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Abstract. We carry out spectral analysis of one class of integral op-
erators associated with fractional order differential equations that arise in
mechanics. We establish a connection between the eigenvalues of these op-
erators and the zeros of Mittag-Leffler type functions. We give sufficient
conditions for complete nonselfadjointness and completeness of systems of
the eigenvalues. We prove the existence and uniqueness of the solutions for
several kinds of two-point boundary value problems of fractional differen-
tial equations with Caputo’s derivatives or Riemann-Liouville Derivatives,
and design the single shooting methods to solve them numerically.

Chapter 1. Regional problems for differential equations of
fractional order

1. The basic concepts

The spectral analysis of operators of the form

T 1

A[;“B]u(:c)ZCQ/(HC—t)é dt+cﬁv/$%f L= )7 u(t)dt

0 0



was carried out in [1] (similar operators were considered by G.M. Gubreev
in [2]). Here «, 5, 7, ¢a, ¢34 are real numbers, and «, [, v are positive.
These operators arise in the study of boundary value problems for differen-
tial equations of fractional order (see 3] and references therein, where the
corresponding Green functions are constructed).

The present paper is devoted to studying the boundary value problems
for differential equations of fractional order and the accompanying integral
operators of the form ALYO‘;Q].

In order to state the problems in concern, we must mention some con-
cepts in fractional calculus.

Let f(z) € L1(0,1). Then, the function

4 e L [ e
@) = / (e —1)° f(D)dt € Ly(0,1)

is called the fractional integral of order a > 0 with starting point = = 0,
and the function
1
@)= s [ e e Loy
d1—2)""" " T(a) e

x

is called the fractional integral of order a@ > 0 with ending point = 1
(refer to [6]). Here I'() is Euler’s Gamma-function. It is clear that when
a = 0, we identify both of the fractional integrals with the function f(z).
As we know (see [6]), the function g(z) € L1(0,1) is called the fractional
derivative of the function f(z) € L1(0,1) of order a > 0 with starting point
x =0, if

d*OL
f(‘r) - dl‘iag(x)'
Then denoting
dOt
9(z) = - f(2),
we shall mean in the future, by
A
dze’

the fractional integral when a < 0 and, the fractional derivative when
a > 0. The fractional derivative
dOt
d(l —x)«



of the function f(z) € L1(0,1) of order a > 0, with ending point = 1 is
defined in a similar way.

Let {vx}§ be any set of real numbers, satisfying the condition 0 < v; <
1, (0 < j < n). We denote

k k
o= -1 m=ok+1=> 7, (0<k<n),
Jj=0 j=0
and assume that
1 n
—:Z’yj—lzan:,un—1>0.
=

Following M.M. Dzhrbashchjan (see [6]), we consider the integro-differential
operators

d—(1=0)
(00) =
DY) f(z) = dr—(1—70) (z),
d—=m) g
DU f(z) = (x),

do—1=1) dzo

d—(=72) gm g
(o2) =
D7) f(z) = dr—(1—72) dam dCCWf(I),

d_(l_'Yn) d'Ynfl d'YO
o g e @)-
Here we note that if g =1 =--+ =, = 1, then obviously

D) f(z)

D f(a)=f®(x), (k=0,1,2,-,n).
The regional problems for the following equations are our object:
Dy — N4 q(z)]u=0, 0<o, <o, (1)
v+ Dy u+q@z)u=Iu, 0<a<l. (2)
We shall consider various variants of equation (1). For
Yo=mn=Ln=13="=m1=0,
equation (1) is transformed into

z 1"

r(1_%)0/(x_t)%df (A + gq(@)]u(z) =0, (3)




which is called the fractional oscillating equation [5], and the operator D(2)
is called the operator of fractional differentiation in Caputo sense [5]. For

Y=Lr=y3="=7%-1=0m=1

equation (1) is transformed into

1 d | u'(t) -
T(1—7)ds o/ (x —t)m dt — [A + q(z)] u(x) = 0. (4)

Equation (4) has been investigated as the modeling equation of fractional
order 1 < o < 2 (see [3] and references therein). Further, if v = 72 =
-+« =y, = 1, then equation (1) will be written as

o 1 ar—t d(t)
D()u_Fu_ﬁﬂdyhl/kw_ﬂ%ﬂ—{A+q@ﬂu@)_0 (1)
0

Point-to-point regional problem of Dirichlet u(0) = 0, (1) = 0 for the
fractional oscillatory equation was studied by one of the authors of this
paper in [5]. There for the first time, Green’s function for this kind of
problems was constructed. In particular it was proved that at ¢(z) = 0,
the problem is equivalent to the equation

— A zx_ 1=z, _ 1.%'1_72 — 2y
U@_FO—W)J( = (1) dt ! (1= )= u(t)dt

The same problem for the modeling fractional differential equation of order
1 < 0 < 2 is equivalent to (see [3])

x 1
|/ /
u(r) = ——— x—t) " u(t)dt — | x(1 —t) u(t)dt
@) = g | @ e (1= ) u(t)
0 0
The operator A, reversible to the operator B, induced by differential ex-

pression (1’) and natural regional conditions
’LL(O) = 03 D(Ul)u|x:0 = Oa e 7D(Un72)u|x:0 = Oa U(l) =0

looks like (see [3] and [6])

1 [ 1 9 / 1 9 . 1_9q
Au-m O/(x—t)ﬁ u(t)dt—b/x (1—t)» u(t)dt



Thus we shall note that if 79 =1 = --- = v, = 1, then operator B will
look like

5 u™,
0= {0 = 0.0) =0 10 —0.u) <0,

and Green’s function H(z, s) of the corresponding reverse operator will be
rewritten as

(1 _ S)n 117" 1 (.I _ S)nfl < <s<
H(I,S): (1—8)” 1,(T -1 )
(n—1)!

It was also stated in [3] that

x

1
Auz/(:v—t /xl—t
0

0
In a certain sense, the disturbance of the operator can be expressed as

x 1

— 1 1+s 1+s
Acu = T2+e) /(x /:17 u(t)dt

0 0

It has been proved that eigenvalues of the operator A, are simple.

In [3] the expression for disturbance of the operator A has not been given
explicitly. In the present work, the corresponding formula is obtained and
it seems to the authors that this work pushes to include the theory of the
differential equations of fractional order in the general frame of the theory
of disturbance.

2. Ezxpression and properties of Green’s function

Let’s consider the operator

T 1

Au = /x—t /x%* (11—t tu®)dt]|, 0< p<1/2
4 F(pfl) 0( J () P /

in Ly(0,1). It is known in [1] that the number X is an eigenvalue of the
operator A, only if )\0_1 is a zero point of the function F, (/\;p’l) and
the corresponding functions look like ¢f (z) = x%_lEp (Mat/e;p=1). Let
A, be the n-th eigenvalue of the operator A,, U, be a limited area with
straightened border dU, such that \? € U, and [0(A,)\2] N U, = 0.



Let )
Py (Ap) = T omi Rx(Ap)dA.
du,
The project of Riss for operator A, corresponds to eigennumber A% .

Theorem 2.1. The projector Py» continuously depends on the param-
eter p.

Proof. The operators A, are the sums of special one-dimensional oper-
ators and fractional-integration operators. It is known that the fractional-
integration operators form in Lp(0,1) (P > 1) is, a half-group, contin-
uous in uniform topology for all @ > 0 and strongly continuous for all
a = 0. Since A, is continuous in uniform (operational) topology (i.e.,
I| Ap — Apy [|= 0 for p — po), || Pxg — Pyeo [|— 0, when p — po. This
proves the theorem.

Corollary 2.1. Let 0 < p < %, then

dimPys (A,)L2(0,1) = 1.

Proof. Since
1. A A —_— O
plrﬂo Il Ap po |I=0,

for p and pg close enough,
I P (Ap) = Pypo(Apo) [[< 1.

Therefore according to Theorem 2.1, it follows that the spaces Pys (A,)L2(0, 1)
and Py,0(A,)L2(0, 1) have the same dimension. Since dimP,./2 (A1/2)L2(0,1) =
1, the function dimPye (A,)L2(0,1) = 1 for all p € (0,1). It follows from
Corollary 2.1 that the eigennumbers of the operator A, are simple, so are
all the zero points of the function E,(\;p~'). By the way, for the case
1/2 < p < 2 this result was already stated in [3].
3. The basic oscillatory properties of operator A, (0 < p<1/2)
Theorem 3.1. We have an expression

Au=A+eA; +e?Ag+ - +c"Ap+--, >0 (1)

where
xT

1
Au= [ (x — t)u(t)dt — [ (1 — t)u(t)dt,
[

x

1
1
Apu=— (x —t)In"(z —t)dt — | (1 —t)In"(x — xt)dt
/ 0/

T on!
0



are operators with special kernels.
Proof: Let’s rewrite the operator as

A.u= M.u+ N.u

where .
Mou = /Ks(x,t)u(t)dt, (2)
0
(-t t<a
K ={ 72 )
and

1
N. = [ K.(z;t)u(t)dt,
/

N lers(l_t)lJrs, t# 1
Ke(z,t) = (4)
0,t=1
Considering the disturbance of the operator A., we write

(A—A)u= (M — M.)u— (N — N.)u.

First, we deal with (M — M_)u. Clearly,

n!

B { (x —1t) [Eln(glc!*t) _|_521n2(2””!*t) R +5nM R

0, t>x,

()

we have
1
(M - Ms)u = E/Kl(a:, t)u(t)dt 4.4
0

K, (x,t)yu(t)dt + - --

o _

,t<x



where

(z—t) In" (z—1) t<x
Kp(z,t) = B ’
0, t>ux.
Thus
1 1 1
M.ou = /K(:v,t)u(t)dt—s/Kl(x,t)u(t)dt—---—5"/Kn(:v,t)u(t)dt—---
0 0 0
Similarly,

1

1 1
Neu = O/K(x,t)u(t)dt—s/Kl(a:,t)u(t)dt—-u—ano/Kn(:zr,t)u(t)dt—l—-u

0

where a 1" ( )
(1 —t)In"(z — at
Rl t) = nl  e<1

0, t=1.

this proves Theorem 3.1.
Theorem 3.2. All eigenvalues A\, (g) of operator A. are real.
Proof. As

A(e) =mn? + e+ 41, (6)
on(€) = sinnz +ep; + o + - - -, (7)
where .
An = Z(Akgan,k,sin nx), (8)
k=1
on=RY (M~ Ar)on—r. 9)
k=1

Here R-resulted resolvent of operator, corresponding to eigenvalue 7n?2.

This resolvent is integral operator with kernel

1
S(x,y) = —%cosnysinmc—i— sinnycosnx—f—ﬁsinnysinnx ,y<zx

(if y > x in a zero part of this middle it is necessary to change places y and
Clearly, that R transforms unequivocally Hy(Hy is orthogonal addition
of function sin7nx) in itself and cancels sin Tna.



From (8) follows that
A1 = (A; sinna, sinx),

as kernel of operator A; have a real value, then sin A\; = 0. From (9) it
follows that
©1 = R(nk* — A;)sinnz

and the kernels of operators R and A; have real values, then Imy; = 0.
So, it’s consistently possible to establish that all \; are real. And € is real,
then Au(e) is real too.

Theorem 3.3. For eigenvalues A\, (z) and eigenfunction ¢, (¢) of oper-
ator A, there are estimations

2n —1
Aae) - mn?| < TELZL)
. 1
|on(g) — sinnz| < 7
Proof. From (8) and (9), in assumption that

Al < " fullull + b Aou},
1 1
m = | Aoll; 5 = IR], el <

where ¢ = max {w, 8p + 4%”“’}, follows simple formulas 8]
d
M) = Ao — et = = "] < S (Jele)™ (10)

n 1 n
[p(e) = w0 —epr =+ = "] < S(Jele)" (11)

Let’s calculate values of parameters a,b,c,d,m. First we find m: m =
[|A]| = sup A, where sup A is spectral radius of operator A. As,

supA =71,

then m = 7~ !. Further
d = dist(mn?; %)

(d is an isolating distance) here ¥” is spectrum of operator A~! with unique
excluded point 7mn?. Clearly that d = m(2n — 1). To find other parameters
a, b, c, we shall get estimation of the norm of the operator A,

11
[Autllsion < [ [ 150w 0] oo
0 0



here, K,,(x,t) is kernel of the operator A,

1
[ 1K 0] o0 dtde =
0 0 0

1 1-t 1
z|In" z| 1 n
:/|<p(t)| / szdtg H/z“n zldz - |||l L, 0,1)-
0 0 0

Let’s calculate integral [ zInz"dz.

o —

‘) } ()] dtda

22(Inz)" na?(lnz)" ! (- tnn—-1)n-2)---2 22 1

Inz"dz = — e ———).

