 g ~ p � m . 1 o _ G - $ � ~ p

l l U � S z c + $ , ! k � " B d c 8 (S z c + $ U G ( c ) U ~ p � " 250 I � Z , J

S z c + $ " 1956 I % � Mullins � t [25]. � l � " S z c + $ U D r U E Y [9], [11],

[14], [15], [18], [20]. 	 � c + $ � " ; 	 
 Y � U o _ G - $ , � G - $ � Firey 1 [17] R

� � m A ~ p % � m - � ? " # 3 U 	 W > l n � t . E # } U ~ p � m � a � G - $ U �

/ b " ([3], [4], [10], [31]). 1 � _ G - $ � � " c 8 � x $ U ~ p � \ l , � $ � 1957 I

� Mullins[26] � t U , � � � � N � y R l 1 � . 	 e 8 U / c � * , J W ? G - $ ~ m �

8 @ w & H� 1
U + g $ 7 � G � I � 2 U � [16]. � " ? G - $ U � / y 8 U ~ p � m � &

~ [7], [12], [13], 1 c 8 • I R � � � & ~ [28], [29]. ~ p � \ l U � _ $ 7  Willmore $ ,

� " ? G - $ U D r � & ~ [30], [32], [6], [22].
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� w c 8 U r ` B 
 & _ $ U * � , J � A Z � " & _ $ U ~ p 7

3  b o _ $ , � _ $ C 2 � w � t . E [5] � @ � t � 1 c 8 4 l R 
 � � & _ $

@x
@t

= � 3
sx;

W R x � � c 8 y U ^ , � s � � b � 1 c 8 y U Laplace-Beltrami� e . � & _ $ U G2
p P

1 [36] R R � 9 � , � E Y 7 - 8 � " ; 	 
 & _ $

@x
@t

= 2� 2
sHn;
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W R H + n } � � � c 8 U S z c + + s c � . J � y � � 
 & _ $ e � n � O 4 U , g r

G - < ? N � � � . E [37] 4 # j E � w &

E1(S): =
Z

S
kr sHk2dA

` s c � } � 4 8 � B d S z c + � ( $ � � W � 4 8 G2
� w U c 8 . � i 	 " , E Y [24],

[38] c Y ) / � 	 � m � E � w &

E2(S): =
Z

S
kr s f (H; K)k2 dA

U & _ L2
+ g $ U � D m � . J � @ W E � w & ! 
 � E Y [21] R Greiner- 8 U E � w &

E(S): =
Z

S
r sH : r sH dA; (1)

W R r sH : r sH � � (r sH)Tr sH U A . E � w & (1) � Greiner A � S 3 � 3 c 8 n � t

U , J � ( U � & C E R 8 � E � w & U K 	 - 	 � � p y 3 , n ! R ! � � 5 U y s j W i

n B d 5 . � E U w 1 D r s � A j ? E � w & 9 | U , � U J 6 : L 8 	 
 � E � w & s c

� } U K 	 - 	 � � p y 3 � E \ � U & _ G - $ , � = < W A G B d S z c + � ( $ , k 2

/ � � ( } y s i n � J ` c , � E � 8 U � e � : � W 1 c 8 � 4 y 8 w  � � U p P , }

$ B d S z c + � ( $ n 5 , J "  f � * p .

� E D r \ � 
 � s T : \ o a f { � � U ( � G � , 1 \ v a R J 6 : L � E � w &

(1) U K 	 - 	 � � p y 3 � � 8 \ � U & _ G - $ ,  � � G - $ U � x y s 1 \ � a � 8 ,

1 \ M a R J 6 � 8 	 g � � � e � � : � G - $ U * p , \ & a h b f E .

