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Abstract

A symmetric (2+1)-dimensional Lotka-Volterra equation is proposed. By means of a dependent
variable transformation, the equation is firstly transformed into multilinear form and further decoupled
into bilinear form by introducing auxiliary independent variables. A bilinear Backlund transformation is
found and then the corresponding Lax pair is derived. Explicit solutions expressed in terms of pfaffian
solutions of the bilinear form of the symmetric (241)-dimensional Lotka-Volterra equation are given. As
a special case of the pfaffian solutions, we obtain soliton solutions and dromions.

1 Introduction

There has been a good deal of interest in recent years in integrable systems in (2+1)-dimensions. Such systems
have dimensional reductions to known integrable equations in (141)-dimension. If the two spatial variables
appear on an equal footing and hence allow such reductions in either variable one calls the (2+1)-dimensional
system a strong generalization of the (141)-dimensional system. The most well-known example is the Davey-
Stewartson (DS) equations [1, 2] which strongly generalize the nonlinear Schréodinger equation. Another
interesting example is the Loewner-Konopelchenko-Rogers (LKR) equations [3] which strongly generalize
the sine-Gordon equation. For the Korteweg-de Vries (KdV) equation, the most famous (2+1)-dimensional
generalization, the Kadomtsev-Petviashvili (KP) equation [4], is only a weak generalizaton. Physically the
KP equation arises in situations where one dimensional motion governed by the KdV equation is weakly
perturbed in a perpendicular direction. A second, less well studied, generalization of the KdV equation is
the Nizhnik-Novikov-Veselov (NNV) equation [5, 6]

Up + Uzge + Uyyy + 3(Pzatt)z + 3(Dyytt)y =0, U= Pgy. (1)

On the line y = z, (1) reduces to the KdV equation. In this way one sees that (1) is a strong generalization
of the KdV equation.

The property of strong two-dimensionality seems to be closely related to the existence of localized,
exponentially decaying solutions (dromions). Indeed, this is the key feature which leads to the existence
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of the underlying plane-wave structure of such solutions in the DS equations [7, 8, 9] and in the NVN
equation [10, 11, 12]. To our knowledge it seems that examples of strong (2+1)-dimensional generalizations
of integrable equations shown in the literature are restricted to the continuous case. Therefore, it is quite
natural to consider strong (2+1)-dimensional generalizations of discrete integrable equations.

It is well known that the Lotka-Volterra (LV) equation

ut(n) + eu(n)+u(n+1) o eu(n)Jru(nfl) -0 (2)

is one of the most important integrable lattices. In the literature, several (2+1)-dimensional (two continuous
and one discrete) generalizations of equation (2) are available (see, e.g. [13, 14, 15]). In addition, there
are two (241)-dimensional (two discrete and one continuous) generalization of the Lotka-Volterra lattice
[14, 16]. However, all of these known (2+1)-dimensional generalizations of the LV equation are not strong
generalizations.

The purpose of this paper is firstly to propose a symmetric (2+1)-dimensional LV equation, secondly, to
present a Bécklund transformation and Lax pair for it and then to derive solutions expressed in terms of
pfaffians. As a special reduction of these solutions we obtain soliton and dromion solutions.

We now propose the following symmetric (2+1)-dimensional LV equation:

(1, n) + MM FALG(m ) _ mu(mn) A% $(m.n)
peu(mm)+AZG(m+1,n) _ g—u(m,n)+A2, o(m,n)
e u(mn)FAZ G(mt1,n—1) _ ju(m,n)+A2,¢(m—1,n)
+emulmn)+AL (m=1,n+1) _ ju(m,n)+A7%¢(mn—1) _ 0, u(m,n)=AnAnp(m,n) (3)

where A,, and A,, are difference operators defined by
Amu(’n% TL) = u(m + 13 n) - u(mv TL),

Apu(m,n) =u(m,n+1) — u(m,n).

