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1. INTRODUCTION AND MAIN RESULTS

1.1. General methodology. Consider the classical elliptic problem

(1) —div(a®(2)Vu®(2)) = f(x) reDCRY
' u®(z) =0 x € 0D.

Here ¢ is a small parameter that signifies explicitly the multiscale nature of the
coefficient a®(x). Several classical multiscale methodologies have been developed
for the numerical solution of this elliptic problem, the most well known among which
is the multigrid technique [8]. These classical multiscale methods are designed to
resolve the details of the fine scale problem (1.1) and are applicable for general
problems, i.e., no special assumptions are required for the coefficient a(x). In
contrast modern multiscale methods are designed specifically for recovering partial
information about u® at a sublinear cost, i.e., the total cost grows sublinearly with
the cost of solving the fine scale problem [18]. This is only possible by exploring
the special features that a°(z) might have, such as scale separation. The simplest
example is when

(1.2) af(x) = a(ac, f),

€
where a(z,y) can either be periodic in y, in which case we assume the period to be
I =[-1/2,1/2]%, or random but stationary under shifts in y, for each fixed = € D.
In both cases, it has been shown that [5, 36]

(1.3) [u®(x) = U(@)|[L2(p) = O,
where U(z) is the solution of a homogenized equation:

{ —div(A(z)VU(z)) = f(z) x €D,

(L4) Ux)=0 x € 0D.

The homogenized coefficient A(x) can be obtained from the solutions of the so-
called cell problem. In general, there are no explicit formulas for A(z), except in
one dimension.

Several numerical methods have been developed to deal specifically with the case
when a(z,y) is periodic in y. References [3, 4, 7] propose to solve the homogenized
equations as well as the equations for the correctors. Schwab et al. [29, 38] use mul-
tiscale test functions of the form ¢(x,z/e) where ¢(z,y) is periodic in y to extract
the leading order behavior of u®(z), extending an idea that was used analytically
in the work of [2, 15, 34, 44] for the homogenization problems. These methods
have the feature that their cost is independent of ¢, hence sublinear as ¢ — 0, but
so far they are restricted to the periodic homogenization problem. An alternative
proposal for more general problems but with much higher cost is found in [20, 25].

1.2. Heterogeneous multiscale method. HMM [16, 17, 18] is a general method-
ology for designing sublinear algorithms by exploiting scale separation and other
special features of the problem. It consists of two components: selection of a macro-
scopic solver and estimating the missing macroscale data by solving locally the fine
scale problem.

For (1.1) the macroscopic solver can be chosen as a conventional P, finite el-
ement method on a triangulation 7y of element size H which should resolve the
macroscale features of a¢(x). The missing data is the effective stiffness matrix at
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this scale. This stiffness matrix can be estimated as follows. Assuming that the
effective coefficient at this scale is Ag(z), if we knew Ap(z) explicitly, we could
have evaluated the quadratic form

/VV(:C) A (2)VV () de
D
by numerical quadrature: For any V' € Xy, the finite element space,
(1.5) Ag(V, V)~ S UK Y wi(VV - AgVV) (),
KeTy €K

where {z;} and {w} are the quadrature points and weights in K, |K| is the
volume of K. In the absence of explicit knowledge of Ag(z), we approximate
(VV - AgVV)(z¢) by solving the problem:

{ —div(a®(z)Vvj(z)) =0 x € Is(xg),

(1.6) i (z) = Vi(x) € l5(y),

where Is(z¢) is a cube of size 0 centered at x¢, and V4 is the linear approximation
of V at xy,. We then let

(1.7) (VV - AgVV) () ~ 5% / Vg (x) - a®(x) Vg (z) d.
Is(ze)

(1.5) and (1.7) together give the needed approximate stiffness matrix at the scale H.
For convenience, we will define the corresponding bilinear form: For any V,W € Xp

Ag(V,W): = Z |(5£d| Z Wy / Vi (z) - a®(x)Vwg () de,

KeTy K Is(ze)

where wj is defined for W € X in the same way that v§ in (1.6) was defined for
V.