2 % p ( �

� a � 8 T E R $ � � * + = � G � . W R 
 � 	 g > } G - R U � J (U E Y [1]), �

� t � G 
 > } � e (^ U E Y [2]). A S I Y U , Q • J 6 $ � • ) U � 	 
 6 } � 3 U ,

D 7 � b c U & � c 8 S B fx(u1; u2)T 2 R3: (u1; u2) 2 
 � R2g. • g�� = hxu� ; xu� i E

b�� = hxu� u� ; ni } � � � c 8 U \ 	 , \ o = � m � U Q � , W R

xu� =
@x
@u� ; xu� u� =

@2x
@u� @u� ; �; � = 1; 2;

n = xu � xv=kxu � xvk; (u; v) = (u1; u2):

� * h�; �i ; k � k; � � � } � � � K G � Q � R R U � b D @ , v � + ; @ . #

g = det[g�� ]; [g�� ] = [g�� ]� 1; b = det[b�� ]:

A � b � S z c + + 	 � c + , J 6 � t Weingarten� | , ' � 	 
 A [ S 8 M [ S 8 U f

� [ p � | , 0 i

W : TxS ! TxS;
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W (xu) = � nu; W (xv) = � nv;

W R TxS B spanfxu; xvg. 1 [ S 8 U = fxu1; xu2g T , Weingarten� | U Q � u B � 2� 2 u

B S = [b�� ][g�� ]. u • k1; k2 A S U � 
 * C J , 7 \ � U S z c + + 	 � c + A �

H =
k1 + k2

2
=

tr(S)
2

; K = k1k2 = det(S):

" ; , J 6 � } � �

H = Hn; K = Kn;

� � S z c + c � + 	 � c + c � . T 8 J 6 � t G 
 � E � � M U c 8 y U > } � e .

� � v � * : Q • f 2 C1(S), m � M f y U [ + g � e r s b � A

r s f = [xu1; xu2][g�� ][ fu1; fu2] 2 R3: (2)

j " 	 
 c � J & � v = [v1; v2; v3]T 2 C1(S)3, J 6 b �

r s(v) = [r s(v1); r s(v2); r s(v3)] 2 R3� 3: (3)

t w � � v � * :Q • f 2 C1(S), m � M f y U \ o [ + g � e 3 b � A

3 f = [xu1; xu2][Kb�� ][ fu1; fu2] 2 R3: (4)

� � v � * : Q • v � c 8 S y U � 3 c � , , m � M v U [ x g � e divs b � A

divs(v) =
1
p

g

"
@

@u1 ;
@

@u2

#hp
g[g�� ][ xu1; xu2]Tv

i
: (5)

A divs U b � � � ~ 8 , s " v � 	 
 s c � , , divsv = 0: j " 	 
 u B J & � Q =

[q1; q2; q3] 2 C1(S)3� 3, J 6 b �

divs(Q) =
�
divs(q1); divs(q2); divs(q3)

�T 2 R3:

Laplace-Beltrami � * (LBO):• f 2 C2(S), m � M f U Laplace-Beltrami� e � s b � A

� s f = divs(r sf):

� (2) + (5) � � : 8

� s f =
1
p

g

"
@

@u1
;

@
@u2

#hp
g[g�� ][ fu1; fu2]T

i
= [g�� ] : [ f�� ];

W R

f�� = fu� u� � (r s f )T xu� u� ; �; � = 1; 2;

� f U o _ h � L � . V k , � s � 	 
 o _ > } � e . LBO � e $ S z c + c � H R C 1 s

T � Q :

� sx = 2H: (6)
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Giaquinta-Hildebrandt � * :• f 2 C2(S), m � M f U Giaquinta-Hildebrand� e 2 b �

A (U E Y [19])

2 f = divs(3 sf):

� (4), (5) � G

2 f =
1
p

g

"
@

@u1
;

@
@u2

#hp
g[Kb�� ][ fu1; fu2]T

i
= K[b�� ] : [ f�� ]:

� � e � � 	 
 o _ > } � e , ' $ 	 � c + c �  s T � Q :

2 x = 2K: (7)

T 8 J 6 � 8 	 g � " r s; divs; 3 U p P . j " r s, r � : 8

r s( f h) = hr s f + f r sh; (8)

r s( f h) = r s f hT + f r sh; (9)

hr s f ; r shi =
1
g

[g22 f1h1 + g12 f1h2 + g12 f2h1 + g11 f2g2]: (10)

� " r sx; 3 x, 1 2 8 J 6 u � � M ' 6 U s T p P : j " o � U [ c � v + � 3 & � f , C

1 s T U 1 X � Q :

