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Abstract

In this paper, a domain decomposition method with lagrange mul-
tipliers based on geometrically non-conforming subdomain partitions
for three dimensional linear elasticity is considered. Because of the
geometrically non-conforming partitions, appropriate multiplier spaces
should be chosen, and a saddle-point system is then built. An aug-
mented technique is introduced, such that the resulting new saddle-
point system can be solved by the existing iterative methods. Two
simple inexact preconditioners are constructed for the saddle-point sys-
tem, one for the displacement variable, and the other for the Schur com-
plement associated with the multiplier variable. It is shown that the
global preconditioned system has a nearly optimal condition number,
which is independent of the large variations of the material parameters
across the local interfaces.

Key words: Domain decompostion, geometrically non-conforming,
Lagrange multiplier, saddle-point system, preconditioners, condition
number.

1 Introduction

In recent years, there has been a fast growing interest in the domain decom-
position methods (DDMs) with lagrange multipliers, which were studied
early in [0], [7], and [22]. This kind of DDM has many advantages over the
traditional DDMs in applications (cf. [I], [5], [2I]). In this paper, we will
develop a domain decomposition method with Lagrange multipliers to solve
compressible elasticity problems in three dimensions. We consider certain
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geometrically non-conforming subdomain partitions with meshes that are
nonmatching across the subdomain interfaces.

The lagrange multiplier DDM has been developed as a non-conforming
discretization method, such that the resulting approximation possesses the
optimal accuracy, see [4], [20], [26]. For this purpose, the jumps of the so-
lutions across the subdomain interfaces would be orthogonal to a certain
lagrange multiplier space, which should be appropriately chosen. This weak
continuity condition leads to a saddle-point system for the displacement vari-
able and the multiplier variable. It is known that the displacement variable
corresponds to a singular problem on each floating subdomain. There exist
many techniques to deal with such singularity, for example, the FETI-type
methods [7, 8, @, 19], regularized method [12] and augmented method [I5].
After handling the singularity, we can eliminate the displacement variable
to build an interface equation, or solve the saddle-point system directly by
some preconditioned iterative methods.

A domain decomposition with lagrange multipliers for solving linear elas-
ticity problems in two dimensions was introduced in [19], in which inexact
solvers were considered. A recent work on mortar discretization with geo-
metrically non-conforming partitions for solving linear elasticity problems
is a FETI-DP algorithm designed in [I§]. To resolve the singularity associ-
ated with the displacement variable, a certain set of primal constraints was
selected in [I8] from the subdomain faces by some rules. After building the
saddle-point system, Schur complement system was first got by eliminating
the interior displacement variables in every subdomain, then an interface
equation of the lagrange multiplier was obtained by eliminating the primal
constraint unknowns. Similar to other FETI-DP algorithms, a Neumann-
Dirichlet preconditioner was constructed for the interface equation.

In the present paper, we study DDM with Lagrange multipliers for solv-
ing three-dimensional linear elasticity problems with jump coefficients. As
in [15] (for Laplace equations), we propose a special augmented method to
handle the singularity of the floating subdomains without introducing any
additional constraints. But, we here introduce a different augmented term
from the one considered in [I5], since the original augmented term seems
inefficient to elasticity problems. Since no interface equation needs to be
built in the method, inexact solvers can be applied to both the primal op-
erator and the Schur complement operator. For our method, we design a
small coarse problem with the degree of freedoms equaling six times the
number of the floating subdomains. We notice that the elasticity operator
is spectrally equivalent to Laplace operator in every subdomain, then any
existing preconditioner for the vector Laplace operator can be used directly
as an inexact solver for the underlying operator. We show that the global
preconditioned system has a nearly optimal condition number, which is in-
dependent of the large variations of the material parameters across the local
interfaces.



The outline of the reminder of the paper is as follows. We introduce a
new augmented saddle-point problem in section 2. In section 3, we construct
two preconditioners for the saddle-point system and give a convergence of
the preconditioned system. The main results of the paper will be shown in
section 4. In section 5, we describe a class of cheap local solvers. Finally,
we report some numerical results in section 6.

2 Linear elasticity and domain decomposition

In this section, we introduce a variational problem arising from the displace-
ment formulation of compressible linear elasticity, and describe a discretiza-
tion based on geometrically non-conforming domain decomposition.