In order to reduce the effect of the imposed boundary condition on 0I5(x¢), we
may replace (1.7) by

1
(6"

I/ ()

(1.8a) (VV - AgVV)(z,) ~

Vg (z) - a®(x) Vg (x) dz,

where 0’ < . For example, we may choose § = §/2. In (1.6), we used the Dirichlet
boundary condition. Other boundary conditions are possible, such as Neumann and
periodic boundary conditions. In the case when a®(x) = a(z,z/¢) and a(z,y) is
periodic in gy, one can take I5(x¢) to be x4 + €I, i.e., § = ¢ and use the boundary
condition that v5(x) — Vi(z) is periodic on 5.

So far the algorithm is completely general. The savings compared with solving
the full fine scale problem comes from the fact that we can choose Is(z¢) to be
smaller than K. The size of Is(xy) is determined by many factors, including the
accuracy and cost requirement, the degree of scale separation, and the microstruc-
ture in a®(x). One purpose for the error estimates that we present below is to give
guidelines on how to select I5(z¢). As mentioned already, if a¢(z) = a(x, x/e) and
a(x,y) is periodic in y, we can simply choose I5(x¢) to be xp + €I, ie., § = . If
a(x,y) is random, then ¢ should be a few times larger than the local correlation
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length of a®. In the former case, the total cost is independent of . In the latter
case, the total cost depends only weakly on € (see [31]).
The final problem is to solve

1
(1.8) Jmin o An(V,V) = (£,V).
(o] (o]
L] [e]
K [e]
[e] [e] (o] [e]
(o] (] (o] (]
(]
(] (o]
(o] [«]

FIGURE 1. Tllustration of HMM for solving (1.1). The dots are the
quadrature points. The little squares are the microcell Is(z).

To summarize, HMM has the following features:

(1) Tt gives a framework that allows us to maximally take advantage of the spe-
cial features of the problem such as scale separation. For periodic homoge-
nization problems, the cost of HMM is comparable to the special techniques
discussed in [3, 7, 29, 35]. However HMM is also applicable for random prob-
lems and for problems whose coefficient a°(x) does not has the structure
of a(x,x/¢e). For problems without scale separation, we may consider other
possible special features of the problem such as local self-similarity, which
is considered in [19].

(2) For problems without any special features, HMM becomes a fine scale solver
by choosing an H that resolves the fine scales and letting Ay (x) = a®(z).

Some related ideas exist in the literature. Durlofsky [14] proposed an up-scaling
method, which directly solves some local problems for obtaining the effective co-
efficients [33, 40, 41]. Oden and Vemaganti [35] proposed a method that aims at
recovering the oscillations in Vu® locally by solving a local problem with some given
approximation to the macroscopic state U as the boundary condition. This idea is
sometimes used in HMM to recover the microstructural information. Other numer-
ical methods that use local microscale solvers to help extract macroscale behavior
are found in [26, 27].

The numerical performance of HMM including comparison with other methods
is discussed in [31].

This paper will focus on the analysis of HMM. We will estimate the error between
the numerical solutions of HMM and the solutions of (1.4). We will also discuss
how to construct better approximations of u* from the HMM solutions. Our basic
strategy is as follows. First we will prove a general statement that the error between
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the HMM solution and the solution of (1.4) is controlled by the standard error in the
macroscale solver plus a new term, called e(HMM), due to the error in estimating
the stiffness matrix. We then estimate e(HMM). This second part is only done
for either periodic or random homogenization problems, since concrete results are
only possible if the behavior of u® is well understood. We believe that this overall
strategy will be useful for analyzing other multiscale methods.

We will always assume that a () is smooth, symmetric and uniformly elliptic:

(1.9) A <a® < AT

for some A\, A > 0. We will use the summation convention and standard notation
for Sobolev spaces (see [1]). We will use |-| to denote the absolute value of a
scalar quantity, the Euclidean norm of a vector and the volume of a set K. For
the quadrature formula (1.5), we will assume the following accuracy conditions for
kth-order numerical quadrature scheme [11]:

L
1
(1.10) ][ p(z)de: = — /p(:c) dzr = pr(u) for all p(z) € Pag—2.
« K] 2
K

Here wy > 0, for £ =1,---,L. For k = 1, we assume the above formula to be exact
for p € Ps.
1.3. Main results. Our main results for the linear problem are as follows.