(r sx)v = v; (3 x)r s f = 3 f: (11)

j " divs + � s, } �  

divs(fv) = fdivsv + hr sf ; vi ; (12)

divs(r s f h) = h� s f ; hi + r s f : r sh; (13)

divs(f r sh) = f� sh + r shTr sf ; (14)

divs[ f hT] = [r sh]T f + divs( f )h; (15)

� s( f h) = f � sh + 2hr s f ; r shi + h� s f : (16)

" ; 7  � T G 
 1 X � Q � � o - � M

r sn = 3 x � 2Hr sx; (17)

� sn = 2 x � 2r sH � 2H� sx = 2(K � 2HH) � 2r sH: (18)

j " 	 
 n � n u B A, J 6 � � (A) = f� 1; � � � ; � ng � � A U U . � " � b c 8 S =

fx(u1; u2): [u1; u2]T 2 
 � R2g, K 	 _ > } � e m � M x + n y 	 , $ R M U u B � 3 � 3 U

j 0 B , � \ @ g u B  s T p P :
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u � 2.1 (� y � * s � � ) )

� (r sx) = f1; 1; 0g; � (r sn) = f� k1; � k2; 0g;

� (3 x) = fk2; k1; 0g; � (3 n) = f� K; � K; 0g;

\ � U * C c � z A fe1; e2; ng, W R e1; e2 � � $ \ c + k1; k2 j � U \ y c . � � ? � � R

M

r sn : r sn = 4H2 � 2K; r sn : 2 n = 2KH: (19)

� y @ g p P z � A Z 8 > } � e U b � : 8 . A a � O � , J 6 . e w 1 S a .

u � 2.2 ( LB � * s z 
 { � ) • v � S y U 	 
 v B � 3 c � , , f 2 C1(S) � 	 
 w

 h F D U & � , 7 Z

S
[hv; r s f i + f divs(v)] dA = 0: (20)

i 	 " , Q • f + h w C2
 � w p , 7  

Z

S
[h� s f � f � sh] dA = 0: (21)

u � 2.3 ( GH � * s z 
 { � ) • f 2 C2(S; h 2 C1(S), \ N z ' 6 H 	 w  h F D , 7

Z

S
[h2 f + hr s f ; 3 hi dA = 0: (22)

i 	 " , Q • f + h w C2
 � w p , 7  

Z

S
[h2 f � f 2 h] dA = 0: (23)

� y � 
 � � � � � A s T � 1 x g b � (U E Y [8], 142 � ) : 8 .

u � 2.4 ( � � � v u � ) • v � c 8 S y U w  h F D U C1
� 3 c � , , C 2

Z

S
divs(v) dA = 0: (24)

3 � } � � y x q

3.1 � � - � z � � x q

� a • ) 1 Z 8 - 8 U E � (1) U � } , A n R M \ � U K 	 - 	 � � p y 3 + \ � U G

- $ U w 1 � D � .

u � 3.1 • E(S) A Greiner E � w & , 7 E(S) 1 s c � } � � U K 	 - 	 � � p y 3 A

20H2� sH � 2H� sK � 4H2 H + 50Hkr sHk2 � 6hr sH; 3 Hi

� 4hr sH; r sKi � � 2
sH + 24H5 � 24H3K + 4K2H = 0 (25)
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' � : GreinerE � @ } � � � A �

E(S) =
Z

S
r sH : r sH dA =

ZZ



r sH : r sH

p
gdudv: (26)

• ) c 8 S U ^ x(! ) U s c � } x(!; " )

x(!; " ) = x(! ) + "� (! )n(! ); k"k � 1; ! 2 
 ; � 2 C1
0 (
 ):

Q b S � w & (26) U B J ^ , 7  

0 =
d
d"

E(S(�; " ))
�����
"=0

=: � (E(S); � n);

W R

� (E(S); � n) =
ZZ



[� (r sH : r sH) + r sH : r sH

�
p

g
p

g
]
p

gdudv: (27)

0 r � : 8 T 8 G 
 = � U s c � } ,

� (g) = � 4Hg�; � (n) = �r s�;

� (H) = (2H2 � K)� +
1
2

� s�; � (g11) =
4Hg22�

g
�

2� b22

g
;