2.1 The model problem

The unknown in the equations of linear elasticity is the displacement of a
linear elastic material under the actions of external and internal forces. We
denote the elastic body by Q C R3, and its boundary by 0€2. We assume that
one part of the boundary I'g, is clamped, i.e. with homogeneous Dirichlet
boundary conditions, and that the rest, I'y := 9Q\I'y, is subject to a surface
force g, i.e. a natural boundary condition. We can also introduce an internal
volume force f, e.g. gravity. The differential formulation is as follows (i=1,
2, 3):

3
00 .
- 'Zl 8?;; (LI) = fl m Qa
]:
u=0 on/Ty, (2.1)

3
Zlgij(u)(ﬁj) =g, onTi.
J:

The subspace Hy, () C H'(Q) is the set of functions having the zero
trace on I'yg. We introduce the vector valued Sobolev spaces [H%O (Q))? and
[H1(9)]3, equipped with the usual product norm as follows:

I o= (u gy + 2,0
with || u H%Q(Q):: Jo lu]? dz and | u |%11(Q)::|| Vu ||%2(Q).

The linear elasticity problem is: to find the displacement u € [H%O ()3
of the elastic body €2, such that

/ Glz) (u) : £(v)da+ / G(2)B(x) diva divvdz = (F,v) Vv € [H ().
Q Q

(2.2)
Here, G(z) = E(x)/(14+v(x)), B(x) = 1/(1—2v(x)) are material parameters
which depend on the Young’s modulus E(x) > 0 and the Poisson ratio
v(z) € (0,1/2]. We assume that v(z) is bounded away from 1/2, excluding



the case of incompressible elasticity problem. Then, we have 3(z) = O(1).
The linearized strain tensor is defined by

1 0u; | Ouy

Eij(ll) = 5(8113] + 8:1)1)’

i,j=1,2,3.

The tensor product and the force term are given by

3 3 3
g(u) 1 e(v) = ”zjl eij(w)ei(v), (F,v):= ;/invidx + ;/1“1 givido.

The associated bilinear form of linear elasticity is
a(u,v) = / G(z)e(u): a(v)dw—i—/ G(z)B(x) divu divvdz, u,v € [H%O(Q)]?’
Q Q

Let A : [HE ()] — [Hf, ()] be the operator defined by
(Au,v) =a(u,v), welHL QP WelHL@QF  (23)

It is obvious that the bilinear form a(-,-) is continuous with respect to
| - [l1,0- The ellipticity of the bilinear form can be established by the
following Korn’s first inequality

LEMMA 2.1 Let Q € R? be a Lipschitz domain. Then, there exists a
positive constant ¢ = c¢(2,Ty), such that

/Q e(u):e(u) > cluff g, Vue [HE Q).

Then, the problem (2.2]) possesses a unique solution u € [H%O ().

2.2 The discrete problem based on domain decomposition

Since we only consider compressible elastic materials, it follows from Lemma
2.1 that the bilinear form af(-,-) is uniformly elliptic. We can therefore
successfully discretize the system (2.2) with low-order, conforming finite
elements.

From the Korn’s inequalities, we notice that the operator A defined in
23] is spectrally equivalent to Laplace operator. The ratio of the two
spectrally equivalent constants depends on the variations of the material
parameters G(z) and G(x). When the parameters G(x) and §(x) have large
variations in the domain 2, the ratio is large, and so we can not use a
preconditioner for Laplace operator to precondition the global operator A.
In that case, we should adopt the geometrically non-conforming subdomain
partitions, such that the ratio of the two spectrally equivalence constants is



not large in each subdomain. Then, we can use a preconditioner for Laplace
operator to precondition the local operator of A in each subdomain.

Let the domain €2 be decomposed into the union of non-overlapping
polyhedral subdomains Q1, -+, Qn. Let dj denote the size of the subdomain

., and set d = 1r<r}€a<XN dj.. The union of the subdomain boundaries is defined
by o

N
T = (| oou)\o0.
k=1
As usual, we assume that each () is a polyhedron, and make a quasi-uniform
and regular triangulation 7, on €, with h; denoting the mesh size. The

grids may not match across the subdomain interfaces. Set h = ) gggN h.

Let V},(£2) denote the linear finite element space associated with 7, . Define

N
Vi(0Q%) = Vi(Q)loo, and Vi(Q) = [T Va(%).
k=1

We denote the interface of two subdomains ; and €2; by Fj;, that can
be only part of a face of €}; and ;. Among the subdomain faces, we select
multiplier faces I'; such that

Uni=JF;, TinTe=0,1#k (2.4)
l i

Here, each I'; is a full face of a subdomain. In order to understand the
definition of the multiplier faces more clearly, we give a figure (Figure 1) to
explain the definition for the case in two dimensions. In Figure 1, the subdo-
main partition is geometrically non-conforming, and the dotted lines denote
the multiplier edges which satisfy the condition (24]), and each multiplier
edge I'; is a full edge of a subdomain.