Theorem 1.1. Denote by Uy and Unvm the solution of (1.4) and the HMM
solution, respectively. Let

e(HMM) = max [|A(z¢) — An (zo)ll,

KeTy
where || - || is the Euclidean norm. If Uy is sufficiently smooth and (1.10) holds,
then there exists a constant C independent of €, and H, such that
(111) HUQ—UHM]\qu < C(Hk—l—e(HMM)),
(112) HUQ - UHMMHO < C(H]H_l + G(HMM))

If there exits a constant Cy such that e(HMM)|In H| < Cy, then there exists a
constant Hy such that for all H < Hy,

(1.13) 1Uo — Uninimt|[1,00 < C(H" + e(HMM))|In H|.

At this stage, no assumption on the form of a®(x) is necessary. Uy can be the
solution of an arbitrary macroscopic equation with the same right-hand side as
in (1.1). Of course for Upymum to converge to Uy, i.e., e(HMM) — 0, Uy must be
chosen as the solution of the homogenized equation, which we now assume exists.
To obtain quantitative estimates on e(HMM), we must restrict ourselves to more
specific cases.

Theorem 1.2. For the periodic homogenization problem, we have

Ce if Is(xe) =z +e€l,

HMM) <
( )< {C(% + 5) otherwise.
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In the first case, we replace the boundary condition in (1.6) by a periodic bound-
ary condition: v — V; is periodic with period /. For the second result we do not
need to assume that the period of a(z,-) is a cube: In fact it can be of arbitrary
shape as long as its translation tiles up the whole space.

Another important case for which a specific estimate on e(HMM) can be ob-
tained is the random homogenization. In this case, using results in [43], we have

Theorem 1.3. For the random homogenization problem, assuming that (A) in the
Appendiz holds (see [43]), we have

g K
C(k) (5) , d=3
Ee(HMM) < { remains open, d=2
e\ 1/2
where
612
2587

for any 0 < v < 1/2. By choosing v small, k can be arbitrarily close to 6/25.

The probabilistic set-up will be given in the Appendix. To prove this result, we
assume that (1.8a) is used with 6’ = §/2.

1.4. Recovering the microstructural information. In many applications, the
microstructure information in w®(x) is very important. Upnm by itself does not
give this information. However, this information can be recovered using a simple
post-processing technique. For the general case, having Umnn, one can obtain
locally the microstructural information using an idea in [35]. Assume that we are
interested in recovering u® and Vu® only in the subdomain {2 C D. Consider the
following auxiliary problem:

{ —div(a®(z)Va(2)) = f(z) x € {2y,

€

1.14
_— @ (z) = Unmm () T € 90y,

where (2, satisfies 2 C 2, C D and dist(942, 942,)) = . We then have

Theorem 1.4. There exists a constant C' such that
€ ~e\|2 1/2 C €
(115) (f 9 —a%)2dx) §g(HUo—UHl\,ﬂ\,IHLm(Qn)—i—||u —Usllcen))-
I7)

For the random problem, the last term was estimated in [43].

A much simpler procedure exists for the periodic homogenization problem. Con-
sider the case when k = 1 and choose Is = zx + €I, where xx is the barycenter of
K. Here we have assumed that the quadrature point is at zx.

Let u¢ be defined piecewise as follows:

(1) a¢|;;= v%, where v5 is the solution of (1.6) with the boundary condition
that v% — Unmu is periodic with period el and f15 (@° — Upmm ) (x) dz = 0.
(2) (ﬁs — UHMM) |k is periodic with period eI.

For this case, we can prove
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Theorem 1.5. Let u® be defined as above. Then
1/2
(1.16) (X IV —a)ix) < C(E+H).
KeTy
Similar results with some modification hold for nonlinear problems. The details
are given in §5.

1.5. Some technical background. In this subsection, we will list some general
results that will be frequently referred to later on.
Given a triangulation 7y, it is called regular if there is a constant o such that

Hy

— <o for all K € Ty
PK
and if the quantity
H = max Hg
KeTy

approaches zero, where Hy is the diameter of K and pg is the diameter of the
largest ball inscribed in K. 7y satisfies an inverse assumption if there exists a
constant v such that

igy for all K € Tg.