� (g22) =
4Hg11�

g
�

2� b11

g
; � (g12) = �

4Hg12�
g

+
2� b12

g
:

J 6 � (27) R U @ } } 1 � # } • ) ,

� 1(E(S); � n) =
ZZ



[� (r sH : r sH)]

p
gdudv; (28)

� 2(E(S); � n) =
ZZ



[r sH : r sH

�
p

g
p

g
]
p

gdudv: (29)

T 8 J 6 I � (28) U ! i , � v X � (3) + (10), J 6 � � R M

r sH : r sH = kHuk2g11 + kHvk2g22 + 2hHu; Hvi g12:

$ � (28) � � � � s T

� 1(E(S); � n) =
ZZ



� (kHuk2g11 + kHvk2g22 + 2hHu; Hvi g12)

p
gdudv: (30)

n � (kHuk2g11 + kHvk2g22 + 2hHu; Hvi g12) � � � � 1 2A1 + A2; W R

A1 = h� Hu; Hui g11 + h� Hu; Hvi g12 + h� Hv; Hui g12 + h� Hv; Hvi g22; (31)

A2 = kHuk2� (g11) + kHvk2� (g22) + 2hHu; Hvi � (g12): (32)
6



j " (31) R U � (Hu) + � (Hv), J 6  

� (Hu) = (� (H))u = [(2H2� � K� + 1
2� s� )n � Hr s� ]u

= Enu + Bn � Hur s� � H(r s� )u;

� (Hv) = Env + Cn � Hvr s� � H(r s� )v:

W R

B = 4HHu� + 2H2� u � Ku� � K� u +
1
2

(� s� )u;

E = 2H2� � K� +
1
2

� s�;

C = 4HHv� + 2H2� v � Kv� � K� v +
1
2

(� s� )v:

1 y 8 U : L R J 6 � M � � } $ > } U @ v � Y 8 p . A1  s T U � D �

A1 = h� Hu; Hui g11 + h� Hu; Hvi g12 + h� Hv; Hui g12 + h� Hv; Hvi g22

= [BHu � HHu(r s� )T
u n + EHknuk2 � HHu(r s� )T nu � H2(r s� )T

u nu]g11

+[BHv � HHv(r s� )T
u n + EHhnu; nvi � HHu(r s� )T nv � H2(r s� )T

u nv]g12

+[CHu � HHu(r s� )T
v n + EHhnv; nui � HHv(r s� )T nu � H2(r s� )T

v nu]g12

+[CHv � HHv(r s� )T
v n + EHknvk2 � HHv(r s� )T nv � H2(r s� )T

v nv]g22

(16)
= 4H� kr sHk2 + (2H2 � K)hr sH; r s� i � � hr sK; r sHi +

1
2

hr s(� s� ); r sHi

� Hr sHTr s(r s� )n + (2H2� � K� +
1
2

� s� )Hr n : r n � Hhr s�; r snr sHi

� H2r s(r s� ) : r sn:

0 r � R M A2 = 4H� r sH : r sH � 2� r sH : 3 H. 1 � y b " = ; y , � (E(S); � n) � � � �

A

� (E(S); � n) =
Z

S
[8H� kr sHk2 + (4H2 � 2K)hr sH; r s� i � 2� hr sK; r sHi

+hr s(� s� ); r sHi � 2Hr sHTr s(r s� )n � 2Hhr s�; r snr sHi (33)

� 2H2r s(r s� ) : r sn + (4H2� � 2K� + � s� )Hr n : r n

+2H� r sH : r sH � 2� r sH : 3 H] dA:

/ � � � � � J 6 � � i 	 " R M

� (E(S); � n) =
Z

S
[� (4H2 � 2K)� sH � 2divs(divs(Hr sHnT)) + 2divs(Hr snr sH)

� 2divs(divs(H2r sn)) + (4H3 � 2HK)r n : r n + � s(Hr sn : r sn) (34)

� � 2
sH + 2Hr sH : r sH � 2r sH : 3 H]� dA:

7



� G 
 ` x g U ` { 1 	 Y • ) , J 6  

� 2divs(divs(Hr sHnT)) + 2divs(Hr snr sH) � 2divs(divs(H2r sn))
(12)(15)