Since a multiplier face I'; C 9€2; may intersect several subdomain bound-
aries 0f1;, we should use the restriction of some triangulation 73, on I'; to
generate the local multiplier space on I';. For example, in Figure 1, the mul-
tiplier edge I'; C 09 intersects the subdomain boundaries 024 and 0€)s,
then we choose the restriction of the triangulation 73, on I'; to generate the
local multiplier space on I;.

For a multiplier face I';, let §2;, denotes one of the subdomains such that
I'; is a full edge (or face) of ;. We define Wj,(I';) as the vector version of
the mortar multiplier space or the dual multiplier space for elliptic problem
in three dimensions. These “elliptic” multiplier spaces was defined in [4]
and [20] for the case of tetrahedra elements, and was defined, for the case of
hexahedra elements, as the tensor product of two one-dimensional multiplier
spaces introduced in [5] and [26]. As pointed out just before, we require



Figure 1: a geometrically non-conforming subdomain partition in two di-
mensions

that the multiplier space is associated with the triangulation ’27”[. Define
the global multiplier space

Wi(T) = T Wa(@).
r,cT

Let Q; : L*(T;}) — Wj(T';) be the orthogonal projection with respect to
the L%inner product on I';. For v € V(Q), set v|q, = vi. Define

Vi(Q) = {v € Vi(Q) : Qi(Vilr, — vjlr,) =0 for each T; CT}.  (2.5)

Note that we do not require V;,(Q) C [H'(Q)]3.
Define the local bilinear form

Ag(a,v) = A G(z)e(u) : e(v)dx+ A G(x)B(z) diva divvdz, u,v € [H* ()3

The discrete problem of (2.2) is the following: find uy, € V() such that

N

ZAk(uhk,vhk) = (F,Vh), Vvy, € f/h(Q) (2.6)
k=1

As in the case of elliptic problems, we can verify the existence and the
uniqueness of the solution of (2.6), and can derive the optimal energy error
estimate of the approximate solution (refer to [10]).

2.3 Augmented saddle-point systems
At first, we transform (2.6]) into a standard saddle-point problem.



Let Ay : V(%) — V() be the local operator defined by
(Apunk, Vir)a, = Ax(Unk, Vik), Unk € Vi(Qk), Yvik € Va(Qp).

We define the operator By : Vi, () — Wy (I') as follows:

u , Iy C 0Qy,
(&MMn={m@(Mm3 ﬂ¢aﬁ.

where o; is the sign function, o; = 1 for the multiplier face, and o; = —1 for
the other faces.
Define the operators A : V;,(Q) — V3,(Q) and B : V3 (2) — Wp,(T") by

Al ) = Ak
and
N
Bvy = ZBkvhk, vi, € Vi(€2),
k=1
respectively.

Let (-, -) denote the L2-inner product on T, and let B! : Wj,(T') — V},(£2)
denote the adjoint of B, which satisfies

(B'tn, Vi) = {pns Bvi)  Vpn € Wi(I), vi € Vi(9).
It is easy to see that the space V() can be written as
Vh(Q) = {vp € V() : Bvy, = 0}.

Then (2.6]) is equivalent to the following saddle-point problem: find (up, Ap) €
Vi(©2) x Wp(T') such that

t —
{ Auy, + B\, = F, (27)

Buh =0.

Here, the unknown A is called the lagrange multiplier for the constraint
Buy = 0.

Although the operator A is defined locally, the system (Z2.7]) cannot be
solved in the standard way. The main difficulty is that each local operator
Ay, corresponding to some interior subdomain 2 is singular on V,(€y), so
the global operator A is also singular on V}(€2). To resolve the singularity,
we introduce an augmented method, which has been discussed in [I5] for
the case of elliptic problems, but the situation here is quite different.

Let r be a positive number. The classical augmented multiplier frame-
work can be written as

{ (A + rBtB)uh =+ Bt)\h = F,

S (2.8)



which has the same solution with (2.7). The material parameters G(z) and
B(x) may have large jumps across the interface I'. To avoid the influence of
the jumps, we consider another augmented Lagrange multiplier formulation

instead of (2.8).

Without loss of generality, we assume that
G(z) = Gi (const.) and [(z) = Bk (const.), Va € Q.
For each multiplier face I';, set

a;= min Gy.
8QkﬂFﬁé®

We define the operator By, : V() — Wi(T') by

1
Biu = Ulal2Ql(uhk|Fl), Iy C 0%,
(i { 0, TI,¢ 0.

and the operator B : V,(Q) — W (T')

N

th = ZBkvhka Vi € Vh(Q>
k=1

It is easy to see that Bvy, = 0 if and only if Bvy, = 0. Thus, the system
[27) has the same solution with the weighted saddle-point problem

{ (A + T‘BtB)uh —+ Bt)\h = F,

Buh =0. (29)

Notice that the operator A 4+ rB!'B is also symmetric and positive definite
on V(). For the case of elliptic problems, we can simply choose r = d~!
(see [15]). However, this choice will not give the desired equivalence results
for the elasticity problems.