/z neas 2 2 gn—1 (53
1
From here || A, || < . Now, we will take a = 1, p = 3, and b = 0. Since
b b
c:max{8a+dm ,8p+4a+m },
we have
c = ma 4+ 1 =4+ l =5
Il B A N A
Then L n(2 0
w(2n —
Ae) =\ < =
AE) - A < 5T
Precisely we found
1
|S08 - 900| —= 57

and prove Theorem 3.3.

Theorem 3.4. Let ugp(z), ui(z), -+, un(x), -+ be eigenfunctions of
operator A,, and Ao, A1, ---, A, - -+ be corresponding eigennumbers, then

own fluctuation with the least frequency ¢o(x) has no units, i.e., ug(z) # 0,
0<z <l
Proof. Let Ao be the least eigenvalue of operator A,. Then

oo

Aoz )*
o) = B o) = 3 e S
=0

Assume that function ug(z) has no zero in (0, 1). Let, the function ug(z)
in a point z¢ € (0,1) equal to zero, i.e.

- = Xozo)*
wlro) = Bp(domoip™) = 3 B0~
k=0

10



That’s to say, the number —gzg is a zero point of E,(z, p~'). However,
—Xoxo < Ao as xg € (0,1), and we assume that the least zero is Ag. Then
the received contradiction proves the Theorem 3.4.

Remark 3.1. Tt is possible to show also precisely that uq(z) in an
interval has exactly one unit, etc.

Theorem of existence of the basis is made of root operators A,, (0 < p <
%) Problem of completeness of systems of eigenfunctions of the operator
induced by differential expression

dn—l z u/ t
l(D)n _ F(li'yl) dzn—1 g (zfsf))’Yl dt — ()\ + q(l'))u

u(0) =0,D% uly—0 =0, , D"2u|,—0 = 0,u(1) = 0.

When ¢(z) is half-limited function, the case is studied(see [3] and refer-
ences therein). If completeness of system of eigenfunctions that a following
question is proved is formulated so: whether It is possible to make basis of
eigenfunctions of this operator.

Lemma 3.1. The operator A is dissipative.

Proof: we shall consider the operator

x

Au = /(:17 — )" e (t)dt —

0

o' TE(1 — ) e (t)dt.

o—__

Let’s introduce a designation

x

o(t) = / ( — e u(t)dt —

0

(1 — ) eu(t)dt.

o _

From this expression follows that

u(z) = Dv € Ly(0,1).

11



Let’s consider all over again product
1
(Au, ) {f(x — ) eu(t)dt — [a' (1 - t)1+€u(t)dt] u(z)
0

= {f(x — )" eu(t)dt — [ 2t Te(1 - t)1+€u(t)dt} u(z)dz
0

1
J
01 1 T —
= [v(z)Dyvdt = [v(z)L (f (;’;(35 dt) dx
0 0 0
J
0

1 fr —
—Of(of (;_(35 dt> v (x)dx
0

1 fr —
= (f (;_(gsdt> o' (t)da,
0 0

as v(0) = v(1) = 0. Let’s define v'(z) = z(x), then (Au,u) = —(J2,%).
Now, by virtue theorem of Matsaev-Polant, it follows that values of form
(J°2,%) lays in angle |argz| < %7, that’s proves Lemma 3.1. In papers [1]
and [23], a dissipativity of operator {(D) is proved.

4. Questions basis systems of eigenfunctions.

Theorem 4.1. The system of eigenfunctions of operator A forms basis
of the closed linear hull.

Proof. Let’s remind that system of vectors {uy, uz, - ,un, -} forms
basis of the closed linear hull G C H, if executed inequality

n n n
mY el <Y ew® [P MY el
k=1 k=1 k=1

where m, M are positive constants independent of values ¢y, c2, ¢3, -+, Cn
(n=1,2,3,--). Any vector f(f € G) in that case unequivocally reveals in
o0 o0

aseries f = > cpuk, (D |ex|? < 00). It is known that if the spectrum of
n=1 n=1

dissipative operator with quite continuous imaginary component "is pressed
enough" to a real axis, then it is possible to make basis of their linear closed
hull of eigenvectors of this operator. We need theorem of Glazman.

Theorem of Glazman: Let A be the linear limited dissipative oper-
ator with quite continuous imaginary component, possessing infinite sys-
tem of eigenvectors {ug}|,—,, normalized by condition (ug,u,) = 1(k =
1,2,3,--+), and {\;}|;—, be corresponding sequence of different eigenval-
ues. If the condition

S T,
|Aj = Akl

12



is satisfied, then the system {px}|,—, is a Bari-Riss’s basis of closed linear
area. Since for 0 < p < 1/2 all eigennumbers of operator A, are real, due to
theorem of Glazman, proof of Theorem 4.1 is follows. Certainly, precisely
also it is possible to prove similar statements and for more general problems.

5. Partial problem of eigenvalues of the operator A,,0 < p < 1/2

In [1] and [3], there have been allocated areas in a complex plane where
there are no eigenvalues of the operator A, for any p. Here we, as well as
above, shall assume that 0 < p < 1/2. In applied problems the greatest
interest represents usually definition of first eigenvalues, therefore we shall
solve this problem for eigenvalues of the operator A,,.

Let’s consider the operator

T 1
A= ﬁ /(w — )Y Pu(t)dt — /xl/”_l(l — )P Yu(t)dt| = AgutAju.
p
0 0

As 0 < p < 1/p, then operator Ay and A; are reverse. Therefore sp(A) =
spAp + spA;.
Clearly that

1
spAp =0, spAi=—"—
T2 1/p)
Therefore it is meaningful a determinant
- 1
D) =3 (1= uy), pn = 5
j=1

Earlier it has been established that number A is eigenvalue of operator
A in only case when A\™! is zero of function E,()\;p~!). Because whole
functions Dy (A) and E,(\;p~!) are of a zero kind, then we shall notice
that
Da(A) = cEy(A;2)
where ¢ - is a while unknown constant. Let’s consider a logarithmic deriva-

tive

DAY = DA == 3 s =SS RN (<A
j=1 J k=1 j=1

or

InDs(N\)] = = —sp (A(J = AA) ) = =)y A

where x,, = spA”.

13



o0
Let Da(A) = Y aiAF be a representation by Taylor’s series of the
0=1
function D 4(A). Let’s establish interrelation between xx and ay. As

k
Da(\) = E,(\p7t) = Z m

then a, = T Further

1
p~ttkp=1)"

Dy _ Y (nanA") n
Di()\) - Zan/\n __ZXn-i-l)\ )

we obtain a recurrent parity

Xn+1 + ZaanJrlfs - _(n + 1)an+17

(=" (="
e == Y= =3 e o g
— 1 .
MTTRF1/)
2
—X3 = 230%)(3_5; X3 = asa; + a1(2az — a?) — 3ay

2a2 + a1x1 = —X2; X2 = a% — 2as;

s=1
As )
— << E,
X1 X2
then
; < /\ < #
T@2+1/p) " T T@+1/p)

Let we have set {70,71,72} of three numbers 0 <, > 1,(j = 0,1,2).
Following Dzhrbashjan M.M. [9], we shall designate

k k
O'k:Z’)ﬁ_17uk:0k+1227k7(k207172)
7=0

=0
Let’s assume that

1 2
—:Z"yj—lzTQZIUJQ—1>O.
P =0

As 1 < o9 <2,then 1< % < 2, i.e., 1/2 < p < 1. Last assumption is very
important.

14



Let’s enter into consideration differential operators [5]

k
ﬁk:5k+12272—j7 (k207172)7
j=0

d—(1—2)
a1 =zt @
d—(1-m) 42
- —(1— f(.’I]),
d(1 —x)=0=7) d(1 — )7
d—(1—0) dm dr
d(1 —x)=1=) d(1 — z)" d(1 — )72

D7 f(x) =

DYV f(x)

Dy f(x) = f(@).
And now, problem A may be put as follows. In class Ly(0,1) (or L;(0,1))
we find nontrivial solution of the equation

D@2z — (X4 q(z)}z =0,z € [0,1),
satisfying the boundary conditions

sina =0,
=0

cosa + Dga)z

=0

D

D

cos 3 + Dggl)z‘ sin 3 = 0.
z=0 z=0

the associated problem gives essentially, new results, in the case when
the order of the fractional differential equation is less than one. To this
case we shall devote separate paper. To show how to transfer the obtained
results on a case of the differential equations of order higher than two, we
consider the following problem.

6. Operators of transformation.

V.A. Marchenko [7] at the solution of a reverse problem for equation

1

y' —q@)y+ iy =0, (0<z<1) (1)

builds the operator of transformation, translating a solution of equation
(1) in a solution of the equation

y'+ Ay =0. (2)

By means of Green’s function, with initial data y(0) = 0, (2) corresponds
to the differential operator

Wy) =vy" — q(=z)y,

15



and the integral operator

where

d

dx P
From Marchenko’s results follows, that operator A is linearly equivalent to
the operator of repeated integration [9]

x

Py = / (x — E)y(e)de

0

with y(¢) € L?[0,1].

In given paper, similar results we shall obtain for the differential equa-
tions of the fractional order ¢ : (1 < o < 2). In the further we shall use
operators of fractional differentiation of Dzhrbashjan M.M. [9], which are
defined as follows.

Now, let’s consider a problem of Cauchy type

J{y;v0, 71572 = D2y — {A +q(x)}y =0, =€ (0,1], (3)
d d
Zpo| =ci,—=pm| =cC 4
dx o 0, dr o 1, ( )

with ¢(z) € C[0,1].

Let’s note that some results of this paper earlier have been published
in [1] and [7]. In these works, operator of transformation translating a
solution of the equation (3) in a solution of the equation D72y — Ay = 0 has
been constructed. Let y(x, \) be a solution of a problem of Cauchy type.
Then it is known [2] that the identity takes place

y(z; ) = Coao ' E,(Aa'/?; o) + Crat L E,(Ax/?; py)+

x

/ (z — 1) /PE, Az — 1) V/?; %)q(ﬂy(ﬂ N, (5)
0
where - .
Ep(xvﬂ)zkgol—\(u_i_%) (6)

is a function of a Mittag-Leffler’s type.

16



In the further we shall consider the case that
Co=0,Ci =1, =iz, Imz=0,u1 =1, |q(z)| < 1
. As uy =1, then
|E,(\z?; )| < Cz 1P (1 <z < 00)

(see [5]). In [7], as
i) =2 B O )+ [ (omr) P B (=) Do N, (1)
0

that of general theory Volterra follows that the equation (7) can be solved
by a method of iterations. As function ¢(x) is continuous, then we have

y(:v, /\) = Ep()“rl/p;ul) + 901()‘7 ‘T) + 902()‘7‘%') + (8)
where
x Trn—1
on(A ) = del _ f dri - q(m)
0 0
E, Mz —1)Y?;11) - Epy (M7n—1 — )Y 1) E, ()\Trll/p;ul) .

Obviously that a series (8) converges in regular intervals in each interval
(0;1),1 < 1.