= 2divs[� H� sHn � kr sHk2n � divs(H2r sn)]

= 2divs[� divs(H2r sn)]
(14)
= 2divs[� 2H(3 x � 2Hr sx)r sH � H2(2Kn � 4H2n � 2r sH)]
(11)
= 2divs(6H2r sH � 2H3 H)

(12)
= 12H2� sH � 4H2 H + 24Hkr sHk2 � 4hr sH; 3 Hi :

� s(Hr sn : r sn)
(16)(19)

= 12H2� sH � 2H� sK � 2K� sH + 24Hkr sHk2 � 4hr sH; r sKi ;

r sH : 2Hr sH = 2H3(4H2 � 2K) + 2Hkr sHk2;

1 @ � u B r snr sHnT
$ nr sHTr sn U A e A 0, * C c � e � e1; e2; n.

tr(nr sHTr sHnT) = r sHTr sHtr(nnT) = kr sHk2:

� � J 6 � � R M

r sH : 23 H = 4KH3 + 2hr sH; 3 Hi :

j " o � U � 2 C1
0 (
 ), J 6 l V � � � (34) i A

� (E(S); � n) =
Z

S
[20H2� sH � 2H� sK � 4H2 H + 50Hkr sHk2 � 6hr sH; 3 Hi

� 4hr sH; r sKi � � 2
sH + 24H5 � 24H3K + 4K2H]� dA = 0: (35)

$ � (1) U K 	 - 	 � � p y 3 A (25), b � R E .

V k , y 3 (25) � & _ U , 0 r � ~ 8 , B d c 8 � � y 3 U c .

3.2 � � � } � • � � )

� } � . X 1 J 6 � t � E R � M U & _ G - $ . Q • S � R3
U h U � b c U c 8 , $ D G

- $ s � | = R3
R 	 j � 3 U � b c U c 8 fS(t): t � 0g; 
 W 0 i � b U y 3

8
>>>><
>>>>:

@x
@t

= nV;

S(0) = S0:

1 @ � V � � S(t) U s c � g .

Q s S(t) A � � c 8 , C 2  [23]

dA(t)
dt

= � 2
Z

S(t)
VHdA;

dV(t)
dt

=
Z

S(t)
VdA; (36)

8



W R A(t) � � c 8 S(t) U 8 @ , V(t) � � � c 8 S(t) 
 ? Y � U � b & U 1 @ . s "

dA(t)
dt =

0, J 6 0 � G - $ � � 8 @ U . � � U , s "

dV(t)
dt = 0, 7 0 W A � 1 @ U .

Q • S � R3
R U h U � b c U c 8 , � e A � . � K 	 - 	 � � p y 3 (25) � 4 U & _

G - $ A

8
>>>>>>><
>>>>>>>:

@x
@t

= [� 20H2� sH + 2H� sK + 4H2 H � 50Hkr sHk2 + 6hr sH; 3 Hi

+4hr sH; r sKi + � 2
sH � 24H5 + 24H3K � 4K2H]n;

S(0) = S0; @M (t) = � ;

(37)

� � ? R M � G - $ U 8 @ � 5 � � E 1 @ � 5 � �

dA(t)
dt

=
Z

S
[� 20H2kr sHk2 + 4Hhr sH; 3 Hi � 2(� sH)2 + 48H6 � 48H4K + 8K2H2] dA;(38)

dV(t)
dt

=
Z

S
[� 10Hkr sHk2 + 2hr sH; 3 Hi + 2hr sH; r sKi + � 2

sH � 24H5 + 24H3K

� 4K2H]dA; (39)

� ) . L / A L 8 G - $ (37) U E � w & , 7 � A � G - $ � � , J 6 e E p X (37) $ B d S

z c + � ( $  \ � H = , ' 6  u l ` (* � � & _ ` ) � \ 6 U . � ? , J 6 0 G - $ (37)

A G B d S z c + � ( $ , J ' "  	 g f � U * p . A E � w & y 8 • ' , G B d S z c +

� ( $ B d 5 S z c + c � U h � ( , ' ! J } O S z c + U � 5 , n \ � } O s c � U �

5 . $ � , G B d S z c + � ( $ $ * � U c 8 � b � � } S 3 U .