Let M : Wp,(I') — Wy, (I') be a symmetric and positive definite operator,
which will be defined exactly in the following section. We introduce a new
saddle-point problem (compare [17])

(2.10)

(A+B'M~'B)uy, + B!\, =F,
Buh =0.

Define A* = A+ B!M~!'B. Since the operator A* is not yet block diagonal,
it is not practical to eliminate directly the variable uy, in (2I0). Fortunately,
many iterative methods have been developed for solving saddle-point prob-
lems such as (Z.I0]), for example, the inexact Uzawa-type methods (see [3]),
the preconditioned PCG method based on a positive definite reformulation
(see [2]). The efficiency of these iterative methods strongly depend on two
preconditioners A and S which are spectrally equivalent to A* and to Schur
complement S = BA™1B?, respectively.



3 The construction of the preconditioners

This section is devoted to the construction of the preconditioners A and S.
For convenience, following [27], the symbols <, 2 and = will be used

in the rest of this paper. =1 < y1, 22 2 y2 and w3 = y3 mean that z; <
Ciy1, T2 > coyo and csrs < y3 < Coxsg for some constants C1, co, cg and Cj
that are independent of d, h and possible large jumps of the coefficients G
and 3 across the interface I.

3.1 A preconditioner for A*
Define the local solver Ay, : Vi (Qx) — Vi(Q%) by

(Akva W)Qk = Gk[(vva VW)Qk + d];2(v7 W)Qk]7

VvV € Vh(Qk), Yw € Vh(Qk) (3'1)

In some applications, we would like to consider an inexact solver for Aj. Let
Aj be a symmetric and positive definite operator on V} (), such that

(Apvir Vik) 2, < (Arvik, Vi) o, < Tk (ArVik, Vik) o, (3.2)

for any vy, € Vi (Q). Define A : V,(Q) — V4 (Q) by A|Vh(Qk) = Ay, for each
k, and set S = BA™'B!. For each multiplier face I';, let I; : Wj(I') —
Wh(I';) denote the natural restriction operator, and let Ilt : Wi(Ty) —

W, (T') denote the zero extension operator, which is just the adjoint of I;.
For ¢ € Wy (), set ¢; = ¢|r, = Lip. Define M : Wj,(I') — W,(T") such that

(Mo, ) = > (STow, Iipr), ¢ € Wia(T), Voo € Wi(T).
Iy

To handle the nonlocal operator BM~'B in A*, we need to introduce
a coarse solver. Set V) = ker(A), and define Wy = B(V)). Note that
V0 is spanned by the rigid body motions, i.e., three translations and three
rotations in each subdomain. The natural choice of the coarse solver is the
restriction of A* on Vj. Define the coarse solver Ag by

(AQV(),V()) = (A*Vo,VO) = <M71§V0,BV0>, Vvy € V. (33)

THEOREM 3.1 Let Qo : Vi(Q) — Vi denote the L? orthogonal projec-
tor. Define A=t = A=1 + AalQo. Then
cond(A71A*) < 4. (3.4)

where 4 = max .
Y 1§k§N%

REMARK 3.1 The inezact solver Ay, can be chosen as any preconditioner
for Laplace-type operator Ai. The implementation of such inexact local
solver is much cheaper than that of the exact local solver corresponding to

A



3.2 A preconditioner for Schur complement

Define S = B(A*)"'B* and S = BA~'B". In the following, we construct a
preconditioner for Schur complement S or S.

We first define a discrete dual norm || - ||—.p, on a multiplier face I',
and give some assumptions.

For a multiplier face I';, let §2;, be the subdomain satisfying I'; C 02, (see
Subsection 2.2), and let ;, denote any other subdomain with its boundary
intersecting I';. Throughout this paper, we define V;(I';) = V},(9€%;,)|r,, and
Vi(Iy) = V(09y,)|r,. As before, we assume that the local multiplier space
Wh(Iy) is associated with the local trace space V;(I';). Then, the space
W;,(T;) has the same dimension with V.°(T;), where V2(I';) = V;(T))NHE (T)).

Let || - ”1/2,1“? denotes the norm on the space H%Q(Fl) (namely, the norm
|| - HHl/z(Fl) defined in [27]). Define the discrete dual norm || - ||, by
00
Uh> V)T
| pen ||—*,Fl: sup g, wun € Wi (T).

vREVI(T)) ” Vi ”%,F?