Obviously, in the reduction m = n, (3) becomes (2). In the next sections, we shall present a Béacklund
transformation and Lax pair for (3) and then establish a broad class of solutions expressed in terms of
pfaffians. Finally, by considering special cases of this class, we obtain explicit expressions for the soliton and
dromion solutions.

2 Bilinear Backlund transformation and Lax pair

Using the dependent variable transformation

fm+1,n+1)f(m,n)

u(m,n) =1n fm+1,n)f(mn+1)’

equation (3) is transformed into the multilinear form
1
sinh(§Dn)[(Dte%Dm — ePn=3Dm (Dt iDmyr o (e3Pm £ f)
1
+sinh(5 Dy )[(Dyet P — PP Pl fo flo (e3P fo f) =0, (4)

where the bilinear operators D and exp(D,,) are defined by [17, 18, 19]

.Dt aeb= (aat — faat/) a(t)b(t/)|t/:t7
exp(dDy,)a(n) eb(n) = a(n + §)b(n — 9).

It is noted that for continuous systems, multilinear forms of type (4) have been proposed for a model equation
for shallow water waves [20] and the fifth order KdV equation [21]. Besides, a trilinear form for the NVN
equation was given in [22].

Concerning (4), we have the following result:



Proposition 1. The multilinear equation (4) has the Bdcklund transformation

1 1 1 1 1 1 1 1
egDergan.g _ ()\62D17L2D7L + M67§D7H7§Dn _ /;eQD'rrL+2Dn> feg, (5)
pn, Y p, M D, A Dp.
2Dt—)\€ +X€ +X€ —;6 + v fog=0, (6)

where A, p and v are arbitrary constants.

Proof. Let f(m,n) be a solution of equation (4). If we can show that g(m,n) given by equations (5) and (6)
satisfies the relation

P= {sinh(%Dn)[(Dte%Dm L eD"*%Dm)f-f]-(e%Dmf-f)

1 1 1 1 11 1
4 sinh(3D,)[(DiedPr — P BPn | Pt D) fLflu (e300 fu )} 3P (e3P g g)a(cBPgug)]

1 1 1 1
—{sinh(3Dy,)[(Dse2"m — ePr72Pm 4 Prt2Pmygagle(e2Pmgag)

1 1 1 1 11 1

300 P Pt 3P glu (e8P gag)} eBPn (e3P fu f)a(eBP fu )] =0

we can show that

1 1
P PP o flle2P g g

N[

P= sinh(%Dn){[@Dte%Dm —ePrm
— (€207 f o f][@2Dye P — PeEDn 4 Pet 5D yg g1y [P £ o f]le2Pm g o]
+ sinh(%pm){[(—eDm*%Dn + eDm+%D")f-f] [e%D"g-g]
(€207 f o fll(—ePm P 4 Pt EP) g u gy o [e3P7 f o f][e2P g ug]

= sinh(%Dn){Q sinh(%Dm)[(ZDt —de Pr 4 %eD")fog} efgle [e%D"”fg.fg]

+ sinh(3D,){2sinh(1D,) (L2 — 2ePu)fugla fgyale3 fge fol

A jz
= sinh(2D,,){2sinh(3D;,)[(2D; — Ae” P + ieDn + %e‘Dm - geDm)f.g] ofgte [e%Dm fgefgl
=0.
Thus we have completed the proof of proposition 1. O

Starting from the bilinear BT (5)-(6), we can derive a Lax pair for the symmetric (241)-dimensional LV
equation (3). First, we define

= f(m,n)/g(m,n nd u(m,n) = ng(m+17n+1)g(m7n)
¢(m,n) = f(m,n)/g(m,n) and u(m,n)=1 g(m+1,n)g(m,n +1)

and rewrite (5)-(6) in terms of these variables. After some calculation we obtain the following Lax pair for

(3):

Blm+ Ln+ 1) = Mp(m + 1n)e ™ 4 pup(m,m) = Zab(m,n 4 e, (7)
1
2 (m,n) — Ap(m, n — 1)eBn(@tmm)=élmn=1)) | Xw(m, n + 1)efn(@0mmn)=¢(m,n-1))
A
_,_%/,(m — 1, n)elm(@lmn)=g(m—1n)) _ ﬁw(m +1,n)elm@mm)=ém=1n) L ~y(m,n) =0. (8)