J 6 G P , - S z c + c 8 � B d S z c + � ( $ U c , J � j " G B d S z c + � ( $

n � , : � B d c 8 � W G ( c H ; , M  - 	 � c + $ - S z c + 0 i T � 3 V H 	 :

K = (3 +
p

3)H2; K = (3 �
p

3)H2; (40)

\ � U c 8 % � G B d S z c + � ( $ U G ( c . n 0 i y 3 (40) U c 8 M  S 8 . � A S

8 � B d c 8 , $ � . = 7 ? : I . 1 B ? : ? ; A < 4 G = 7 ? : + - 9 0 F C 6 0 / H

D 5 A > = 7 ? : E 8 . $ � o - _ 8 $ o - ^ 8 z ! � G B d S z c + � ( $ U G ( c . "

; , J 6 7 E : (E : S a . ) � @ 2 3 ; 7 , A < 4 G = 7 ? : + - 9 0 F C 6 .

	 � n � , G - $ (37) M ! � 8 @ , � ! � 1 @ , J j " | ! U - S z c + c 8 , A (38)

+ (39) 0 r � : 8

dA(t)
dt

=
Z

S
8H2[6H4 � 6H2K + K2] dA > 0; (41)

dV(t)
dt

=
Z

S
� 4H[6H4 � 6H2K + K2]dA )

dV
dt

$ H � * \ u : (42)

$ � � - S z c + c 8 A 7 � c 8 i n � 5 	 , G B d S z c + � ( $ 
 R c 8 8 @ 8 . . K

H > 0 	 , � G - $ 
 R c 8 1 @ # T . K H < 0 	 , � G - $ � 1 @ 8 . U . D � A s ? , '

; { E _ 8 E ^ 8 . @ � G B d S z c + � ( $ + B d S z c + � ( $ U V ] b � .
9



4 � } � s � � ~

! k G - $ (37) c U C 1 p + @ 	 p 7  H " ~ p , W � J ` c h � � 4 # � ( } y s

< ?  Z ) y s i n .

4.1 � y � } � * • � 
 s � �

A � 1 v Z m c 8 = � M y � � ( } y s ` c G - $ (37), J 6 � U � s � x S z c

+ , 	 � c + E $ � M U > } G - � e . @ g � x > } � e 1 a ^ xi = r � � 1 s T m �

	 f (xi) =
X

j2N1(i)

! 	
i j f (x j ); (43)

W R 	 G � y 8 $ - E U > } G - � e H 	 , ! 	
i j 2 R < ? ! 	

i j 2 R3, Nk(i) � � xi U k 6  

t a ^ U L � D . � " 	 � c + 
 C 1 ) G W � x � � (U [34]), J @ g � x � � m � z ! �

(43) U m � .

u " 4.1 	 k > } G - � e U � x 5 0 H A \ r U , s " C 1 	 N z C2
� 3 U c 8 , 


R @ g � x � k � � c 8 y U \ � U > } G - � e U n i J .

J 6 
 � � x � v U o @ G / � I � � W > } G - � e . • xi A � x = � M U o 	 a

^ , C 2 � � M U G 
 > } G - � e + c + U � k � � � � s T (S a U [35])

r s f (xi) �
X

j2N1(i)

! r
i j f (x j); ! r

i j 2 R3;

3 f (xi) �
X

j2N1(i)

! 3
i j f (x j ); ! 3

i j 2 R3;

� s f (xi) �
X

j2N1(i)

! �
i j f (x j); ! �

i j 2 R;

2 f (xi) �
X

j2N1(i)

! 2
i j f (x j); ! 2

i j 2 R:

y � � R U ! i j z A A � x = � I � 8 � U 
 G � . � � p P (6) + (7) J 6 � � R M

H(xi) �
1
2

X

j2N1(i)

! �
i j x j;

K(xi) �
1
2

X

j2N1(i)

! 2
i j x j ;

H(xi) �
1
2

X

j2N1(i)

! �
i j n(xi)T x j ;

K(xi) �
1
2

X

j2N1(i)

! 2
i j n(xi)T x j :