For a multiplier face I';, let A; be a symmetric and positive definite
operator defined on Wy(T';). We assume that A; has the following spectrally
equivalence with the norm || - ||_.p,

<Al¢l7 (bl)Fl i al_l H (bl HQ—*I‘” v¢l S Wh(rl) (35)

Now we define the preconditioner S by

S ZI;Al_lfl.

Iy

In section 5, we will derive the concrete form of the local solvers A; .
For ease of notation, set @(%) = 11r<1aka<XN[1 + log(dy /h.)]%.

THEOREM 3.2 For the preconditioner S, we have

cond(S718) < C’?@(%) (3.6)
and p
cond(S718) < C@(ﬁ), (3.7)

where the constant C' in [B.0) and [B.1) is independent of the large variations
of the coefficients across the local interfaces I'y.

4 Analysis

This section is devoted to prove the results given in the last section.

10



4.1 On Theorem 3.1

To prove Theorem 3.1, we need several Lemmas.

We will use repeatedly weighted norms on subdomains . For ease of
notation, let Q C Q denote a generic subdomain with the “size” d. Define
the weighted norm

IVl o= (VI g +d 2V g2, v e [HY (D)

The following result can be derived by Korn’s second inequality (cf., [23])
and the standard scaling argument.

LEMMA 4.1 There exists a positive constant ¢ such that
5—2 1/A\13
/Qe(U)iﬁ(U)er lulfg=cllully YaelH(QP.
We can now derive a Korn’s inequality on the space

{fue[H' Q)] :u L ker(e)}.

The null space ker(¢) is the space of rigid body motions. In three dimensions,
the corresponding space is spanned by three translations

1 0 0
r = 0 , To 1= 1 , '3 1= 0 y

0 0 1

and three rotations
0 —x3 )
ry:= T3 , I's 1= 0 , rg:= | —x1
—X9 I 0
Define norms
VI, 0 = le()lg g +d- VG g velH (P

and
IVl 0= (v +d221 [ wtvast ve @

The following result can be found in [19] and Necas [24]

LEMMA 4.2 There exist constants 0 < ¢ < C' < oo, such that

clullg o<llullg o< Clulg o Yue H(QP

11



We obviously have
le(u) llgo<ll Vullyg, Yue [HY(Q)F. (4.1)
Using (41]), Lemma 1] and Lemma [£.2] we obtain
LEMMA 4.3 There exist constants 0 < ¢ < C' < 00, such that
¢ | Vu llg o<l ) lya< C | Vu g Vu € [HYQ)P,u L ker(e).
LEMMA 4.4 The following inequality holds:
(BPM ™' Bvy,,vi) < (Avp,vp), Vv, € Vi(Q). (4.2)
Proof. 1t is clear that

(BtM_lgvh, vp) = (

It suffices to estimate HA_%BtM*IthHQ,Q. In fact, we have

1BVh7 A%Vh)

A~
A _ A1
A~ 1BVhH0,Q . HAEVhH(LQ. (43)

1 —
2BtM
1 —
2B'M

IN

IA"2B'M ' Bvy|2q = (BA™'BY(M™'Bvy), M~ Bvy)
= (SA’<M_1BVh),M_1BVh). (44)

Set ¢ = M~'Bvy. Then, ¢ = I'¢y with ¢, = ¢|r,. Therefore,
Iy

(S(M~'Bvy), M~'Bv,) = ZI,@ Zwl <Z (STt ey, It gy).

By the definition of M, we further deduce
(S(M~'Bvy,), M~ 'Bvy,) < (Mg, ¢) = (BtM~*Bvy, vp,).
Plugging this in (4.4]) leads to
|A=2B' M By} o < (BIM ™ By, vi).
Combining the above inequality with (£3)) yields

(B*M~'Bvy,vi)? < || A2vy,

0,825

which gives (4.2]).

Proof of Theorem[31l The inequality ([3.4)) can be derived by

o I(Vh,A Vh) ((A +A 1Q0)A V/MA Vh) (Vh7A*Vh>7 vy € Vh(Q)

12



Consider the space decomposition V;,(Q) = Vg + V, with Vy = ker(A) and
V C Viu(Q). By the abstract Schwarz theory, we need only to prove that
(a) for any ¢g € Vp and ¢ € V, we have

~

(A"(po + @), 00 + @) S (Aoo, po) + (AP, §); (4.5)

(b) for any v; € V4(Q), there is a decomposition v, = vo + v with
vo € Vp and v € V such that

(Aovo, vo) + (AV,¥) S A(A*vi, vi). (4.6)
We first consider (a). By the triangle inequality and (3.3)), we deduce

(A*(po+ @), 0+ ®) < 2[(A*¢o,¢0) + (A*®, @]
S (Aowo, o) + (Ap, @
_l’_

(B'M~'Bg, p).