Theorem 6.1. There is the operator of transformation V', transforming
a solution E,(Az'/?; 1) of equation (5) in a solution y(z;\) of equation

(3)-
Lemma 6.1. The parity
1

_\Jl/ry-1
SR P

= E,(\z'/?;1). (9)

holds.
PROOF. Let f(x) € L1(0,1), for p > 0 and A is any complex parameter,
then the integrated equation

x

= f(x —/\ z—1)Yry
ue) = 1)+ 5o / (& — 1) Pult)it (10)

has an unique solution

u(z) = f(x) + )\/(:c —t)/r 1, ()\(ac —t)l/r, %) f(t)dt, (11)
0
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belonging to a class ¢1(0, 1).
In (10), let f(z) = ﬁ, we obtain

L1
L(p=t) ~ T(p™)

u(z) =

/(:v — t)u(t)dt. (12)
0

Due to (11) and (12), we have

x

wlz) = —2 ! v — /r1 RS VP
(x) P(p—1)+r(p—1) 0/( t) E, </\( t) ,p>dt. (13)

Using the known formula of Dzhrbashjan M.M.

z

1
m /(z—t)o‘flEp ()\tl/p;u) thdt = z‘“”klEp (/\zl/p;u + a) , (u>0,a>0),
0
let’s calculate the integral

1 o z 1
— [ (-t 'E </\:1:—t1/”;—>dt—/\:1:1/”E <)\:cl/p;1+—>.
= / (@ =07, (M =017 : ;

(14)
From (13) and (14) it follows that

1

1
ule) = L(p~1)

+)\:cl/pEp </\171/”;1—|——) =E, ()\:cl/p;l).
p

Thus the lemma 6.1 is proved.
Lemma 6.2. Let y(x,\) be a solution of a problem of Cauchy type
(3)-(4), then
y(z,A) = (J + NKAT'S,

where

x

Au = /(:z: — )P tu(t)dt, K = (J+ Aq(z)), f=1.
0

Proof. Obviously that a solution of the equation
D7y +q(x)y — Ay =0,
DaoyleO = 07
D7 ylamo = —1

18



coincides with a solution of the equation
y+ A g(z)y + Ny = f.
Let’s designate K = (J + A~!q(x)), then we shall obtain
y=(J+ X zA )

which proves Lemma 6.2.
LEMMA 6.3. Operator B is linearly equivalent to operator J/7.
Proof. According to Theorem 6.1 and Lemma 6.2, it follows that

VE,\xt/?;1) = (I + AKA™ )7L f. (15)
and from (9) and (15),
1
JHAB) =V (I + TV 16
(T4 AB)f =V + 07 4 s (16)
Dividing both parts of a parity (16) in series on degrees A, we obtain
1
A f =20 Kf=VJYr———.
L(p~1) NV

From these parities follows that K = V.J'/?V~1 as proves Lemma 6.3.

Theorem 6.2. Operator B is a monocell Volterr’s operator.

Proof. As the operator J'/? is monocell, then by virtue of lemma 6.3,
the operator B is monocell too.

Theorem 6.2 can be used for solution of reverse problems for the differ-
ential equations of the fractional order.

Chapter 2. The Storm-Loiuville Problems for a Second Order Ordi-
nary Differential Equation with Fractional Derivatives in the Lower Terms.

1. About some problems from the theory of the equations of
the mixed type leading boundary problems for the differential
equations of the second order with fractional derivatives.

Let’s consider equation

u” + ap(z)u’ + i a;(2) Dyiw; (2)u + umar(x)u = f(x),
u(0) cosa + u’(é?lsinoz =0, (1)
u(1)cos B+ u/(1)sin 8 = 0.

where 0 < a, < -+ < a1 < 1, and D? is a operator of fractional differen-

tiation of order «

1 d [ )
Dru=— & dt, 0 1.
" I‘(l—oz)da:/(:z:—t)" y D<o <
0
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For the equations of a kind (1) it is equivalent many direct and return
problems, associated with a degenerating hyperbolic equation and equa-
tion of the mixed hyperbolic-parabolic type are reduced. In [3] it is shown
that to a problem (1) the analogue of problem of Tricomy type for the
hyperbolic-parabolic equation with operator Gellerstendta in a body is re-
duced.

On Euclid planes with the cartesian orthogonal coordinates x and y we
shall consider the modeling equation in private derivatives of the mixed
(parabolic-hyperbolic) type

1y &u O (=y)y,

mH(—
|yl 922 QyltHY) (2)

where m = const > 0, H(y) is the function of Heavyside, and u =

w(@,y).
The equation (1) in top half-plane coincides with Fourier’s equation

8%u  Ou

oz 9y
and in lower half-plane coincides with

m0?u  Ou
(~y) 922 oy (3)

which for y = 0 transforms to the equation of parabolic type.
Let © be an area limited by pieces of straight lines

AAg:x =0,
AoBo 1 y = %o,
ByB:xz =,
and characteristics
2 m+2
AC:z— ——(—y) 2 =0
z m+2<w
and )
m—+2
BC : —_— = 2 =
w+m+2(w2 r

of equation (3);

Ot ={(z,y):0<z<n0<y<yo}

20



be parabolic of mixed area 2; 2~ be part of area (2, laying on lower half-
plane y < 0 and limited by characteristics
AC,0<z <

,BC, - <z <r

N3
N3

and piece
AB :)0,r[={(z,0): 0 <z <r};

ut(z,y),  V(z,y) € Qf,
u = { (4)

u(z,y), V(x,y) € Q.

where D}, is operator of fractional integro-differention of Storm-Liouville
of order | I | and with beginning point 0.

Let’s consider a problem of Tricomy type, for equation (1) in £, with
nonlocal condition of linear conjugation in following statement.

Problem 1. Find the regular decision of the equation (1) in the areas
QF, Q™ , with the following properties

ut e C(QN) nCHQTU0,r),u” € C(Q7)NnCHQ U0, r]), (5)

ut(z,0) =u (z,0) — ADy u™ (t,0), 0<z<r; (6)
%;“_)y_o:o, 0<z<r (7)
u™(0,y) = @o(y),u” (r,y) = ¢r(y), 0<y < wyo; ®)
u*‘AC:1/J(O),O<x<T; (9)

where () is a closure of Q, ) is a spectral parameter, ¢o(y) and @, (y)
are given functions of class C''[0,r], and

9(@) = u |5, —(CE gy

is a given function of class C*[0, r].

Nonlocal condition of conjugation set by the equation (6), and local
regional conditions (7),(8) coincide with Tricomy conditions. For A = 0,
the problem (1) identity to analogue of Tricomy type problem.

From (6) and (9) for z = 0 and (8), for y=0, follows that equality
©0(0) = 1(0) is a necessary condition of the coordination of regional data.
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We have a following lemma
Lemma 1.1. Let (4) is a solution of Problem 1

=u (x VI:au; =0; z vz T
(@) =u"(2,0), vi) = - 0; (z) € L[0,r].  (10)
Then
(@) = Ar(x) = v(@), (11)
L(28)D3, () = [Bur(z) + 2° DY, Pu ()| T(8), (12)

T

Tmr:%m»ﬂm—x/&—wﬂwﬁ:¢xm, (13)
0

where I'(z) is a Euler gamma-function, and

re-2s
r1-p)

In fact, as u = ut(z,y) is the solution of problem (1) in area 7, then
from (2) by (10), we have ut”(z,0) = v(z). On the other hand, according
to nonlocal condition of conjunction (11),

ut(2,0) =" (z) — Ar(x) (14)

. From this equality the parity (11) follows between 7(x) and v(x). The
equation (12) represents other form of record of the known equation to
theories of the mixed type of a functional parity between 7(x) and v(x),
the parabolic expression introduced on a line from area 2~ for Gellester’s
equation (3) is consequence (6) and (8).

Excepting 89 from system (11)-(12), we have

B = , B = (2 —4p3)*71

2m+4

where
Lgr(o)(x) = 7"(x) — usDy, 7 (t), (16)
_ I(2p) _i B l—p
ps = ﬁml“(ﬁ)’w 5" Do, " (1) (17)

Hence, at observance of a condition of a lemma 1.1 function 7(x) =
u~ (x,0) should be the decision of a following nonlocal problem.
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Problem 2. Find the solution 7(z) of equation (11) of class C2[0,7] N
C10, 7], satisfying to condition (9).

Passing to research of structural and qualitative properties of solution
of Problem 2, we shall notice that any solution of the equation (11) of a
class C?[0,7] N C*[0,7]N]0, r[ will be a solution of the equation

T(z) = 7(0)z 4+ 7(0) + ps Dy 2Dy, 2P (€) + ADG27(t) + Do, *Pips(t). (18)

Equation (15) reverse out from equality (11) after application to both

its parts of the operator Dét_w.
It is easy to see that

o [ o o L
D012D(1Jt 267(5) = /(‘T—t)aDOth(f)dt = D011D0t2ﬁ7—(§) = D011D0t2ﬁ7—(t)'
0

In view of it from (15) by virtue of (9) we have
#r(0) = 0(0) = 77 (0) + ug Do, ~7(t) + Do, s (1) (19)
Substituting value r'(0) (16) in equation (15), we have
7(x) = pg Do, 7(t) + a1z Do, 7(8) + ADg, (1) + fo(x). (20)

where a1 = —£2 a=1+28=2(m+1)/(m +2),

r )

F(@) = Dap(t) + ¢0(0) + v (0) — 20 (0) = De2s(t)]:  (21)

The equation (17) is integrated Fredholm’s equation of the second order
and it is equivalent to Problem 2.

2. Formulas for calculation of eigenvalues of one boundary
problem.

Let’s introduce some formulas from the theory of disturbance which we
need in the further. Let T'(x,€) be a linear operational bunch

T(x,e) =T+ xT' +eT”,

where T' is a complete self-adjoined operator, all of which eigenvalues iso-
lated and have frequency rate equal to 1; 77 and T" are certain in the same
Hilbert’s space as T'; T is limited.

T(x,e) =¢=T = C+xXT" +eT" =[]+ (XT'"+ cT")R(C, )| (T - (),
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if ¢ is not eigenvalue of T'(x, ). Then, a resolvent

R(C,x,e) = R(C,T)[J — (XI" — eT")R((, T)]

exists, if a term
[J = (XT" = eT")R(, T}

may be determine as a Niemann’s series

oo

[J = (XT' = eT")R((,T)) = ) _[~(XT' = eT")R((, T)]"

n=0

i.e. A operator, reverse to operator [J + (xT” + eT")R(¢, T)] ™", exists and
equals to

Y [=(XT' + TR, T))",
and for this a sufficient condition is

IXT" +eT"|| < [IR(C, TI- (1)

So, if the parity (1) is fair, then

o0

R(C? T) [J + (XT/ + ETN)R(Ca T)]_l = R(Cv T) Z [_(XT/ + ETN)R(Ca T)]p = R(Ca X ‘5)'

p=0
(2)
Let A be a eigenvalue of operator T = T'(0,0) of frequency rate m =
1, ' is closed positively focused contour containing on resolvent set and
containing only eigenvalues A of T. Let’s consider the projector

P(ng) = _%/R(<7X7E)'
T

Assumption 2.1.
dimP(x,e) = dimP(0,0) = 1.

Proof of assumption 2.1 follows from lemma 1.4.10 [16].
Assumption 2.2. Let A be a eigenvalue of operator T'(x,e) corre-
sponding to eigenvalue \ of operator 7', then

A e) =tr(T(x,e)P(x.€)) = A+ tr (T(x, ) = A) P(x, €).
Proof of this assumption follows from definition and from

trP(x,e) = dimP(x,e) = 1.
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This formula gives a complete solution of a eigenvalues problem .
Assumption 2.3.

M2) = = gp=tr [ (€= MR ) )

r
In fact,

( (Xa ) ) (CaX?E) = (T(X,é‘) _<+<)R(<7Xa6)
= [(T(Xv ) C) + (C - )‘)]R(Ca X?‘S) =J+ (C - )‘)R(Ca X?‘S)u

Integrating both parts of last parity on ¢, we obtain

zm/RW /C——/@ NR(C X, €)dc,

T
as
/ R(C.x,)dC = P(x, ), / d¢ =0
I I

and Assumption 2.3 is proved.
Assumption 2.4. The parity

Ax2) =A== [log{lL+ (" + 1) RIG.T)} de

holds.
Proof. From formula (3) we have
Ax,€) = A= —%t /Z (=N [—(XT" +<T")R(, T)PdC,

substitution instead of resolvent R((, x,¢) of (2) give us

A e) — A = —5tr f(C —MR(¢, x,e)dC
=5 J log {(1 + [(XT" + £T")R(C, T)])} dC.
r
Till now we considered various power series of x and € and did not spec-
ify obviously a condition of their convergence. Now we investigate such

conditions.
Series (2) obviously converges if the parity

IXT'+eT"|| <1
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holds, and this condition takes place if
Xl < SITRE D, el < 5IT"IIR(ET),
Let’s designate as ro () and r1(g) values x and e for which we have
IT'R(S, )| = 2Ix|, [[T"R(C.T)||7" = 2.
Clearly that a series (2) converges in regular intervals on ¢ € T, if

s el < —mi .
Ix| <o Iglelgro(o el < Iglelgﬁ(o

Then, radius of convergence rg and r; depend on a contour I'.
Assumption 2.5. Let p = maxcer r1/¢ — A, then

Aoe) — A < 2.
2T

In fact, from (3) we have

Ax2) = A = tr 7062 2)] = = 5tr [ (€= MRIG .o,

1

r
then )
A, €) = Al = gztr [(C = N R(( X, £)dC
r
< £=tr [ R(C, x,€)dC = #=trP(x,€).
r
Since,
P . .
27rtTP(X’E) =dimP(x,¢e) =1,
then

[A(xs€) = Al < p(2m) 1.