10



4.2 o $ � z � � �

j " G - $ U 	 R y c U � x 5 , l S I U x 6 � � V � � � , J � V � K 	 � � � ! G

b U , � n r � \ d U 	 R " . , A � 5 f + � X , l ) x 6 
 � � � � � , k n � " $ 
 � U

y 3 � 	 g | [ p U , 
 X < f U � � � x � ! � E U . 	 
 > U U y � s � 
 � 	 � � � x

� � , ' � 1 	 
 [ p Q 7 . W = � � _ � � (37) R U 4 	 ` } c A 	 
 [ p ` + 	 
 � #

` U 2 @ , [ p ` � 
  U � x > } � e i n � x , � # U ` � c 8 U y 	 @ � k i n I � .

w 1 � � , (37) R U 4 	 ` � x s T :

@x
@t

�
x(k+1)

i � x(k)
i

�
;

� 2
sH � � s(� sH

(k+1)
i );

6hr sH; 3 Hi � 3hr sH
(k)
i ; 3 H(k+1)

i i + 3hr sH
(k+1)
i ; 3 H(k)

i i ;

4hr sH; r sKi � 2hr sH
(k)
i ; r sK

(k+1)
i i + 2hr sH

(k+1)
i ; r sK

(k)
i i ;

50Hhr sH; r sHi � 25H(k+1)
i hr sH

(k)
i ; r sH

(k)
i i + 25H(k)

i hr sH
(k+1)
i ; r sH

(k)
i i ;

� 24H5 + 24H3K � 4H2K � 2H(k+1)[� 12(H(k))4 + 12(H(k))3K(k) � 2(K(k))2H(k)];

� 20H2� sH + 2H� sK + 4H2 H � � 20(H(k))2� sH(k+1) + 2H(k)� sK(k+1) + 4H(k)2 H(k+1):

W R � 
 ` U T � i � � ' 6 1 a ^ xi = ` J , y � (k) � � ' 6 A 	 � k� U J , � � U , y

� (k + 1) � � 	 � (k + 1)� U J . 
 � @ g � k , J 6 � � j (37) 4 	 ` i n ] � [ � x , A

n R M 	 
 � x(k+1)
i A C G � U [ p Q 7 . � s

nihr sH
(k)
i ; r sK

(k+1)
i i �

X

j2N1(i)

nihr sH
(k)
i ; ! r

i j i K
(k+1)
j

�
X

j2N1(i)

hr sH
(k)
i ; ! r

i j i ni nT
j K(k+1)

j

�
1
2

X

j2N1(i)

hr sH
(k)
i ; ! r

i j i ni nT
j

X

l2N1( j)

! 2
jl x

(k+1)
l ;

� � [

nihr sH
(k+1)
i ; r sK

(k)
i i �

X

j2N1(i)

nihr sK
(k)
i ; ! r

i j i H
(k+1)
j

�
X

j2N1(i)

hr sK
(k)
i ; ! r

i j i ni nT
j H(k+1)

j

�
1
2

X

j2N1(i)

hr sK
(k)
i ; ! r

i j i ni nT
j

X

l2N1( j)

! �
jl x

(k+1)
l ;

W R ni B n(x(k)
i ) A c 8 1 x(k)

i = U s c � .

Q b J 6 
 o � b � 	 
 c 8 = � , ' U @ g a ^ � L A D # a ^ , W # a ^ � L A ; #

a ^ , D # a ^ � � � G - P > } y 3 i n � 5 U , ; # a ^ � � b ! c U . 4 # y 8 U � x

11



5 = � , J 6 1 4 	 
 D # a ^ x(k)
i � 4 � 	 
 [ p y 3 :

x(k+1)
i + �

X

j2N3(i)

! i j x
(k+1)
j = x(k)

i ; ! i j 2 R3� 3:

' } E � ^ U v 6  t a ^ , 1 @ v 6  t a ^ R ,  	 g ^ � E A ; # a ^ , $  $ ; # a

^  � U ` � � M y 3 U ! i , A n R M 	 
 M � D # a ^ A C G � U [ p Q 7 .

� A 4 	 
 D # a ^ $ j � U y 3 M } E v 6  t a ^ , $ � $ R 8 U [ p Q 7 � P �

U , J 6 
 � SaadU ` G s [27](GMRES) ` c � Q 7 .