(4.7)

From the definitions of A and Ay, we have
(45.9) = [ G e@): e(@)in+ [ Glad(aldiv oo
Q
N N
S D Grlelia, S (Ak(@loy), @lay)ay
= k=1

Here, we have used the assumption §; = O(1). Then, it follows by (B.2])
that

N
(A2, 2) £ (Ar(@la,), Play)a, = (A, @).
k=1

Substituting this inequality into (A7) and using (£.2)) yield (4.3).

Now, we consider (b). For vy, € V},(Q2), define v € V} as follows: for the
interior subdomains €y, define vo|q, € ker(Ag) by (vi — vo,Ti), =0 (i =
1,2,---,6); otherwise, vo|q, = 0. In other words, vq is just the L? projection
of v, into the null space V. Moreover, we define v = v}, — vg. Then, we
have v Lker(e) and vj, = vo + v. At first, we prove

(Av, V) < A(A*vp,vp), V=V, — Vo (4.8)

For convenience, set V|, = Vi and vp|q, = vi. Then, we get by (3.2) and
Lemma [A.1] (or Lemma [4.3))

(Av,v) = SN (Aevi, Vi)o, < Son (Arvi, Vi,

g oy (4.9)
= Yo wGle@)l3 o, + di*1Vkl2q,)-

13



For the interior subdomains i, we have by Lemma and the definition
of vy

6
leol3 o, + a2 IVklE 0, S le@lda, +di? Zl("fk,ri)%,gk
1=
le(vi = vola )15 .q,
6
+ d 2 Y (vie — Vol TR,

i=1
= [le(vi) [0, < (Arvi, vi)-

(4.10)

For the subdomains 2 closing 02, we have v = v = 0 on 02 N OS). By
Friedrich’s inequality and Lemma 2.1, we deduce

le@rlIE 0, + di*19k[13 0, levi)llg.0, + i Vel a,

_ 411
< e, < Aviove).
Substituting (£I0) and (ZIT]) into (9], yields ).
On the other hand, we have
(Aovo,vo) = (A"vo,vo) = (A" (vhp— V), v}, — V) (4.12)
< 2[(A*vp,vp) + (A*V '

“<:|

It follows from (4.2]) and (L8] that

Substituting the above inequality into (£12]) yields

(Aovo, vo) S A(A™vh, va).
This, together with (4.8]), gives (4.0).

4.2 On Theorem 3.2

In this subsection we prove Theorem The proof is similar with that of
Theorem 3.2 in [I5]. But, for reader’s convenience, we still give the outline
of the proof. We consider only the inequality (3.6]), since the inequality
(B0) can be proved in the same way. To prove (B.6]), we need some auxiliary
results.

Consider the natural space decomposition Wp,(I') = > _p, I IWh(T;). The
following result can be derived by Theorem 2.1 of [13]. This result can be
regarded as a variant of the abstract Schwarz theory.

LEMMA 4.5 Assume that the following conditions are satisfied:
(1) for each pp, € Wi (I'), we have

D ML, Ty S CrAv(Spn, an); (4.13)
ry
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(i1) for any ¢ € Wi (I';), we have

(S o, Y1t £ () S honor,. (4.14)
T, T,

ry

Then the inequality (3.0) holds with C < C1Cs.

The above Lemma gives a convenient way to estimate the condition
number of the preconditioned Schur complement. To estimate the constants
C1 and Cy in Lemma .5 we need to study carefully a discrete dual norm
on the local boundary 0Qx(k =1,...,N).

Define
Wi (09%) = {¢nloa, : én € Wi(D)}.
Let || - | =« 00, be the discrete dual norm defined by
Y
[enll - o0, =  sup M, pn € Wi(09)
vaeva(02) IVall1 a0,
with

_ 1
Vil s o, = (V813 g, + i IVl 00, )

For ease of notation, we define £y, € Wy, (I') for pp, € W, (I') as follows:

(£pn)|r, = or(pnlr,),  for each Ty C T

Let Ay be the local solver defined in (B.2). Define the operator Ry, : Wj(I') —
Vi(Q%) by Ry = A,;lB,tg. The following result can be derived as in Lemma
4.3 of [15]

LEMMA 4.6 For any index k, we have

Gy £ mnl? s o0, S (AxRipn, Repn)o, S Gyl £l w00,  Yin € Wi(T).
(4.15)

In the following we give several extension results of the discrete dual
norm || - [|_4 a0, , which will be used when estimating the constant Cs. For a
multiplier face I';, we always use {);, to denote the subdomain which contains
I'; as a full face, and use V;(I';) to denote the trace space defining W3 (I';)
(see Subsection 3.2 for the details).