The simple analysis of the formula (4) shows that the less p is the more
closer A(x, &) comes nearer to A, and it should be. And still, than it is less
[x[, le] should be in general that speaking modules |x/, |¢| that A(x, &) also

has got in T".
Assumption 2.6. Let T'R(¢,T) € Gp :

I(XT" + eT")R(C, T)|| < 1,

{T’R(C, T) + T”R(C, T)}v = Elar(vigi)pi + br(vigi)i]
where
(pis) =0, (wivi) =1, (pitp;) =0,
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then
(T/R + TI/R)Qn — (TIR)2n_1 + (T”R)2n_1,

(T/R + T//R)Qn-i-l _ (T/R)2n+1 + T/(TH)2nR2"+1,
Proof. Let’ consider a double power series

1+ (=XT'R(C, T)) + (=xT'R(¢, 1)) + (=XT'R(C, T))* + (—XT'R(C, T))*+
+ 4+ (=eT"R(CT)) + (=XxT'R(C, T))(=eT"R(C, T))+
+H(=eT"R(C, D) (—XT'R(C,T)) + -+ + (=XT"R((, T)) + (=eT"R(C, T))* + - -

The general member of this series can be rewrote as
[(XT" + eT")(R(C, T))]"-
Let’s rewrite formula (5),

XT'R(¢, T) + eT"R(¢, T)v?
= {XT"R(C. T)]* + xeT'R(¢, T)T"R(C, T) + xeT" R(C, T)T'R(C, T) }v
= {C[T'R(C )PP xe[T"R(C, T)T'R(C, T)]o;
XT'R(C, T) + eT"R(¢, T)"v = [*"(T'R)*" + ex*" "' T"R(T'R)*"~]v;
(T'R(¢,T) + T"R(¢,T))*v
= (T'R(¢,T) + T"R(C, T))* + (T"R(C, T) + T"R(¢, T))v
= [(T'R)® + T" R(T'R)?]v;
TR + T//R]2n+l,u — [(T/R)2n 4 T//(T/)2n (R(Cv T))2"+1]v.
That’s proves the Assumption 2.6.
By way of consequence it would be desirable to note one interesting
fact.
Corollary 2.7. Let T(z) = xT' + T, \.(z) are eigenvalues of T(x),

A, are eigenvalues of T, where T'R((,T) and R({,T) are quite continuous
operators, x is a complex parameter. Let

R(¢,T)T' =T'R(C,T),

then
An(X) = An = xtrT' Py, (6)

where [16] |
Pu= g [ BEDC
Tn
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Proof. From

p!
I'n

considering

dn+1

W(R(CaT)) =nlR((,T),
and

nl[T'R(C, T)]" = [R(¢, T)]"nX(T")",

we obtain

_\n dn+1
() = Ay = — “"Z( X) (T'>"d<n+1 R(¢, T)dC.

23T nn!

Let’s calculate integrals

/ d%(R(C,T))dc - / d(R(C.T)) = O;n > 1,

r'n

therefore

1
Mnla) = A = = gtr [ XT'RCT)G = xtrT'p,
T
F'Vl

Corollary 2.7 is proved. If T coincides with a projector, the statement of
Corollary 2.7 is obvious without planimetric integration. As

1

An(@) = A = =5 [ #r[(C = MR x, €))dC
T

then

M) = A = g [ (ST + TR T )G =

2um
Tn

oz [ ITRCT) + ETRIGT) 4 53T P(RE D)+
Iy
XeT'R((, T)T"R(¢,T) + xeT"R(¢, T)T'R((, T)+
(T R(GT)) 4+ JdC.
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Theorem 2.8. Let operator T’ be permutable with operator T', and op-
erator 7" R({,T) is nilpotent operator with parameter of nilpotence equal
to2, "R, T"R € G

)\n(x) — A = XSpTlpn + ESPTHPn

where p,, is a Riss’s projector of operator T', corresponding to A:

1
= —— ,T)dC.
Pn =5 R(¢,T)d¢
F’Vl

Proof. From (6),

An(X,€) = An = Z Z X" A,

m=0n=0
where

R -1 m+n—+1
SV ) i

[ ot (@ RE D) (TR T)" .

Fn

2m

As operator T R({,T) nilpotent, then

N _1\ym+1
Som = St [ @ mre
T
R -1 m—+2
i = S, [ @y re,
Iy
R 1 m+1
N = % / a;m (T"R(C,T))™T'R.
In

‘We obtain N
Aom = xtrT pp.

Now as at proof of Corollary 2.7 we have
/\n(Xa 5) = XXOm + E/):lm-

For calculation le we shall take advantage that

/d(R2(§,T)) =0.

r'n
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Thus

~ _1 m—+2
A= %alm / T’(R(C7 T))(TNR(C, T))dc _
I'n
[ recryrrae =0
T
Considering that
(dic)"R(C, T) = n![R((, T)]’n.+1, (n=1,2,3,--)
We obtain . .
/ T'T"RM (¢, T)dC = { 0. % %0,
T'n
thus

Nom = Xt TP, A = etrT"p,

Theorem 2.8 is proved. Now using Theorem 2.8 we shall calculate eigen-
values of a problem

u” 4+ eD' %+ du = 0,u(0) = 0,u(r) = 0,0 < a < 1 (7)

where D'~ is the operator of fractional order 1 — o in Weil sense, i.e.

2m
D7y = L d /u(a:—t)d)l_o‘(t)dt,
0

T 2mdr

s o= cos[kt — (1 —a)r/2]
w (t) - 22 kl—a :
k=1
Let’s first ¢(x) = const. Let’s present the operator D'=®R({,T) as sum
D'"“R(¢,T) = XT'R(¢,T) +eT"R((. T)

so that 7' and T" satisfied to conditions of Theorem 2.8. Since operator

Tu= { ;(16/)/7: 0, u(m) =0,

is full self-adjoined operator, then



Thus

o0
2 (v, sin kw
———‘sinkx

D' R(¢, T)v

=1|w

T _
=1

As
1—a o d l—a d —Q o am
D'~ %sinkr = —[D'"*sinkx] = T [n~*sin(nz — &)

T dx T

= 7’L1 « [COS nx cos %X + sin &% B} smnx]

then we obtain

_ 22 ink
DY *R(¢,T)v —=> %nx) [cos kx cos % + sin & |
T =1
2 = (v, smkm) 2 (v, smkm)
Z cos &r k = om'r kl « .
—cos G z:: cos kz + sm Z —
Thus _ _
DI R(¢, Ty = AR(C, T)o + BR(C, T
where -
. am . .
Av = sin 5 Z(’U, sin kx) sin kz,
k=1
QT .
Bv = cos > Z(’U, sin kx) cos kx.
k=1
Really
2 S &, ink
AR((,T)v = —sin& > k'~ {E w&n]’xsinkx} sin kx
m k=1 =1 k*—=C

(v, sinkz)

2 0
— Zqnp ar klfa
FSkaZ::I [

2 o0 o0 . . 2
BR((, T)v = —cos a—; Z gl <Z (v.5in jz) sin jz, sinj:z:) coskx = — cos %,

2 _
k=1 - F-C T
[AR + BR]2n+1 V= [(AR)2n+l 4 BAZnRZn—i-l] v
That that operators A, R(¢,T) permutable is checked directly

5 - - o
R(¢,T)v ==cosE > k7 2 M sin jz,sin kx | sin kz
™ k=1 j=1 J -
(v, sinkz) .

2 1
=—sin<" Y k@ sin kx
2 b)
s = k2 —¢
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(Av, sinnz)

2 00
R((,T)Av = —cos9F Y  ~——————sinnx
T

ie.,

n=1 n? — C
o0
S nt=%(v, sinkz)sinnx

2 X k=
=Zsin 3 =L > sin nx
/o —— . n®—¢
92 X n "% v, sinkx) .
= bln2a7r Z (2’_ ) sinnr = AR(C) T)’U,
™ n=1 n ¢

AR(C,T)v = R(¢,T)Av.

Now, let’s show nilpotence of operator BR((,T)

[BR(¢,T))* v

= BR((, T)BR(¢, T)v
2 onr &1 o (BR((, T)v, sinkx)
_;COSTkzlkl ¢

2cosM io: v S0 J%) cos ja, sin kx
T 2 = j2_C I
k=1 ( k? —¢ )
x (v, sinjz
(£ e

> cos jx, sin kw) cos kx
=1 J°—¢

coskx

coskx

2 200
_ |z an 1-a
—|:7TCOSQ:| Sk e

According to Theorem 1.4.1 [16], for eigennumbers of a problem puj =
12 4+ Aom + A1m. Let’s calculate

as

/):Om = tTApna

1
Pu= o / R(C,T)dC,
Ty

then p,, is integrated operator with a kernel

ie.,

P,v

we obtain

Apnpv

2
P, (z,y) = - sin nz sin ny,

T
2 2
=— /sinmc sinny - v(y)dy = — (v, sin na) sin nx,
T T

0

= 25in &% 3" k'~ (v, sin na) (sin nz, sin kz) sin kz

2 sin 9 (v, sin nx)n'

—o e
3 sSimna.
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Let’s find eigennumbers of operator AP,

Aan =\v
or 5
oamog .
= sin —n'"% (v, sin nx) = vA.
s 2
Thus 5
am
A =n! *—sin —,
s 2
then
_ am
AP, =)\ = =n'"%sin —.
s 2
Further
BP, = Zsin% > (p,v,sinnz)sinns
2 o= 1—a (2
_ i, an —a : : :
= = sin kzl n'~%(= (v, sin kx) sin kx, sinnx) cos nx
= 2 gin < (v, sin kz) cos nx
™ 2
9 ™
— 3 [o%iy 3
= Zsin 4F cosnx [ v(t) sinntdt,
0
ie.,
K
2 . arm .
BP,v= —sin — cosnz v(t) sin ntdt.
7r

0

Let’s calculate a trace of operator BP,
BP, =Y M(BP,).

To find eigennumbers of operator BP,, we shall solve the equation

BP,v = v\

or i

2 . arm .

—sin —- cosnz / v(t) sin ntdt = Av(t).

T

0
Clearly that
BP, =0.

Thus
o

fin = n? +n'"sin 5
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For solution of a problem (7) in case ¢(z) = const we use following theorem
having certainly independent interest.

3. Estimations for eigenvalues

Theorem 3.1. Let eigennumbers of the self-adjoined operator Ay with
a discrete spectrum A9 = nd,(n=1,2,3,..,q), are normalized eigenvectors
vn and let B be a closed limited operator, and

Da, C Dp;||Ben|| = O(n”)
then for eigennumbers \,, of operator A = Ay + B, we have
An —n? = 0(n”).

Proof. Let I'), be circle with the radius 1 and the center in point n%,
and the operator A is set by the formula A = Ay + B. If n is a big enough
number that inside of I',, for which other eigennumbers does not contain
except for \,,. The following known result is required to us.