5 � 	

1 @ 	 a � , J 6 \ � � � 8 	 g � e , � $ B d S z c + � ( $ + W & Z _ $ i n �

\ . T 8 J 6 A 9 � y 8 i n } O .

A E Y [37] J 6 G P , - S z c + c 8 � B d S z c + � ( $ U c , � A � E Y J 6 G

P ' E 9 � - S z c + c 8 , J � j " G B d S z c + � ( $ � � , ' ! E n i U 9 � - S z

c + c 8 . 1 9 1 R (a) U � 	 
 g " U ^ 8 , (b) $ 9 � U � g " # } U B d c 8 2  , � B

d c 8 m A � G - $ � 5 U 7 � J c 8 S0, (c) V � U � � 5 U b " , (d) � � L m c ^ 8 A

7 � c 8 � 5 U b " . r � ~ 8 , � G - $ 
 o ! E n i � * ^ 8 , � \ j " ^ 8 n � , � G -

$ � 8 @ N < U , 1 @ 8 E U , @ 	 ^ A (d) E ~ R 8 � .

(a) (b) (c) (d)

9 1: 9 (a) � 	 
 g " U ^ 8 , 9 (b) $ � U � g " # } U B d c 8 2  , 9 (c) V � U � = "

(b) � 5 2 U b " , 9 (d) � I ] A L m c ^ 8 � 5 U b " .

� G - $ 1 c 8 U � 3 Q ] y 8  � ) U f " , @ 	 ^ A 9 2 � � ~ 8 . j " � b 	 k F

 � e U c 8 (a), � 4 	 
 � � b U c 8 S 3 [ Q ] Y � U c 8 (b), (c), 0 r � ~ 8 , � 


& _ $ e E 
 R c 8 1 � e = � G2
� w U , G S z c + � ( $ � 5 R M U b " f " � ) g .

� G - $ 1 N- � d 2  y 8  � ) U f " . � b F d U c 8 , � 4 	 
 d U 2  c 8 , 


W 1 d U � e = w  G2
� w p , 9 3 V � U � @ � 	 
 � e , W R � b U � F  � ( U 	 


c 8 (a). (b), (c)} � A 
 � B d S z c + � ( $ , G B d S z c + � ( $ j (a) � 5 U b " .

A 9 � � ~ 8 , (c) 8 @ \ j \ d , @ � : � G B d S z c + � ( $ E * � � S 3 U c 8 .

9 4 � 8 � 
 � S z c + $ , B d S z c + � ( $ , G B d S z c + � ( $ � 5 _ 8 U b

" , W R _ 8 U 5 P E + � � b � . � " _ 8 � B d S z c + � ( $ U n i c , $ � (b) � n

i _ 8 . G B d S z c + � ( $ 
 R _ 8 8 @ N < , 1 @ 8 E , @ 	 p P 1 9 (c) R M � E . n

S z c + $ $ * � U c 8 1 � e ! 0 � 3 .
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(a) (b) (c)

9 2: 9 (a) A H Q ] U c 8 , 9 (b) A � B d S z c + � ( $ m � 2 U b " , 9 (c) $ � U � G

S z c + � ( $ � 5 2 U c 8 .

(a) (b) (c)

9 3: (a) A F  � ( U 7 � c 8 . (b), (c) } � A 
 � B d S z c + � ( $ , G B d S z c + � (

$ � 5 U b " .

(a) (b) (c)

9 4: (a), (b), (c) } � A 
 � S z c + $ , B d S z c + � ( $ , G B d S z c + � ( $ � 5 U

b " .

6 � �

A � } GreinerE � w & , J 6 R M � 	 
 j U & _ G - P > } y 3 , 0 A G B d S z c

+ � ( $ . � y 3 � � " c x G - • I R U [ s c 8 = � , c 8 Q ] � E f � c 8 • I X � W

H / , \ E * � $ B d S z c + � ( $ 6 � 	 P � U � G2
� 3 U c 8 . $ B d S z c + � (

$ \ � , G B d S z c + � ( $  u � ! 6 U * p . 
 � � : , � 	 � � U �  Z ( } s ` c

G B d S z c + � ( $ � | -  f U .
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