It is known that the local multiplier space W},(I';) satisfies the inverse
estimate and the approximation property (i.e., H; and Hs in [15]). By these,
we can prove the following two results as in [15].

LEMMA 4.7 For each I'y CT', we have

, vV
sup {1, Va)ry S 1+ log(diy /hi) ||l —«x)s Vi € Wi(T1).  (4.16)
vreVi(T)) HVhH%,Fl
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LEMMA 4.8 For each I'y CT', we have
1Tl - 00, S 1L+ log(di /hi)llpull—«r,, Y € Wa(T0).

Here, Q; is any subdomain (including §;,) that intersects I';.

(4.17)

The following lemma is a direct consequence of the following relations:

LV (1)) € Va(99)) and I} (V}(I1)) € V(9%)).
LEMMA 4.9 For each face I'; C T' we have
H:U’hH—*Iz § H + MhH**yaQiﬂ v:uh € Wh(r)

and

(1t Vi)

I
sup S pall o0, Yen € W(T).

vnevory Vel ro

For ease of notation, define Sy = BA;'QoB".
LEMMA 4.10 For pp € Wi (1), define py = Lijjup, € Wi(Ty). Then

d
(Sopn: in) S 2(3) > (A, ),
V]

Proof. Define ug = Ao_lQoBt,uh(E Vo). Then

(Sopn, ) = (Bug, pn) = (Qo B’ un, uo)
(Aouo,u()) (BtM 1Bu0,u0)

From the definitions of B and B, we know that

_ 1
(Bug)|r, = af (Buo)|r,

using the relation above and Lemma [£7, we have
(M~'Bug, Bug) = {(up, Bug) = Zal {ttn, Bug)o,r,

< sup [, vi)ry |

T, vREV; Fl ||Vh” 1 Fl

ES — 1 B 3
5 @2(5)(Zal luuluz—*,ﬂ)2 ’ (Z |’Bu0‘|2%7rl)2
I, T

al_§|’Bu0||%,Fl

(4.18)

(4.19)

(4.20)

(4.21)

By the definitions of M, the restriction M|y, () is spectrally equivalent
to the vector version of S;; in [11] (with I';; = I'). Then, as in Theorem 3.1

of [I1], we can verify that

(M~ on,én) Z Y llonld . Yon € Wa(D).
Iy
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Then, we have
> |l Bug Hé,plf (M~'Bug, Buy).
ry

Thus, we get by (3.5

1= _ d _
(M~'Bug, Buy) < @(E)Zal Yl s,
ry

A

@(%) Z(Az% 1)1, -

Iy

Proof of Theorem[3.2. By Lemmald.5l we need only to estimate the constants

Ci and Cy in (AI3) and ([EI4).

It is easy to see that

N N .
(Spnypn) = S ABRA Bl i, pn)osy, + (BAy QoBt pn, pn)

e
Il
—

(A 1B pn, B pin)ay, + (Softh, fin) (4.22)

Il
wMZ

=1

= (AgRppon, Ripen)ay, + (Sopth, pn)-
1

e
Il

We first estimate the constant Cj.
By (31), Lemma [£.9 and Lemma [.6] we have

(ML, Tyndr, S o Dl ur, S ol + Iluhyﬁ*m”
S o G (Ay Riypin, R pn) e, -

Summing over I'; to the above inequality and using (£22]) yield (4.I3]) with
Cl 5 n}ax(Gil /Oél).
l

We next estimate the constant Cy. For ease of notation, define ¢ =
>or, I{¢1. Then, from (@22)), we have

SO 1), Y Iien) = (S¢,0)
Yy (4.23)
~ El(AkRm, Rid)a, + (Sog, ).

It follows by Lemma [£4.6] that

(ApRié, Bed)a, < Gl £ )12 o0,

S G YD L@ 0,
I CoQy
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Substituting the above inequality into (£.23) and noting that ¢|r, = ¢; yield

sz me (So%, 6
+ Z Z Gl 00,

k=1T,CO0N

We notice that G;l < ozl_l for I'y € 0. Then, the above inequality,
together with Lemma 8] leads to

thm ZIZ &) < (Soo, 8) + (5 Za;lu@n ore (4.24)
Furthermore, Lemma .10l and (8) yield (4I4) with Cy < 1.

5 Implementations

In this section, we describe matrix form of the preconditioner A, and give a
definition of the local interface operator A;.

5.1 On the preconditioner A

The preconditioner A defined in section 3 has the form A~! = A1 +Ay 1Qo.
In the following, we will discuss the implementation of A~

We first explain the matrix form of the operator A='. From (32), the
local operator flk can be chosen as a preconditioner of Laplace-type operator
Ay, defined by ([BI)). Let Ay be the matrix form of Ay, i.e., a preconditioner
for the stiffness matrix of Aj. Then, the matrix form Aof Ais block-diagonal

.,Zl = diag(fh AQ s AN)

The action of A can be implemented in parallel.