Hy
A regular family of triangulation of 7 satisfying the inverse assumption is called
quasi-uniform.

The following interpolation result for Lagrange finite element is adapted from [10].

Here and in what follows, for any k > 2, V*v is understood in a piecewise manner.

Theorem 1.6 ([10]). Let IT be kth-order Lagrange interpolate operator, and assume
that the following inclusions hold:

(1.17) WrHLP(K) < CO(K)  and WHFHP(K) — W™9(K).
Then
Hk+1
(1.18) v — 0| qx < CIE[MIVP Lyl k.
K

If Ty is regular, we have the global estimate
(1.19) [0 = 10| q,p < CHEFT OO/ Dyl .

Inequality (1.18) is proven in [10, Theorem 3.1.6], and (1.19) is a direct conse-
quence of (1.18) and the inverse inequality below.

Using (1.19) with p = ¢ =2 and m = 2,k = 1, we have ||[v — ITv|2,p < C||v||2,p-
Hence

(1.20) g

2.0 < [lv = Ivll2,p + [[v]l2.0 < Cllv]|2,p-
We will also need the following form of the inverse inequality.

Theorem 1.7. [10, Theorem 3.2.6] Assume that Ty is regular, and assume also
that the two pairs (I,7) and (m,q) with l,m >0 and r,q € [0, 00| satisfy

I<m and  Pp(K)c WH(K)nW™I(K).
Then there exists a constant C = C(o,v,1,7,m,q) such that

(1.21) Vlmgic < CHL ™A a1 ) e
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for any v € Pr(K).
If in addition Ty satisfies the inverse assumption, then there exists a constant
C =C(o,v,l,7,m,q) such that

1/q )
(1.22) ( Z |U|;1n,q,K) < CHlfermln{O,d(l/qfl/r)}( Z |U|7,r,K)

KeTy KeTy

1/r

for any v € Xy and r,q < oo, with

1/q
max |V|m.co i Teplacing (E lo]? K) . if ¢ = o0,
KeTy [ 4,
KeTy

: o\ YT
II(%%ZI(JMLOO,K replacing ( Z |v|l7T)K) , if 7= o0.
KeTy
The following simple result will be used repeatedly.

Lemma 1.8. Let Ai(z) and As(x) be symmetric matrices satisfying (1.9). Let ¢4
be the solution of

(1.23) —div(A1(2)Vei () = div(4i (z)VFi () z€ 0,

with either the Dirichlet or periodic boundary condition on 0f2. Let @2 be a solution
of (1.23) with A1, A1 and Fy replaced by Az, As and Fy, respectively, and let po
satisfy the same boundary condition as p1. Then

M1~ e2)llo < max(A — ) (@) [VEilo.0 + maxl(Ar — A42)(@)] [Vigalo e
(1.24) + max| s (2)| |V (Fy — B)o.0
Proof. Inequality (1.24) is a direct consequence of

N0l 0 < [ Tior=p2)-((Ra=A)VFi+ (e 4) o+ AoV (Fa- F))
Q
O
The following simple result underlies the stability of HMM for problem (1.1).
Lemma 1.9. Let ¢ be the solution of
(1.25) — div(aV«p) =0 in 2 CRY,
=V on € 012,

where Vp is a linear function and a = (aij) satisfies
M < a< Al

Then we have

1/2 1/2
(1.26)  [[VVillo,e < |[Vello,e and (/ V- ano) < (/ vV, - CLVVg)
2 2

Proof. Notice that ¢ = V; on the edges of {2, using the fact that VV} is a constant
in {2, and integration by parts leads to

/ V(e — Vi)(@)VVi(z) dz = 0,
(93



HETEROGENEOUS MULTISCALE METHOD 9

which implies
[19e@P iz = [19Vi@)Pdo+ [19(0 - Vi)(a)? do
107 2 2

This gives the first result in (1.26). Multiplying (1.25) by ¢(z) — Vi(z) and inte-
grating by parts, we obtain

/ Vo(z) - aV(x)dr + / V(e - Vo)(x) - a V(g - Vi)(x) da

= /VVg(:C) -a VVy(z) dz.
I7;
This gives the second part of (1.26). O

Remark 1.10. For this result, the coefficient a = (aij) may depend on the solution,
i.e., (1.25) may be nonlinear.