Lemma 3.1. Let Ay be a operator with compact resolvent R((, Ag),
and the operator B is compact rather Ag. If A is the limited area with
straightened border I' and

for all ¢ € [0,1], then the operator A also has a compact resolvent and
N(A,Ap+ B) = N(A, Ay),

where N(A) is a number of eigenvalues of operator, laying inside the area.
Proof. Let R(¢, Ap) be a resolvent of the operator Ay, then

By Lemma 3.1 follows, if || BR((, Ao)||r,, < 1, then for all ¢ € [0,1], o(A +
tB)NT = (), we have

2 (0, ¢n)en 2 (v, 0n)¢n
= _ < -_
[|[BR(C, Ao)l|r,, | ;::1 T ¢ Bygr, < nz::1 I s . 1Bl
I|(v, on)enl| &, k?

<~ T T nP< B A ———

ST S A 1)
Further
o) kP n—1 kP nP n—1 kP
; W — (i —1/3) ; o —(n—1/3) nP—ni+ 1/3+k:2n+1 W — (1 —1/3)°
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Last sum will be less than 1 if finite disturbance of the operator Ay replaces
on the operator Agv = Agv — 3n” (v, ¥n)en.

Theorem 3.2. Much more strengthens and generalizes known result
of M.K. Gavurin.

Theorem of Gavurin. Let eigennumbers of the self-adjoined operator
with a discrete spectrum A9 = ni(n = 1,2,3,--- ;¢ > 1), normalized
eigenfunctions ¢, and B are closed symmetric operator, and

Da, C Dp;[Benl| = O(n%),

then for the eigennumbers operator

Av = Agv + B,
we have
[(Bew, on) 2
Ap=nt + 3 (Bok, on)[(Bok, @) kizn |k —ni?
k#n |k9 — na|? i+ [Bor o)l

Kgn k9 —naf?
Z (Bs%a (pn)(B(pnu Spl)
kiagn (K9 —n2)(l7 —n4)

|(Beors pn)?
1 N T r Rl
=

+ O(n975).

Here we shall note that, from Theorem 3.1, the known formula of I.M.
Lifshits have greater appendices in quantum statistics follows.

Theorem of I.M. Lifshits. Let H be a self-adjoined hypermaximal
operator, T is a self-adjoined finite operator, then

Z(Nﬂ - )‘n) = spT,

where p, is a eigenvalues of operator H + T, A\, = A\, (H). From theorem
3.1, the following theorem generalizes Lifshits’s theorem.
Theorem 3.3. In conditions of theorem 3.1 the following formula

Z()\n(x, £) — ) = espT’ + xT"
n=1

holds. Notice that the self-adjoining of operators T/ and T” are not sup-
posed and under after it is possible to mean any regularization usual con-
cept of a trace. Now in a case of ¢(z) # const from theorem 3.2 follows
next
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Theorem 38.4. For eigennumbers )\, of a problem estimations are fair

Proof. Proof of this theorem follows from proof of Theorem 3.2 for
q=2.

4. Caushy Problem for differential equations with fractional
derivatives.

Let’s consider a problem

—u" 4+ D§u+ Au =0 (1)

u(0) = 0,/(0) = 1. 2)

In [63], the problem (1)-(2) has an unique solution u(x, \) for any A\. For
the further it will be important to know whether function u(x, \) will be
whole function of a zero kind.

Theorem 4.1. the Solution u(z, A) of the problem (1)-(2) is the whole
function of a zero kind of parameter \.

Proof. Assume that ug = z, let for

Un(z, \) = uo(z, \) + /{(:17 — ) % 1 (8, N) F Ma — w1 (t, N) }dt.
0

Let |A\| < N, then

| ur(z, N) —up(z, ) |<

For n > 2, we have

| s (2, )02, A) <] { / {(a=t) ' u(t) A (=L (£ (3—) =t A(w—t)t}dt
0

From here
I3_a IS $3_a
- < —————+N—-+N
e N e R R R CE Ry
3—a
= (N+1
(V+ )(2—a)(3—a)

and in general
| U (2, A) = U1 (2, ) |< (N + M)" x L NE

2-a)83—a) - (n—a) n!
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Hence for |A\| < N and 0 < x < 1, a series

u(x, \) = uo(x, \) + Z{un(az, A) — Up—1(z, A\)} (3)

n=1

converges in regular intervals on A. As for any n > 2

(@, N) — g (2,)) = / (@ = 1) (1 (£ 3) — tn_a(t, V)
0
b AU (8 A) — wna(t, )Vt
’U’Z(I’ /\) - u;:—l('rv )‘) = {ng + )‘}(unfl(xv )‘) - un*Q(Ia /\))7

then series, obtained by unitary and two-multiple differentiation of series
(3) also converge in regular intervals on x. Thus

W@ ) =Y fun(e ) — w2, \)}
n=1
= (@, N) =g (e, \) + Y {ul(@, ) — w2, )}
n=2

= {Dgz + )\}{UO(.’L', )‘)} + Z{un(xv )‘) - un—l(xa )‘)}

= {Dgz + )\}{UO(ZE, )‘>} + )‘UO(xv )‘)a

and u(z, \) satisfied to equation (1). Clearly that u(z, A) to conditions (2).
Now, with a problem (1)-(2), we will consider next problem

v — ' (x) = Mv(x)

v(0) =0,0'(0) = 1.

It is known that the solution v(z, A) of this problem is the whole function
of a zero kind. Let vy(z, A), and for

Un(x, A) = vo(z, \) + /{1 + Az — t)op_1(t, A) }dt.
0

Let’s rewrite u,(x, A) and v, (z, A) like
un(x,A) = ap(z) + Aar(z) + -+ ANan(x)

(2, A) = bo(z) + Aoy (x) + -+ -+ A"bp ()
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Clearly that
|a;(x)] < bi(z), x€(0,1).

Then, due to theorem of Adamar, u(x, A) is a whole function of a zero kind.
5. About one method estimating of first eigenvalues.
Let’ consider a problem

—u" + D§u+ =0 (1)

w(0) = 0,u/(0) = 1 2)

Let u(xz, A) be a solution of a problem (1)-(2). We have already estab-
lished that u(x, A) is a whole function of a zero kind. Hence it is possible
to present like infinite multiplication

u(:v,/\)ch[l(l—%)a

where ¢ is a while unknown constant, A; are zeros of function u(1, A). Since
zeros of function u(1, \) coincide with own values of a problem (1)-(2)

—u" 4+ D§,u = Au, (1)

u(0) = 0,u(1) =0, 2')

then studying of eigenvalues of a problem (1')-(2') is reduced to studying
of zeros of function u(1, \). First of all one interesting statement is required
to us.
Lemma 5.1. All eigenvalues of a problem (1')-(2') are positive.
Proof. For proof of the given statement we shall consider a following
problem
—u" + D§,u = Au

u(0) = 0,u(0) = 0.
This problem is equal to equation

x

u(z) =z + / [(x =)' = Az — t)] u(t)dt. (3)
0
Let’s designate

r—t)l7, 0<t< <1,
Kl(x’t):{(() x<)t<1
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also we shall define further sequence of kernels {K, (z,t)}° by means of
recurrent parities

Koir () = / Ko, 1)K (1)t
t

Elementary calculations show that

Nl-a)l'(2-a) r'2)r2 - a)

Koz, t) = A —t)372—2) —t)3 " —(z—1t)*
2(2, 1) Tid—2a) @V Ta—a) @ gty
using an induction on n we obtain
KnJrl(xvt) = Kngl(Ia t) - )\Kr];,Jrl(xvt) + )\K727,+1(x7t) +- x>t

Elementary calculations show that
Kvil-i-l ({E, t) 2 0

for © > t for any n. From here for resolvent of equation (3) we have a
formula

Rz, A\ 1) = Z Kny1(z,t,\) = ag(x,t) — Mao(z,t) + Nag(2,t) + - -

n=0
where a;(z,t) > 0 for > ¢. As a solution (3) is represented as

x

u(z) =z + /R(x, A, b)tdt

0
then
1
u(l, N1+ /R(l,/\,t)tdt =ay — Aa1 + N2am — Nag + -
0
where ag,ai, -+ ,an, -+ are nonnegative numbers. Thus A is a eigenvalue

of a problem (1)-(2), iff A is a zero of function
w(A) = u(l,\) = dp — Ay + Nap — -

But it is obvious that w(\) hasn’t negative zeros.
From estimations obtained in (1) follows that eigenvalues {A;} of a
o0
problem satisfy to a parity > /\;1 < 00. Therefore for operator A induced
j=1
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by the differential equation (1’) and regional conditions (2’) we can enter a

determinant
oo

Da(\) =[] =M;1(4)
j=1
Clearly that
D,(\) = u(1,N).

Further as well as in [3] we shall consider a logarithmic derivative of function

D'\(N) -
In(Da(\)] = =42 = — 1 A 4
I (DA = 535 = = 3o (1)
where x,, = spurA™. By virtue of a parity (4) we have

- an-i-l)‘n'

Let Taylor’s series u(x, \) look like

= Z Sn(2)A
n=0

where u(z, \) is a solution of a problem (1°)-(2’) then

n—1
S P S

From last parity we have
Xn+1 + Z Sm(l)xn-i-l—m = _(n+ 1))\71

These equality form system of the non-uniform linear equations for x, 41
So(1)x14+0xx24+0xx3+ -+ 0%x, =5

S1(1)x1 + Sox2 +0x x3+ -+ 0% x, =S

Snfl(l)Xl + Sn_ox2+ -+ SO(l)Xn — —nS,
From here for definition x; we have a recurrent formulas

n—1

Xn = — |nSn(1) + Z Spfl(l)anp (5)

p=1
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From (5) follows that for definition of x,(n = 1,2,3,..) it is enough to

know that S,,(1)(n = 1,2,3,..). We know that the problem
—u" + D§,u = Au,u(0) =0,u(l) =1

equals to the equation

x

u(z) =z + /{(:c — )7 — Nz —t)}dt

0

As a solution (6) is the whole function of parameter A then

A) =" Su(x)A
n=0

substituting (7) in (6) we have

x

So(x)+AS1 (2)+A2Sa ()4 - - = :c—l—/ [(z =)' = Xz —t)] [So(t) +

0

From (8) follows

x

So(x) = x + /(x — )T u(t)dt,
0

Solving equation (9) we obtain
So(z) = xE,(x'/7;2);  Sp(1) =

For solution of equation (10) we shall calculate

x

/(a:—tSo /tEptl/p2 )z — t)dt = 23E,(z1/7; 4)
0 0

41
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then
al@) = 2°E,(«"/7;4)+ / (2 — )7 1B, ((a — 1)/
0
— (@ B2V 4) + copa®P[E, (253 4 1/p) — (34 1/p) By (/74 +1/p)]).

1
;)t3Ep(t1/P; 4)dt

It is similarly possible to show, that

w(@) = — @By (e756) + cor VP, (V75 4 1/p)
— p(5+ 1/ YPE, (764 1/p)
- ¢ [pw5+1/”Ep(:v1/”; 541/p) = p(5+1/p)* P E, (276 +1/p)

+ op {pxz/”+5Ep(xl/”; 5+1/p)a OB, (2176 +1/p)

— cp(5+1/p) [ﬂcz/mEp(x””; 6+1/p) = (5+2/p)Ep(x'/?;6 + 1/p)a®/ 717

51(1) = —x1,52(1) = 506~ x2)

1 & k>
+ oy e
2p =0 1—‘(;+6+ ;)

Now, let’s note that from (5) follows that

As all eigenvalues of a problem (1’) — (2’) are positive then obviously

1 1
N> =
T S1(1)

The estimation from below for \; looks like

A< =
X2
Now if to consider that S; and Ss it is possible to within to count up 1072
that we shall obtain
Theorem 5.1. For first eigennumber A; of a problem (1') — (2') we

have a parity
(1.85)71 < A1 < 3.86.