Let A*, Ay, Bt, B, M, S denote the matrix forms of the operators A*, Ay, B
B, M and S, respectively. By the definition, the coarse solver A is just
the natural restriction of A* on the null space Vy. Let C! : V,(Q) — W
be the transformation matrix, which has non-zero elements only in floating
subdomains, and C denotes its adjoint matrix. Then, the matrix Ay can be
written as

Ag = CtA*C = C'BM™IBIC.

By the definition of M, M is the block-diagonal matrix

M = diag(My My--- Mp),

18
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where L denotes the number of the multipliier face§ I';, and M, is a precon-
ditioner for the I-th diagonal block of S = B! A~'B. Then,

M = diag(M7t MG MY,

A simple choice of /\/ll_1 is to define Ml_l as the matrix expression of Al_1
(see the next subsection).

It is clear that the transformation matrix C is a block-diagonal matrix.
Besides, the matrix B possesses a block and sparse structure. Then, coarse
solver Ag, which is only related to the floating subdomains, is a low order and
sparse matrix. The action of A, ! can be implemented in a cheap manner.

5.2 On the preconditioner of Schur complement

It is clear that the preconditioner S is determined by the local solvers
A; (I'y € T'), which should satisfy the assumption [B.5]). To define A;, we
need an auxiliary result.

Let K; : Wy(T;) — V(') denotes the L? projection on V/(I';) and
K! 2 VO(Ty) — Wi(I}) denotes its adjoint operator with respect to the
L?(I';) inner product. The following result can be proved as in [15]

THEOREM 5.1 Let A; : XA/iO(Fl) — VO(T)) be a symmetric and positive
definite operator satisfying (Ar-,)r, = | - |1 ro- Define Ay = KA K, then
2071

the operator satisfies (A, -)1,)"? = - ||—xr,-

Since the space Wj,(I';) has the same dimension with V2(T'}), and satisfies
inf — sup condition, the operator K; is non-singular. Then,

A= KUVA (KD

The operator A; can be defined by the discrete H 2-norm on VO(T)) (refer
to [15]). The matrix form of A;' can be built just as the second author did
in Subsection 5.3 of [I5] (the only difference is that a vector field is involved
here). Since the matrix of K is sparse, the implementation of action of Al_1
is cheap.

6 Numerical experiments

In this section, we use DDM developed in this paper to solve the compressible
linear elasticity problem (2.2). Here, the domain 2 is the unit cube: Q =
[0,1]3, the Poisson ratio v = 0.3, and the elasticity module E = 200.

Let Q be decomposed into N cubes, which are numbered as 21,29, -+, Qn.
We use the uniform triangulation 7, and the standard @) finite elements
for each subdomain . For convenience, we assume that dy/hj are same
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Figure 2: the geometrically non-conforming subdomain partition with 4 /
5,4,3,4 in three dimensions

di/hi | 4 /54,34 (N=66) | 5 / 6,5,4,5,5(N=127) | 6 / 7,6,5,6,5,7(N=220)
1 38 37 37
6 40 40 A1
8 42 42 43

Table 1: Iteration counts for geometrically non-conforming partitions

for every k. In our numerical experiments, the partition 4 / 5,4,3,4 means
that the domain 2 is well-distributed into 4 parts along Z-axe, and is well-
distributed into 5, 4, 3, 4 parts along the X-axe and Y-axe (see Figure 2).
The other partitions have the similar meanings.

As demonstrated in section 2, our method results in the augmented
saddle-point system (2I0). The corresponding algebraic system will be
solved by the Uzawa-type method described by Algorithm 3.1 in [16]. In
the inner iteration of this method, we use the inexact local solvers /lk and
the coarse solver Ag described in section 5.1; in the outer iteration, we use
the inexact solvers introduced in subsection 5.2.

The initial guess is chosen as the zero vector, and the termination crite-
rion € is defined to be the relative residual norm. The iteration terminates
when ¢ < 1.0e — 5.

The numerical results in table[lindicate that the iteration counts depend
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slightly on the ratio d/h and are almost independent of N or h itself. The
numerical results demonstrate the efficiency of our method.

7 Conclusions

In this paper, we have proposed a DDM with Lagrange multipliers based
on geometrically non-conforming subdomain partitions to solve the com-
pressible linear elasticity problem in three dimensions. In this method, we
have defined a new augmented system to handle the singularity on float-
ing subdomains. Then, we have constructed two efficient preconditioners
for the saddle-point system. Both the theoretical results and the numerical
experiments show that our method is efficient.
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