Remark 1.11. The same result holds if we use instead a periodic boundary condi-
tion: @ — Vp is periodic with period 2.

2. GENERALITIES

Here we prove Theorem 1.1. We will let Uy = Unv for convenience.

Since Uy is the numerical solution associated with the quadratic form Ay, Uy is
the exact solution associated with the quadratic form A, defined for any V' € H (D)
as

AV, V) = /VV(I) - A(z)VV(x) de.
D
To estimate Uy — Uy, we view Ay as an approximation to A, and we use Strang’s
first lemma [10].
Using (1.26) with 2 = Is(z¢) and (1.9), for any V € Xy, we have

a(V,V) >/\Z|K|ng][ |VVy(2)|? da

KeTu €K Is(2e)
=2 D |K] DY wel VV ()
KeTy K
(2.1) = \|VV]3.
Similarly, for any V, W € Xy, we obtain

1

Ag(V,W)| < K ][ vv-&‘vvé][ VW -a°VW,)"
| An( )| Z| |Zwe (o) ¢ a e)(ls(w) ¢ a e)

KeTy e K

<A DKL D wl VV ()| [VW (0]

KeTy e K

=AD" /|vv N VW ()| da
KeTy
(2.2) < AIVVo[VW o
The existence and the uniqueness of the solutions to (1.8) follow from (2.1)
and (2.2) via the Lax-Milgram lemma and the Poinceré inequality.
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To streamline the proof of Theorem 1.1, we introduce the following auxiliary
bilinear form Apg.

Ag(V,W) = Y Ag(V,W) with Ax(V,W) = |K| > w (VW - AVV)(x).
KeTy zoeK

Classical results on numerical integration [11, Theorem 6] give for any V,W €
XH7

(2.3) |Ag(V,W) — /VW CAVV dz | < CH™|V ||m g IVWlox 1< m < k.
K

Moreover, for any V,\W € Xy, if ||[V]|x+1 and [|[W||2 are bounded, we have [11,
Theorem 8],

(2.4) A (V,W) — A(V,W)| < CH* |V |[11 || W]

Proof of Theorem 1.1. Using the first Strang lemma [10, Theorem 4.1.1], we have

. Aua(V, W) — A(V, W)
Up—-U <C _inf ([|U—-V
Vo~ Ul <€ inf (U0~ V] + sup- T )

Let V = IIUp and using (1.19) with m = 1,p = ¢ = 2, we have
. i - < - < CHF*.
(2.5) A 0o = Vil < [Uo — IUolls < CH

It remains to estimate |Ag(V,W) — A(V,W)| for V = IIUy and W € Xy.
Using (2.3), we get

A (V,W) — A(V,W)| < |Ag(V,W) — Ag(V,W)| + |Au(V, W) — A(V, V)|
(2.6) < (e(HMM)[|[VV o + CHF |V [) VW 0.

This gives (1.11)
To get the L? estimate, we use the Aubin-Nitsche dual argument [10]. To this
end, consider the following auxiliary problem: Find w € H{ (D) such that

(2.7 A(w,w) = (Up — Ug,v) for allv € Hy(D).
The standard regularity result reads [24]
(2.8) [wll2 < Cl[Uo = Uslfo-

Putting v = Uy — Uy into the right-hand side of (2.7), we obtain
|Uo = Unllg = A(Uo — U, w — Tw) + (Ax (Ug, Hw) — AUy, Hw))
=AUy — Uy, w — [w)
+ (Ag(Up — Uy, Hw) — A(Uy — IIUy, w))
(2.9) + (Ag (ITUy, Hw) — A(I1U, ITw)).

Using (2.6) with & = 1, we bound the first two terms in the right-hand side of the
above identity as

|A(Uo = Un,w — Hw)| < C\Up — Uglhi||lw — Hwl|jy < CH||Uy — Ug||1]Jw]|2
and

|Ag (U — Uy, Tw) — A(Ug — H Uy, ITw)| < (e(HMM)—FC’H)HUO—UH||1HHw||1.
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The last term in the right-hand side of (2.9) may be decomposed into

A (ITUy, Tw) — A(ITUy, Tw) = (A (I1Uo, Hw) — A (IIU,, Tw))
+ (A (ITUy, Hw) — A(ITUy, Hw)).