Let’s note that it is similarly possible to find estimations for eigenvalues of
a problem
—u" + D§u + Dlu = M,

u(0) =0, u(l) =0.
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6. Mutually adjoined problems and questions of completeness
of eigenfunctions.
For equation

u” + Zai(x)Dg‘;wj(x)u =, 0< oy <1, (1)

i=1

let’s consider a problem

With a problem (1)-(2), we consider a problem

2"+ ij(x)(Dg‘;)*aiz + Az =0, (3)

i=1
2(0) =0, 2(1) =0,
here (Dg)* is adjoined operator to operator Dy i.e.

e 1 d [
Doz) ““r(1—a)£/(t—x)adt’

x

in the certain sense associate with a problem (1)-(2). These problems we
shall call as mutually adjoined
Let

{on(@)}nts

is a system of eigenfunctions of a problem (1)-(2), and {z,(x)}°, is a
system of eigenfunctions of a problem (3)-(4).
We shall establish that a system of functions

{Un(x)}?lozl ) {Zn(x)}?zo:l

is biorthogonal on [0, 1].
Theorem 6.1. System of eigenfunctions

{on (17)}20:1
is full in L5(0,1).
Proof. Let’s enter operator

Mu = { 2(0)'= 0, u(1) =0,
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then a problem (1)-(2) is equal to equation

u—i—M_l{ZaZ )Dgiw;( )}—)\M_lu:O,
i=1

i.e., a problem has communicated to research of operators of Keldysh’s

type, where
1
/GT x, t)udt,
0

t(x—1), t <z,
Gr (1) = { a(t—1), t> 1.

Clearly that M ! is a complete self-adjoined operator,

M1 (Z ai(a:)DS‘;wi(:zr)u> € Gy.

=1

M~ is a kernel operator. Then, from theorem of Keldysh [3], follows corre-
sponding completeness. Let’s designate n(r) an exact number of eigenvalues
of a problem (1)-(2) laying in circle |\ < 7.

Problems about distribution of eigenvalues it is put as research of asymp-
totical properties for n — oo of value n(r).

Theorem 6.2. The parity is fair

lim n(r)/rt/? = 1.
T—00

Proof. Studying of a spectrum of a problem is reduced to studying a

spectrum of a linear operational bunch

LN =J+M*! {ZaZ Dg‘;wz} —AML
i=1

Clearly
(Z a;(x)Dyiw; x)u) e G.

M~ is a positive operator. If for function of distribution rn(r) is possible
to pick up not decreasing function ¢(r), (0 < r < 00), possessing properties
1. lim,— o p(r) =00, @(r) 1 (r — o0);
2. limy— oo [In(p(r))]) = lim,—, “0((:)) < 00;

(
3. lim, o n(r)/e(r) =1
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Then by theorem of Keldysh,

lim n(r)/n(r, M~') =1,

r—00
As o(r) in our case, obviously, it is possible to take function

plr) =r'/2.

This proves Theorem 6.2.
Let’s consider a differential expression
Ly = —y" + DG,y

on finite interval [0, 1].

Let T be operator, certain in Hilbert space H = L3(0,1) on operator
L with regional conditions y(0) = y(1) = 0. Certainly, operator T' is weak
disturbance of operator

Au = { Z(O) =0, u(1)=0

Let’s formulate the theorem rather important at studying operators of
a kind 7.
Theorem 6.3. Operator T is dissipative.

Proof.
2

d [0
(Ty,y) = <—wy,y> + (DY, v);
(Dg.y.y) = 0,

then operator T is dissipative.
7. Construction of one biorthogonal system
Let’s consider the Storm-Liouville problem of fractional differential equa-
ton u + am(2)u + a; () Dgiwi(x)u + Au = 0,
u(0) cos(ar) + u’(0) sin(a) = 0, (1)
u(1) cos(B) + /(1) sin(8) =0
and the problem
z — lam(z)z(x)] — wi(z)Dyia;i(t)z(t) + Az =0,
2(0) cos(a) 4 2'(0) sin(a) = 0, (2)
z(1) cos(B) + 2'(1) sin(B) = 0.

We shall call problems (1) and (2) are mutually adjoined.
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Following M.M. Dzhrbashjan [10], we introduce functions

w(A) = u(1, ) + (1, \) sin(B),

—_~

w(A*) = 2z(0,\*) + 2/(0, \*) sin(«)

where u(z, \) is a solution of the Cauchy problem

{ u + am () + a;(x)Dgiwi(z)u + Au =0,
u(0) = sin(a), u’'(0) = — cos(a),

and z(z, \*) is a solution of the problem

{ 2"(z) + am ()2 (x) + wi(z)Diiai(x)z + X2 =0, @

z(1) = sin(B), 2z’ = — cos(f).
The existence and uniqueness of solutions of mutually adjoined prob-
lems (1)-(2) are already proved [3].

Clearly, a solution u(x, A) of the problem (3) is also a solution of the
problem (1) iff

w(X) = u(1, ) cos(B) + u'(1, \) sin(3).

There is a similar statement for the solutions of problems (4) and (2).

For construction of an orthogonal power series of eigenfunctions and
associated functions of mutually adjoined problems by the method due to
Dzhrbashjan M.M., it is required to use the following

Theorem 7.1. Let a,,,(0) = a,, (1) = 0. The identity

e~

(A=) /u(x, A)z(z, A)dx = w(A\) — w(A¥) (5)
0

holds for any parameters A, A\*.
Proof. Due to the definition of functions u(z, \) and z(z, \*) as solu-
tions of problems of Cauchy type, we have (3) and

2" (x, N)[amz(z, N)) + wi(z)Dgiai(z) + XNz =0,
z2(1,\*) =sin g, 2/(1,A\*) = —cos .

Multiplying both parts of the first equation of (1) by z(z, A*) and inte-
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grating it from 0 to 1, we have

T 1

[ 2(z, ) (2, N)dx + [ am(z)z(x, X )u' (2, N) dac—i—foeZ 2(z, \*)Dgiu(z, \)dx
0 0

_l’_

1

=w(\) —o(\¥) Ofu(x, Az (z, N)dx — Of[am(x)z(x, M) u(x, )

1
of D%ai(t) * z(z, \*)u(z, \)dx + )\Ofu(:v, Nz (z, A\*)dz.
(6)

At the same time, we also multiply both parts of the first equation of
(2) by u(z, A) and integrate it from 0 up to 1, then we have

fz(w,m (e Nz — [lam(2)z(e, A (e, N

1 0 1 G
+ [wi(z) D ai(t)z(x, N )u(z, \)dz + X [u( (z, \*)dz = 0.

0 0

Subtracting (7) from (6), we shall have

[ B —w(Y)
/z(x,)\ )dx—i/\_/\* .
0

Then we receive analogue of identity of Dzhrbashjan M.M.
Corollary 7.2 The formula

w(A) =w(}) (®)

holds, if A = A*.

The parity of (8) follows from the identity (5).

We needed to construct biorthogonal system of eigenfunctions and at-
tached functions of mutually adjoined problems (1).

Let {\,} be a sequence of all eigenvalues of problem (1) arranged in the
non-decreasing order of modulus

0< M| <[ oo S A <0

Note that, a same eigenvalue may appear repeatedly in the above sequence.

According to M.M. Dzhrbashjan [1], for each natural number n > 1,
we designate p, as a finite frequency rate of occurrence of number A\, in
sequence {|A1],| x|, -, [Anly- -}
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Let
{un(@)}nz:, {z(@)}nly

be sequences of eigenfunctions of a problem (1) and (2) accordingly. As in
[7] we prove that system of functions

{un(@)}nZes {up(@)}nt,

and
{zn(@)}nl, {z@)hi
are continuous on (0, 1].

We shall call system of functions {u, ()}, as normal system of eigen-
functions and associated functions of problem (1), and system of functions
{zn(x)}52; as normal system of eigenfunctions and associated functions of
problem (2).

Then, we have the following important theorem of biorthogonality of
these constructed systems.

Theorem 7.3. System of functions

{un(2), zn(2)}

is biorthogonal on [0, 1], i.e.

1 1
_ _ | dmnl, n#Em,
/un(a:)zn(x)d:c = /zn(x)un(:zr)d:r = { 0. m—m.
0 0
The proof of this theorem is bulky and nothing different from the proof of
corresponding theorem of M.M. Dzhrbashjan [1] if there is an identity

1 _ o) -5
/un(x)zn(x)d:c =T
0

Systems of eigenfunctions and associated functions (3.19)-(3.22) are un-
der construction only on the basis of identity (3.23) not coming back to a
problem (3.7)-(3.8). Naturally from identity it is possible to obtain the
sufficient information on a spectrum of a problem (3.7)-(3.8).

Chapter 3. Solving Two-Point Boundary Value Problems of
Fractional Differential Equations(FBVPs)

In this chapter, the existence and uniqueness of solutions, and numer-
ical methods for FBVPs with Caputo’s derivatives [8] and with Riemann-
Liouville derivatives [33] are studied, respectively.
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FBVPs with Caputo’s derivatives:

ODYy(t) + f(t,yt) =0, a <t <b 1<y<2, (1)

yla) =a, yb) =2 (2)
and

SDYy(t)+ g (t, y(t), SDIy(t)) =0, a <t <b, (3)

yla)=a, y(b)=p, 1 <~v<2,0<0<1, 4)

where y : [a,b] = R, f:[a,b] xR — R, g: [a,b] x RxR — R are continuous
and satisfy Lipschitz conditions

|f(t,x) — f(t, )
lg(t, 2,y2) — g(t, 71, 91)|

<
< Kglza — 21| + Lglye — y1l (6)

with Lipschitz constants K¢, K4, L, > 0.
FBVPs with Riemann-Liouville derivatives [33]:

LD+ (Ly() =0, a<t<b 1<y<2,  (T)

y(a) =0, y(b) =0, (8)
and

a ' Dly(t) +g (t y(t), JFDIy(1) =0, a<t<b, 9)

ya) =0, yb) =0, 1 <y<2,0<0<vy—1, (10)

where y : [a,b] = R, f: [a,b] xR — R, g: [a,b] x RX R — R are continuous
and satisfy Lipschitz conditions (5) and (6), respectively.

1. The basic concepts

In order to state the problems in concern we introduce the definitions
and properties of Caputo’s derivatives, and Riemann-Liouville fractional
integrals in [8] and [33].

Definition 1.1 (see [29]) Provided v > 0, n — 1 < v < n and let
C"[a,b] :={y(t) : [a,b] — R;y(t) has a continuous n-th derivative}.

(1) The operator B- D} defined by

1 ‘
RLDYy(t :—7/ t— )t d 11
o = St [ e
fort € [a,b] and y(t) € C™[a,b], is called the Riemann-Liowville differential

operator of order ~y.
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(2) The operator D] defined by

1 K o A\
COU0) = s [ = () w2
for t € [a,b] and y(t) € C[a,b], is called the Caputo differential operator
of order 7.

Definition 1.2 (see [29]) Provided v > 0, the operator JY, defined on
ILfl [aub] by

Tt = g5 [ =7 y(er (13)

fort € [a,b], is called the Riemann-Liouville fractional integral operator of
order 7, where Li[a,b] := {y(t) : [a,b] — R;y(t) is measurable on [a,b] and

2 y(®)]dt < oo}
Lemma 1.3 (see [31])

(1) Let v > 0. Then, for every f € L1[a,b],

«IDIJf=f (14)
almost everywhere.
(2) Let v >0 andn—1 <~y <n. Assume that f is such that J?~7f €
A"[a,b]. Then,
n—-1 (f _ a)w—k—l qr—k—1

JIEDIWO = F0) = ) oy Mm, e T () (19)
k=0

(3) Let v > 0 > 0 and [ be continuous. Then
GDIIf =1 DU =T (16)
(4) Let v >0, n—1<vy<n and f € A"[a,b]. Then

n—1 k a
7 o = 1 - Y 2 o a7)
k=0 )

where A™[a, b] is a set of functions with absolutely continuous derivative of
order n — 1.
Let S be a Banach space, 7 : S+— S be a mapping, and || - || denote
the norm of S.
Definition 1.4 (see [25]) If there exists a constant p (0 < p < 1), such
that
[Tz =Tyl < pllz -yl (18)
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for any x,y € S, then T is said to be a contractive mapping of S.

Lemma 1.5 (Contractive Mapping Principle) (see [25]) If T is a
contractive mapping of Banach space S, then there exists a unique fized
point y € S satisfying y = Ty.

2. Existence and uniqueness of the solutions for FBVPs

In this section, the existence and uniqueness of the solutions for FBVPs
(7-8), (9-10), (1-2) and (3-4) are studied. Without loss of generality, only
the case of homogeneous boundary conditions @ = § = 0 in the above four
kinds of FBVPs are considered.