We have also checked that the compatibility condition of (7) and (8) yields the symmetric (2+1)-dimensional
LV equation (3). Without loss of generality, we may choose A =1, p = —1 and v = 0. In this case, Lax pair
(7) and (8) is reduced to

Y(m+1n+1) +9(m,n) = e (m+ 1,n) + g (m,n + 1), (9)
2wt(m7 n) = w(m7 n — 1)6A7l(¢(m7n)_¢(man_1)) _ w(m, n + 1)6An(¢(man)_¢(m7n_1))
+1/}(m _ 1, n)eAm((b(man)f‘b(m*l)n)) — 'l/}(m + 1, n)eAm((b(man)fd’(m*l)n)). (10)



In fact, the variable transformation
w(mv n) - )\n—m(_’u)me—%vtw(m7 n)

transforms (7)-(8) into (9)-(10). In the following, for the sake of convenience in calculations in Section III,
we decouple the multilinear equation (4) into bilinear form by introducing two auxiliary variables z and y:

(D;,Ce%Dm —eD”_%Dm—l—eD""'%D"””)f.f:O7 (11)
(Dye%Dn _ ¢Dm—3Dn + eDer%Dn)f.f =0, (12)

where we have assumed that D, + D, = 2D,. In this case, the Lax pair (9)-(10) is also decoupled to be

Y(m+1,n+1)+9(m,n) = e I p(m + 1,n) + ¥(m,n + 1), (13)
P (m,n) = An(@mm=¢mn=I)[y,(m n — 1) — ¢p(m,n + 1)], (14)
Py(m,n) = eBm@mm)=e(m=Lm) [y, — 1. n) — (m + 1,n)]. (15)

It should be emphasized that (4) is implied by (11) and (12) but not the other way around.

3 DKP-type pfaffian solution

In this section, we will present a DKP-type pfaffian and then show that it satisfies the bilinear equations
(11)-(12). This will be done by calculating the effect of differential and difference operations on the pfaffian
and then writing the bilinear equations as quadratic identities for pfaffians. By doing this, we will have
established a class of solutions of the (2+1)-dimensional LV equation (3). The reader is referred to [19] for
background information on the techniques used in this section.

For the rest of the paper, for brevity of presentation, we will use the subscript m or n to denote an
increment in that discrete variable and m or . to denote an decrement. For example,

fm=f(m+1,n), fa=flmn—-1) and fa,=f(m—1,n+1).

Let 6;,i=1,...,2N, where N is an arbitrary positive integer, be eigenfunctions of the Lax pair (13)-(15)

with potential
u=In <TTmn) . (16)

TmTn

That is, 0; satisfy

Tm 7_77.

01’ mn 97 = 01 m 07 n)s 17
o 05 = T (0 4 (1)
Oiz = Tn? (Oin — 0in), (18)
T
TmTm
Oiy = =5 (Oim — Oim), (19)

and 7 is any solution of (11)—(12).
We take the pfaffian element (7, j) to be defined by the relations

(Zvj)n = (7’7.7) + gi,nej - aiej,na (20)

(4 J)m = (4,7) — Oi,mb; + 0:0; m, (21)
.. TnTh

(@:5)e = —5 (0i,005n — Oinbjn), (22)
.. TmTim

(i,5)y = T(ei,mejm‘w — bimbjm). (23)

It may be shown that these four relations define (i,j) in a consistent way. We can check that all of the
compatibility relations ei’wy = 9¢,y17 (& 3)n)m = ((4J)m)n ((Za])n)z = ((’7])m)n7 ((Zvj)n)y = ((%J)y)nv
(4 7)m)z = ((4,3)2)m> (4, 7)m)y = ((¢,5)y)m and (i, )y = (4,7)ya are satisfied by detailed calculations.
Consider now the pfaffian of arbitrary order o = (1,2,...,2N). We will show that for any 7 satisfying
equations (11)-(12)
f=or=(1,2,...,2N)7, (24)



satisfies the same equations. This means that if w is any solution of the symmetric (241)-dimensional LV
equation (3) then, using the dependent variable transformation (16),
In ITmn + u,
OmOn
is also a solution.

