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Abstract： 
This lecture reviews the current convergence theory for a special class of Trefftz-type 

discontinuous Galerkin (TDG) methods that rely on plane waves for approximating 

solutions of the homogeneous Helmholtz equation –Δu-ω
2
u = 0 locally. These methods have 

been designed as a cure for the notorious pollution e_ect that haunts standard low-order 

Galerkin schemes for the simulation of wave propagation. A prominent representative is the 

so-called ultra-weak variational (UWVF) invented by Cessenat and Despres. 

A powerful tool in the analysis of plane wave discontinuous Galerkin methods (PWDG) are 

duality techniques borrowed from least squares methods. They paved the way for 

quasioptimality results. Together with new approximation estimates for plane waves [3, 4], 

this allowed detailed a priori predictions of convergence. However, the early versions of the 

theory [1] were confined to convex domains, and, even worse, could not accommodated 

locally refined meshes, which is very unfortunate, because numerical experience suggests 

that PWDG should be used on such meshes. In short, the sophisticated hp-refinement 

strategy that ensures exponential convergence (in the number of degrees of freedom) for 

classical polynomial Galerkin finite element approximation of second-order elliptic 

boundary value problem should also be adopted for PWDG. 

Only recently, the theory could be extended to the full hp-setting that involves families of 

trial spaces generated by dyadic mesh re_nement towards corners combined with a global 

increase of the number of plane waves used in each element. The key idea is to make clever 

use of the freedom to choose ux parameters in the DG method, which makes it possible to 

establish quasi-optimality without assuming quasi-uniformity. The second ingredient is new 

estimates for the approximation of analytic Helmholtz solutions by plane waves. Thus, 

exponential convergence of hp-PWDG for the Helmholtz equation in 2D on domains with 

piecewise analytic boundaries could be established [2].  
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