Lemma 2.1 (1) FBVP (1-2) is equivalent to

/Gts (s,y(s))ds, (19)

where G(t, s) is called the fractional Green function defined as follows:

(t—a)(b—s)"t (t—s)7t

— a<s<t<b
b—a)l' r ’ - - 7
o=y Copiop T @
(b—a)l'(y) ~ B
(2) (see [33]) FBVP (7-8) is equivalent to
b
— [ o)t usas, 1)
where G (t,s) is the fractional Green function defined as follows:
_ a1 _ o\ 1 _ o)1
(t a) (b S) _&7 a§5§t§b7
At o) — I(v) \b-a I'(v)
G(t,s) = 1 (22)
(t—a)’™t (b—s\" ci<s<b
IG) \b-a) e

(3) FBVP (3-4) is equivalent to

b
o) = [ Git.5)g (5. vlo). EDY(s) ds, (23)
where G(t, s) is the fractional Green function defined in (20).

(4) (see [33]) FBVP (9-10) is equivalent to
b
= [ G99 (5. y(s), FEDEY() d, (24)
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where G(t, s) is the fractional Green function defined in (22).

Proof: We only give the proof for (1). The case for (3) is similar to that
for (1). The proof of (2) and (4) are referred to [33].

According to Lemma 1.3(4), acting the operator J to both sides of
the equation in (1) yields

y(t) —yla) =y (a)(t — a) + JJ f(t,y(t)) = 0. (25)
Since y(a) = y(b) = 0, from (25) one easily obtains
! = ' 7(1) — S)V_l S S S
V(o) = | G s ul)ds. (26)
and then
y(t) = y(a)(t —a) = JJfty(t)
Y (t—a)(b—s)! t— 511

= S S S — t(
= ) Ty e / )

b
:t/G@gﬂ&mm@.

f(s,y(s))ds

Conversely, acting the operator ¢ D} to both sides of (19) yields
b
D) = D7 [ Gl fsule)is

_ [ s CPIt—a)— CDY Y
[ S s DI - a) — CDLIfty(0)

_f(tv y(t))a

and the homogeneous boundary condition is verified easily. O
Let

P = C°a, b],
Py = C'(a,b] == {y(t)| y(t),y'(t) € C°la,b]},
Py = C%a, b] := {y(t)| y(t) € COa,b), BEDYy(t) € (Co[a,b]}.

where C%[a,b] denote the space of all continuous functions on [a,b]. We

~

define the norm || - ||y, || - llgs || - |5 and the operator Ty, 7;, Ty, 7, as
follows:

[yl s :== Ky max |y(t)],

a<t<b
b
Tpy(t) := | G(t,5)f(s,y(s))ds,
b
Try(t) == | G(t,)f(s,y(s))ds, ¥ y(t) €P.
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lyllg :== aHSl?%(b [ Kgly(t)| + Ly ‘aCD?y(t)‘ ] )

b
Tyu(t) == / G(t.8)g (s, u(s), CDly(s))ds, ¥ y(t) € Py.

lylla = max [ Koly(t)] + Ly [ DYy(0)] ],

b
Tu(t) = / Gt 5)g (s, y(s), REDIy(s))ds, ¥ y(t) € Py.

Obviously, P, Pq, IP; are complete norm space with respect to |- || ¢, || -|l4
and || - ||, respectively. The operators Ty, Ty, 7y, 7, are continuous. Now

(19) and (21) can be rewritten as y = Ty and y = ’ffy, for y € P; (23), (24)
can be rewritten as y = 7,y and y = ’j\;y, respectively. According to the
contractive mapping principle, “finding a sufficient condition for existence
and uniqueness of the solution for FBVP (1-2) ( or (7-8) or (3-4) or (9-10)
)" is equivalent to “finding a sufficient condition under which 77 ( or ’]A} or

T or ’ZA; ) is a contractive mapping of P(or Py or P2 )". Then, the following
theorems are given.

Theorem 2.2 (1) Let f be a continuous function on [a,b] X R and
satisfy the Lipschitz condition (5).

(1.1) If
2K¢(b—a)”
—— <1, 27
I'(y+1) @7
then there exists a unique solution for FBVP (1-2) in P.
(1.2) (see [33]) If
— 1) Yp—=a)

Ty +1)
then there exists a unique solution for FBVP (7-8) in the space P.

(2) Let g be a continuous function on [a,b] x R x R and satisfy the
Lipschitz condition (6).
(2.1) If

2(b—a)Y (b—a)r? (b—a)r?
Korsoy T [t v ore=0) T Th+1-0)

then there exists a unique solution for FBVP (3-4) in P;.

<1, (29)
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(2.2) (see [33]) If

(y=1)7"'(b—a) (2y = 0)(b—a)'"
7T (y+1) o TH—0+1) b

(30)

then there exists a unique solution for FBVP (9-10) in the space Ps.
Proof:
The proof for (1.1): For u(t), v(t) € P, and (¢, s) € [a, b] x [a, b], accord-
ing to the definition for the operator “7;" we have

b
[ Tpu(t) = Tro(t)] < /’m@snwﬂ&u@»—f@m@»us
_ " (t—a)(b—s) Ce—st
= ““{L aoare L e d}
< Bl
Thus
2K (b —a)?
I1pe = Tpolly = max, K Tyu(t) = Tro(0)] < o5~ lu =l

Considering (27), we finish the proof according to Lemma 1.5.
The proof for (2.1): On one hand, we have
2(b—a)Y
Tult) =T < Tl =l
for u(t), v(t) € Py, and (¢, s) € [a,b] X [a,b], which is similar to (1.1). On
the other hand, according to Lemma 1.3, we have

—a 1-6 b — s v—1
C0iTu) = g | Ray o e EDM) ds = I3 o, u(o). L)

And then
b-ay® . b=y
re-orH+1) TI'(-60+1)

Combined with the definition of || - ||; and Lemma 1.5, (29) holds.
The proof for (1.2) and (2.2) are referred to [33].

CDiTu - DIl < Ju-ol, |

3. Shooting methods for FBVPs
In this section, single shooting methods are applied to solve the FBVPs
(1-2), (3-4), (7-8) and (9-10) numerically.
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According to the idea of the shooting method, a FBVP is turned into
a fractional initial value problem (FIVP) which can be solved by some
suitable numerical method (see [26]-[27], [28], [31]). We write down the
corresponding procedure for FBVPs.

Denote the corresponding initial value conditions of FBVPs (1-2) and
(3-4) as

y(a) = o, y/(a’) =a1, ap,a1 € R. (31)

Then FBVPs (1-2) and (3-4) can turn into FIVPs (1, 31) and (3, 31),
respectively.

Usually, not all a, (k = 0, 1) are equal to zero, in other words, the initial
value conditions (31) are inhomogeneous. Setting

z(t) = y(t) — ap — a1(t — a), (32)

(1, 31) and (3, 31) can be transformed into another FIVPs with homoge-
neous initial value conditions.

For a given equispaced mesh a =ty < t; < --- < ty = b with stepsize
h = (b—a)/N, we give a fractional backward difference scheme of order one
(refer to [31]) to solve FIVPs (1) and (3) with homogeneous initial value
conditions y(a) =0, y'(a) =0:

Zm = _th muzm Zwkzm ks (33)
and
1 m _ m
zm = —h7g( m,zm,h—zowizm_i)—gwkzm—ka (34)
where
1
wo = 1, wp = (1—%)% L k=1,2,-- N, (35)
0+1
o = 1, @ = -5, i=1,2,--- N, (36)
)

The case for (7-8) and (9-10) is referred to [33]. The reader should note
that the initial values take the following form

RLDY 'y(a) = by € R, lim J377y(t) = b2 € R. (37)
t—a
It is easy to check that
by = hm+ J2y(t) = 0. (38)
t—a
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Usually, b1 # 0 and let

b1 (f — a)"*‘l
L'(v)

in (7, 37) and (9, 37). Then they are transformed into FIVPs with homo-
geneous initial conditions. (33) or (34) is also employed to simulate them.

2(t) = y(t) — (39)

3.1. Shooting method for linear problems
The linear case of fractional two-point boundary value problem (1) with
homogeneous boundary value conditions

OD)y(t) +e(t)y(t) +d(t) =0, a<t<b, 1<y<2,  (40)
y(a) =0, y(b)=0 (41)
where c(t), d(t) € C%[a, b].
1
: e Ty+) |7 . _

According to Theorem 2.2, if b—a < [ 3K, } with Ky = max, le(t)],
then there exists a unique solution for (40-41). In order to apply the shoot-
ing method, we choose an initial value &1, & for ¢’ (denote initial value of
exact solution y'(a) = &*), respectively:

y(a) =0, y'(a)=&. (42)
yla) =0, y

—~
Q
~
Il
I

(V]
—~
>~
w
=

Then FIVP (40, 42) and FIVP (40, 43) have unique solution, denoted
by y(t;€1), y(t;€2). Usually, & # & # £, y(b;61) # y(b;§2) # 0, thus
y(t;&1) # y and y(t;&2) # y. Suppose that y(b;&1) # y(b;&a), let A =
y(b) — y(b;&2) and
y(b;&1) — y(b; &2)
y(t) := My(t; &) + (1= Ny(t; &2)- (44)

It is easy to show that (44) is the solution of FBVP (40-41).

In [8], the error estimates for linear case are also considered.
For a given equispaced mesh a =ty < t; < --- < tny = b with stepsize
h = (b—a)/N, we denote numerical solution of FIVPs (40, 42) and FIVPs
(40, 43) as {yn(€1)}2_, and {yn(€2)}2_,, respectively. And then, A =
y(b) — yn(&2)
yn (&) —yn(&2)

ynzj\yn(gl)‘F(l_;\)yn(gQ)v n:0a172a"' aN' (45)

and the numerical solution
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Generally, we suppose that the scheme solving FIVPs (40, 42) have
convergent order O(h"), i.e.,

maxo<n<N |yn(§1) - y(tn7§1)| = O(hT)v (46)
maxo<n<n |[Un(&2) — y(tn; &) = O(R7).
Due to (44-45), we consider {|y(t,) — yn|}7]:]:0, then we get
max [y(tn) —yn| = O(R"). (47)

0<n<N

When come to the linear case of (7-8), we only need to replace (42) and
(43) with initial value conditions

fLDg—ly(t)L:a =&, lim 27y =0, (48)
REDYTy()| =6 lim Sy =0, (49)

The details are referred to [33]. Again, the shooting procedure for linear
FBVPs (3-4) and (9-10) are similar to that of (1-2) and (7-8), respectively.
3.2. Shooting method for nonlinear problems
For nonlinear FBVP (1) with homogeneous boundary value conditions
(41), we consider the following FIVP :

CDIy(t) + ftyt) =0, a<t<b, 1<y <2, (50)
y(a’) = 07 yl(a) = 57 (51)

The FIVPs (50) is corresponding to FBVP (1, 41) with analytic solu-
tions denoted as y(t;£). In general, y(b;&) # 0. Once a zero point £* of
#(&) = y(b; &) is found, one obtains y(t;£*), the solution of FBVP (1, 41).
When y(t;€), and hence ¢(§) are continuously differentiable with respect
to &, Newton’s method can be employed to determine £*. Starting with an
initial approximation £(©), one gets ¢¥) as follows:

gown =g - ST (52)

On one hand, y(b; ), hence ¢(£) can be determined by solving FIVP (50)

numerically. On the other hand, it is easy to check that w(t; §) := 5yét§, 9
is the solution of the following FIVP (refer to [30]):

eo7ultg) + LD i) o, (53)

w(a;€) =0, w(a;€) =1, a<t<b 1<y<2 (54)
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So we can compute w(b;§), i.e., ¢'(£) by solving FIVPs (53) numerically.
Of(t, y(t:€))
dy

However, considering of the computation complexity for in

practice, we usually calculate the difference quotient

SE™ + AEW) — g(e™)

AgE™) = AL

instead of the derivative ¢'(£(*)) itself, where AE®) is a sufficiently small
number. And the formula (52) is replaced by

§(k+1) — g(k) _ ¢(§(k)) (55)

Ap(g®)

In short, the procedure of solving FBVP (1, 41) by shooting method is
displayed as follows:
step 1. choose a starting value £(?) and an iterative precision e for Newton’s
method;
then for k=0,1,2,-- -,
step 2. obtain y(b; £ by solving FIVP (50) with y/(a) = ¢ and com-
pute ¢(£H));
step 3. choose a sufficiently small number A& £ 0 and determine
y(b; €F) 4 AE®)) by solving the FIVP (50) with y/(a) = £*) 4+ Agk),
and then compute ¢(&*) + Ag®));
step 4. compute A¢p(€(®)) and determine £t by formula (55);
repeat steps 2-4 until [€*+1) — ¢()| < ¢ and denote the final £*+1) as £*;
step 5. finally, we obtain the numerical solution of FBVP (1, 41) by solving
FIVP (50) with y/(a) = £*.