In order to prove that f satisfies equations (11)-(12), first we examine the differential and difference
formula for 0. We will express these derivatives and differences in terms of the pfaffian index ¢ defined by
(Cz]’k) = Ox(m +i,n+j) and (Cgacgc) =0.

We may rewrite equations (20)—(23) as

(i, 3)n = (i) + (€6, 0,5, 3), (19)m = (i) + (€1, €6, 7), (25)
.o TnTh — .. .. TmTm PR
(6,9) = ?(0(1)70017%])7 (lvj)y: 2 (09170(1]71’])7 (26)

and we may also calculate

(i:5)a = (i,4) + (<0, cg iy )y (65)m = (i,5) + (21,5, 8,9), (27)
.o .o TmT .o
(27.7)77171 = (’Laj) + 7_7,: = (0(1)70(1%17.7)7 (28)
mn
SN e ™TmTn , 0 —1 . . 29
(Z7J)mn—(7/u.7)+7_7_ 7(01700 7273)7 ( )
mn
(i ‘)7 _(. . TmTn , o 1 . . 30
,,7 mn — Za])+7_7_7 (0—17007Z,j)> ( )
mn
.. TnTh .. 1 .. 1 . . TnTmn ..
(i mae = —5 [(ch €3, 0.9) + (3, 50, 5) + (chcg i 4) ] + ——(c0, ¢b 1, )
T TTm
TaTmm , -1 0 - - TnTmn TanTmn 0 0 : -
+ ——(cq ",Cp,%,7) + — Cy,C1,%,7), 31
T i)+ (222 - T () (31)
.. _ TmTm 0 0 . - 1 0 . - 0 1. . ™TmTmn , 0 0 . -
(Zvj)ny - 2 [(0717017273) +(CO7cl7zaJ) + (071700727])] + (017007273)
T TTn
T g (T T (0 i) (32)
TTn TTn TTn

These results are then used to give expressions for the derivatives and differences of the pfaffian . We
will write ¢ = (1,2,...,2N) = () for short and extend this to write (c},c,1,2,...,2N) = (¢}, c}, ») and
so on. Using equations (25)-(32), we obtain

an:(.)+(cg,c}),.), O’m:(o)+(C(1),68,o), (33)
TnTh _ T Tr
Oy = 7:”_271 (c(l),co L o), oy= ”;”_;n (c(ll,c(l), .), (34)
aﬁ:(o)Jr(cg,cgl,o), om:(.)Jr(cO_l,cg,.), (35)
T T,
Umn:(.)—l—T:_l " (¢, 0), (36)
mn
T Th _
Omn = (o) 7_7: 7?(0?,001,0)7 (37)
mn
T, T,
O'ﬁm:(')‘FT:l_n(C(lva(%v‘)v (38)
mn
TnTh _ _ TnTmi
Tma = "71_271 [(6(1)7697 ’) + (C(l),CO 17 ') + (C(lJ’CO 1’ ')] + :T’ﬂm (087067 ')
m
T T, _ TnTmn  TaT TrnTh _
+ :_Tmn (CO 1a68a ’) + < :_Tmn - :Tmn> (Cgactl)a ’) + :2n (c‘f,cg,c(l),co 1a ’)a (39)
m m m
T Tir Tm Ty
Ony = "71_2771 [(Cglvc(l)a ‘) + (C(l)»cga ‘) + (C(ilvc(l)v ')} + ﬁTmn( (1)’08’ ‘)
n
T T T Tr T T, T Tr
+ W;Tmn (D, 0)+ ( "Tl:m — "TLTmn) (cg,c, ) + W;zm (3, c8,c%q, Y, ). (40)
n n n



Using equations (33)-(40) and the fact that 7 itself is a solution of equations (11)-(12), substituting equation
(24) into equations (11)-(12) leads to the following two pfaffian identities:

(5 cbieoti1,2,...,2N)(1,2, ..., 2N) — (9, ¢9,1,2, ..., 2N) (cd, gty 1,2, ..., 2N)
+(c1,c0,1,2,...,2N)(c0,c01,1,2 ,2N) — (61,601,1,2 S2N) (e, eh,1,2,...,2N) =0,
(6876(1)76(1176(1)7172 QN)(l 2 2N)7(CO7CO7172 2N)(601,C(1),1’2 2N)
+(c8, ¢ 1,1,2,...,2N)(c5, Y, 1,2, ..., 2N) — (), 0, 1,2, ..., 2N) (c5, ¢ 1, 1,2,...,2N) = 0.

Thus we have proved that f = (1,2,...,2N)7 actually satisfies the bilinear symmetric LV system.

Here we would like to point out that the pfaffian solution given here is more general than the solutions
we would find if we followed the approach taken by Ohta [12] for the NVN equation in the continuous case.
These solutions correspond to the special case 7 = 1 in our approach. The approach we take is closer to the
approach of Athorne and Nimmo [11]. This special case is considered in the next section.

4 Explicit solutions

In the last section we proved that solutions of the (2+1)-dimensional LV equation (3) are given by the
formula
S f

fmfn’

where f = (1,2,...,2N)7 in which 7 is any solution of equations (11) and (12) and (1,2,...,2N) is the
pfaffian with element defined by (20)—(23). Observe that u given by (41) is invariant under the symmetries
f—a(n,z)f and f — b(m,y)f. The solutions we find are similar in some respects to those obtained in the
continuous case that are described in [11, 12]. These two papers take a slightly different approach to the
solutions. We follow the approach in [11].

In this paper, the only explicit solutions we will discuss arise when the vacuum solution is v = (7,7 /T Tn) =
1, given by choosing 7 = 1 also. In this case, (17) may be written as

u=In

(41)

which implies that each 6; is the sum of functions only depending on n and m respectively. By considering
(17) and (18) also, we have that

ei(m7nax7 y) = ¢1(TL,J}) + wi(m’ y)v

where each ¢; and v; satisfy

bs = Pn — Pn, (42)
% = Ym — '(/)mv (43)
respectively. The simplest choices of these solutions are
1—pi\ " —Ap; x
P = Q ex , 44
bmai (1) e (T2 (a1)

o —4qiy
v=0(152) e (TY), (45)

in which «;, 8;, p; and ¢; are constants, and we take eigenfunctions to be 6; = ¢; + ;.

Remark. The above parametrization of the dispersion relation will be used rather than the more obvious
one,

¢=akmexp((k™!' —k)x), ¢ =pL"exp(({™ —L)y).

Its form is given by the Miwa transformation [23], relating continuous and discrete dependence in BKP/DKP
hierarchies. This is not essential to the calculations performed here, but it gives a more familiar look to the
form of the terms in the pfaffian element.



Although in the previous section we were only able to define the pfaffian element (i, j) implicitly through
the relations (20-23), for these eigenfunctions we may calculate it explicitly. From these relations we get

. Pi — Dy q; — q;
i) = BB, — By 4 guthy — ity + G,
()pi+pj7] Gitaq i iPj i
where C; ; is an arbitrary constant. The pfaffian f = (1,2,...,2N) with this pfaffian element defines a class

of solution including both solitons and dromions. For example, consider
P1— P2
) =

(1,2
p1+p2

q1 — 4
G162 — ———1ta + dr1iba — Y1¢2.
a1+ q2
Through the transformation (41), and appropriate choice for the signs of ¢, 3;, this gives the same solution

u as
f:1+ﬁ+@+ (M*Pz)(l]l*flz)@@.

Y1 Yo (P p2)(qr + q2) Y1 Yo
This is a two-soliton solution. Notice also that when we set ps = g2 = 0, we obtain (up to an irrelevant

factor)

1
f=1+ o
which is a one-soliton solution. In a similar way we obtain the N-soliton solution for any N.