Next, we want to give the error analysis of shooting method for nonlinear
FBVP (1). The error consists of two parts. One is from the error between
|¢* — €]. By shooting method, we can only get the approximation £ but
exact initial value £*(= y/(a)). That is to say, we solve FIVP

SDgy(t) + f(t,y(t) =0,
{ y(a) =0, y(a) =€ (56)
instead of FIVP
SDgy(t) + f(t,y(t) =0,
{ y(@) =0, y'(a) =& (57)

which is an initial perturbation problem in fact. Denote the exact solutions
of (56) and (57) as y(t; &) and y(¢; *), respectively.
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Lemma 3.1 (see [32]) Suppose a > 0, A(t) is a nonnegative function
locally integrable on [a, b] and B(t) is a nonnegative, nondecreasing contin-
uous function defined on [a, b], and suppose (¢) is nonnegative and locally
integrable on [a, b] with

w(t) < A(t) + B(t) / (t— 1) L(r)dr, t € a,b)]. (58)
on this interval. Then

P(t) < A(t) Eo (B(t)T(a)(t —a)?), (59)
where E,, is Mittag-Leffler function defined by

= (60)
— T ka +1)

According to the above lemma, We get the error estimation.

y(t:€") = y(BE] < [€° — €|t — a) Ba (Kf(t —a)*) < C1l€" — €| ,t € [a,b] (61)

where C1 1= max;e[q 5 (t — a)Eq (K (t —a)®).

Another part of error is from numerical solving procedure of FIVP (50)
by scheme (33, 35). Suppose that the scheme of FIVP converges with order
r, and denote the approximate solution of y(t,; é) as Yn, (5), we get 3Cy > 0,
s.t.

Ogglagle( 03 €) — yn(€)| < Cah”. (62)

To sum up, we have

Y(tn: &) — yn(§)] = Iy(tn;é) Y(tn: €) + y(tn:€) = yn ()|
—y(tn; &) + |y(tn: &) — yn(©)]

IA
<
—~
~
3.
'-"ﬁ
\_/

that is,

omax [y(tni €)= yn(O < C1IE" = €] + Cah”. (63)

When come to (7, 41), we turn it into its corresponding FIVP
dED]y(t) + f(ty) =0, a<t<b 1<y<2  (64)
dEDI TNy =€ lim J277y(t) = 0. (65)
t=a t—a

And the numerical procedure of simulating (7, 41) is completely similar to
that of (1, 41). The reader can refer to [33] for details.
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Again, the procedure of shooting method for (2) and (8) with homogenous
boundary conditions (41) are similar to the case of (1, 41) and (7, 41),
respectively.

4. Numerical experiments for solving FBVPs

In this section, two numerical examples are given to show the feasibility
and validity of single shooting methods for the FBVPs.

First, let us introduce the parameters. a =0 =tg <t; < ---<t, =b
is a given equispaced mesh with stepsize h = (b — a)/n, n=100, v = 1.5,
# = 0.5. For the linear cases in examples 1, the two “initial speeds" & = 0.5,
& = 1.5. For the nonlinear cases in examples 2, ¢ = 10712, ¢ = 0,
AER) =108,
Example 1 Consider the following linear FBVP

1 1
§DIPy(t) + sy(t) + — §DPPy(t) =r(t), 0<t<1,

3 40
y(0) =0, y(1)=0,
where
T(t) B _7t0'5 N E B 2t1'5 B ﬁ
- 2ym 3 3w 3
Since

1 1
lg(t, u2,v2) — g(t,ur,v1)] < 5 ue —wr| + = [v2 — 1],
3 4

1 1
Ky=g. Ly=7,a=0b=17=15 0=05
—_a)Y _g)r—°% _g)r—°%
2b—a) (b—a) (b—a) ~0.96 < 1,

IT(y+1) TIT2-0r(y+1) T(y—0+1)

there exists a unique solution for this FBVP according to Theorem 2.2. In
fact, one can easily check that y(t) = ¢(1—1t) is the analytical solution. The
errors between the numerical solution (obtained by using shooting method
mentioned above) and the analytical solution at mesh points are plotted
in Figure 1. And the true solution (denoted by real line) and numerical
solution (denoted by ) on equispaced mesh are plotted in Figure 2.

Example 2 Consider the following nonlinear FBVP

DiPy(t) + sin(y) +r(H) =0, —1<t<1,
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Figure 1: the shooting error for Figure 2: the true solution and
Example 1 numerical solution of Example 1

where

=

—~
~+

~—
|

sin(Ct+1(2 27)) + Ci11(0.5, 27).

Zl"a—i—Qj—i—l)

Since

[F(tuz) — F(t,ur)] = [sin(uz) — sin(us)] < Juz — ual
Ky=1,a=-1,b=1, y=1.5
(Y- (b—a)
YTy +1)

~082<1,

there exists a unique solution for this FBVP according to Theorem 2.2. In
fact, one can easily check that y(t) = Cy41(2, 27) is the analytical solution.
The errors between the numerical solution (obtained by using shooting
method mentioned above) and the analytical solution ( approximated by
summarizing the former 21 terms of infinite series Cy41(2,27) because of

(I%&);; ~ 6.02 x 1072° ) at different points are plotted in Figure 3. And the

analytical solution (denoted by real line) and numerical solution (denoted
by O) on equispaced mesh are plotted in Figure 4.

The rates of convergence and maximum errors for example 2 between
the numerical solution and the analytical solution are given in table 1.
Table 1 show that the shooting method is order one, which is in good
agreement with the fact that (33, 35) or (34, 36) is a method of order one.
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Figure 3: the shooting error for

Figure 4: the true solution and

Example 2 numerical solution of Example 2
Table 1
stepsize h = 1/n | maxi<;<n |y(t:) — yn(t;)| | rates of convergence

1/16 2.46e — 2

1/32 1.06e — 2 1.2198
1/64 4.9e — 3 1.1013
1/128 2.34c — 3 1.0740
1/256 1.31e -3 1.0471

The above numerical results indicates that the single shooting method
is a successful tool to solve fractional boundary value problems (1-2), (3-4).
The numerical experiments for FBVPs (7-8) and (9-10) can be referred to
[33]. The results are very similar.

References

[1] T.S. Aleroev, About one class of operators associated with differential
equations of fractional order, Siberian Mathematical Journal 46 (2005),

No. 6, 1201-1207.

[2] G.M. Gubreev, Izv. Ros. Akad. Nauk., A series of the mathematician

69 (2005), No. 1, 17-61.

[3] T.S. Aleroev, The boundary problems for differential equations with
fractional derivatives, Dissertation, doctor of Physical and Mathemati-

cal Sciences, Moscow State Univercity, 2000.

62




[4] M.S. Brodskii, Triangular and Jordan representations of operators,
Nauka (1968).

[5] T.S. Aleroev, About some problems from the theory of the equations
of the mixed type leading boundary problems for the differential equa-
tions of the second order with fractional derivatives, Differential’nye
Uravneniya 18 (1982), No. 2, 341-342.

[6] T.S. Aleroev, On a boundary value problem for a Fractional-Order Dif-
ferential Equation, Differential’nye Uravneniya 34, No.1.

[7] T.S. Aleroev, Certain Problems in the Theory of Fractional-Order Lin-
ear Differential Operators, Doklady Akademii Nauk 341 (1995), No.
1.

[8] M. Li, N.M. Nie, S. Jiménez, Y.F. Tang and L. Vézquez, Solving Two-
Point Boundary Value Problems of Fractional Differetial Equations,
http://www.cc.ac.cn/2009research _report/0902.pdf, (2009).

[9] M.M. Dzhrbashjan and A.V. Nersesyan, Izv. AN ArmSSR, Series of
Phys.-Math. Sciences 12 (1959), No. 5.

[10] M.M. Dzhrbashjan, Izv. AN ArmSSR 75 (1970), No. 2, 71-96.

[11] A.M. Gachaev, The boundary problems for differential equations of
fractional order, Dissertation, Nalchik, Russia, 2005.

[12] T.S. Aleroev, The boundary problem for differential operator of
fractional order, The reports of Circassian International Academy of
Sciences (Doklady Adygskoy (Cherkesskoy) Mezjdunarodnoy Akademii
Nauk 1 (1994), No. 1.

[13] M.M. Malamud, The reports of National Academy of sciences of
Ukraine (Doklady Nationalnoi Akademii Nauk Ukraini) (1998), No. 9,
39-47.

[14] M.M. Malamud, Russian Journal of Mathematical Physics 8 (2001),
No. 3.

[15] T.S. Aleroev and H.T. Aleroeva, Some applications of the theory of
disturbance in fractional calculation, Memoirs on Differential Equations
and Mathematical Physics 50 (2010).

[16] T. Cato, The theory of indignation of linear operators, 1972.

[17] I.C. Gohberg and M.G. Krein, The theory of Volterra operators in
Gilbert space and its applications, 1967.

63



[18] M.M. Dzhrbashjan, Integral Transformations and presentations of
functions in complex space, Nauka (1966), 677.

[19] V.I. Matsaev and Y.A. Polant, Ukr. Mat. Journal 14 (1962), No. 3,
329-337.

[20] F.R. Gantmaher and M.G. Krein, Oscillation matrizes, kernels and
Small fluctuations of Mechanical Systems, Gostehizdat m.-1., 1950.

[21] E. Hille and R.S. Phillips, Functional Analysis and half-groups, IL. M.,
1962.

[22] 1.C. Gohberg and M.G. Krein, Introduction in the theory of the linear
not self-adjoined operators in Hilbert space, 1965.

[23] T.S. Aleroev and H.T. Aleroeva, A Problem on the Zeros of the Mittag-
Leffler Function and the Spectrum of a Fractional-Order Differential
Operator, EJQTDE (2009), No. 25, 1-18.

[24] V.B. Lidskii, Tr. Mosk. Mat. O-va 8 (1959), 84-120.

[25] P. Bailey, L.F. Shampine and P. Waltman, Nonlinear Two Point
Boundary Value Problems, Academic Press, New York, 1968.

[26] K. Diethelm and N.J. Ford, Numerical Solution of the Bagley-Torvik
Equation, BIT 42 (2002), 490-507.

[27] K. Diethelm, N.J. Ford and A.D. Freed, A Predictor-Corrector Ap-
proach for the Numerical Solution of Fractional Differential Equations,
Nonlinear Dynamics 29 (2002), 3-22.

[28] Ch. Lubich, Discretized Fractional Calculus, STAM J. Math. Anal. 17
(1986), No. 3, 704-719.

[29] I. Podlubny, Fractional Differential Equations, in Mathematics in Sci-
ence and Engineering 198, Academic Press, San Diego, 1999.

[30] J. Stoer and R. Bulirsch, Introduction to Numetical Analysis,
Springer-Verlag, New York, 1980.

[31] M. Weilbeer, Efficient Numerical Methods for Fractional Differential
Equations and their Analytical Background, Papierflieger, 2006.

[32] H.P. Ye, J.M. Gao and Y.S. Ding, A generalized Gronwall inequality
and its application to a fractional differential equation, J. Math. Anal.
Appl. 328 (2007), 1075-1081.

64



[33] N.M. Nie, Y.M. Zhao, S. Jiménez, M. Li, Y.F. Tang and L. Vazquez,
Solving Two-Point Boundary Value Problems of Fractional Differen-
tial Equations with Riemann-Liouville Derivatives, J. Syst. Simul. 22
(2010), No. 1, 20-24.

65