The (1, 1)-dromion solution is obtained from f = (1,2) with the choice ¢; = ps = 0. This is similar to,
but more general than, the two-soliton solution consisting of one soliton propagating in each of the m- and
n-directions. We have

(1,2) = ¢1 + a2 + ¢p11h2 + Cy 2,
or equivalently,
=1+ ¢1+ 2+ Ad11a,

where A is an arbitrary constant. A plot of a discrete dromion is shown in Figure 1.

Figure 1: A discrete dromion

The general (M, N)-dromion when M + N is even is obtained by taking the pfaffian (1,2,..., M + N)
with g1 = -+ =g = py+1 = -+ = pm+n = 0. As for the soliton solutions, we obtain the solution in the
case M + N odd by setting one more p; or ¢; equal to zero.



5 Conclusion

We have proposed a symmetric LV equation with two discrete variables and one continuous variable. The
equation may be viewed as a strong (2+1)-dimensional generalization of the Lotka-Volterra equation in the
sense that two discrete variables appear on an equal footing. It has been shown that the (2+1)-dimensional
LV equation is integrable in the sense of having a Backlund transformation and Lax pair. Pfaffian solutions
to the (2+1)-dimensional LV equation have been derived. As a special reduction of the pfaffian solutions we
obtain discrete soliton and discrete dromions solutions.

Also, we can show that the continuous analogue of the (2+1)-dimensional LV equation is the NVN
equation (1). This can be seen most easily from the bilinear form by setting D,, = §D,,, D,, = eD¢, D, =
36Dy, — 2eD¢, Dy = —16°D,,, — 20D, in (11) and (12) to obtain

1 1 1.1

5 sinh(i(SDn)—g[—gegDm — 2eD¢ + 2sinh(eDg)]fo f =0, (46)
€

1 1 1.1

- sinh(ieDg)é—g[—gégDys — 26D, + 2sinh(6D,)]fe f = 0. (47)

€

Dy(Day — DY) f =
Dﬁ(Dys - D?;)f'f =
which is nothing but bilinear form of the NVN equation [12].

In the limit € — 0,6 — 0, the leading order behaviour in(46) and (47) gives
0,
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Appendix A. Hirota’s bilinear operator identities.

The following bilinear operator identities hold for arbitrary functions a, b, ¢ and d.

[Sinh(%Dn)a-b] [G%D"CQC] - [sinh(%Dn)d-c] [e%D"b.b] = Sinh(%Dn)(ac —db) ebc (A1)
e2Pn(e3Pmgea)e(ePmaea) = e3P (e2Praea) e (e2Paea) (A2)
[sinh(%Dm)aob] [e2Pmcac] — [sinh(%Dm)doc] [e2Pmbeb) = sinh(%Dm)(ac —db)ebe (A3)
sinh(%Dm)[Dte%D"a.a] e[e?Praea) = sinh(%Dn)[Dte%Dma.a] e[e2Pmaeql (A4)
[Dte%Dma.a] [e%D’"bob] - [Dte%D’"b.b] [e%Dma.a] = QSinh(%Dm)(Dtaob) eab (A5)

1
[ePr=2Pmqea][ezPmbeb] — [ePn 2 Pmbeb][e2Pmaea] = 2sinh(=D,,)[e2Pr " 2Pm g e bl e[ 2P T3 Pmg 4 b

(A6)

1 1 1 1 1 1 1 1
ePrnt2lmgea)e2Pmbeb) — [ePnT2Pmbeb][ezPmaea] = 2sinh(§Dn)[e§D"+%Dmaob] o[e72Pnm2Pmg o p]

(A7)
[e%D’”aoa][e%Dmb-b] = [e2Pmabeab) (A8)

1 1 1 1 1 1
sinh(aDm)[Sinh(§Dn)a ob]e[e2Pmbeb] = sinh(iDn)[sinh(gDm)a- ble[e2Pmbeb] (A9)
sinh(%Dm)aoa = 0. (A10)
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