It follows from (2.4) that
| A (11U, [Tw) = A(ITUy, Hw)| < CHM|[Ug ks [|w]]2-
By definition of e(HMM) and using (1.20), we get
|Ag (ITUy, ITw) — Ay (ITUy, MTw)| < Ce(HMM)||VITUo|jo||w]|2.

Combining the above estimates and using (2.8) lead to (1.12).

It remains to prove (1.13). As in [37], for any point z € D, we define the
regularized Green’s function G* € H} (D) and the discrete Green’s function G% €
XH as

A(G*,V) = (6,,0V) forall V € H}(D),

2.10
(210 A(G%,V) = (6,,0V) forallV € Xg,

where 9§, is the regularized Dirac-¢ function defined in [37]. It is well known that
(2.11) IG5 = Gilhia <C and |Gl < Cln H].

A proof for (2.11) can be obtained by using the weighted-norm technique [37]. We
refer to [9, Chapter 7] for details. Using the definition of G* and G%, a simple
manipulation gives

AUy — Un)(z) = A(G*, Uy — I1U,) + A(G*, IIUy — Ugy)

(G% — G, Uy — Uy + A(Giy, Uy — Ug)

(G* # Uo — IIUo) + Ag(Un, G3) — A(Un, G%)

(G* — G%,Uy — IUp) + (Ax(I1Us, G%) — A(ITUy, G%))
) _

(A Uy — Uy, G3y) — AUy — U, G)).

A
A
A
+

Using (2.11), we obtain

[Uo = Un 1,00 < Cl|Uo — 11U ||1,00 + |A(I1Uy, GF) — Au (11U, G )|
+|A(Ug — Uy, G%) — Ag(Ug — Uy, G%)|.

Using (2.6), we get

|A(ITU,, G3y) — A (ITUy,G5)| < (e(HMM) + CH*) >~ |0 ||k | VG llo.x¢
KeTy

< C(e(HMM) + H*) > |[TUs k00,5 | VG| 1 (0)
KeTy

< C(e(HMM) + H*)|[In H| |Uo || k41,00

where we have used the inverse inequality (1.21).
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Similarly, we have
|A(Up — ITUy, G%) — Ag (U — Uy, G%)|

< (e(HMM) + CH) Y |Un — IUo|l1,xlIVGillo,xe
KeTy

< C(e(HMM) + H) Z U — HU||1,00, 6 VG ll0,1,
KeTy

< C(e(HMM) 4+ H)|[In H||Uy — Unll1,00

+ C(e(HMM) + H) |In H| H*||Up || 541, 00-
A combination of the above three estimates yields

1Uo — Upt 1,00 < CH* + c(e(HMM) + H) I H| |Uo — Ust||1.00

+ C(e(HMM) + H’f) I H | [|Ugl 41,00

If e(HMM)|In H| < Cp: = 1/(2C'), then there exits a constant Hy such that for all
H < H07

C(e(HMM) + H) InH| <1/2+ CH|InH| < 1.

We thus obtain (1.13) and this completes the proof. O
Combining the foregoing proof for the L2 and W estimates, using the Green’s
function defined in [39], we obtain

Remark 2.1. Under the same condition for the W1°° estimate in Theorem 1.1,
we have

|Uo — Unt||p < C(e(HMM) + H*1)|In H|?.

3. EsTiMATING e(HMM)

In this section, we estimate e(HMM) for problems with locally periodic coef-
ficients. The estimate of e(HMM) for problems with random coefficients can be
found in the Appendix.

We assume that a¢(z) = a(x,z/e), where a® is smooth in z and periodic in y
with period I. Define x = |§/¢], and we introduce V; as

x

(31) (o) = Vi) + ex (w0, 2) 52 (o),

e/ dxy,
where {\/ ?:1 is defined as: For j = 1,--- ,d, x’(x,y) is periodic in y with period
I and satisfies

0 ox? _ 0 ) j B
62 —g-(wi) @) = grasey) I [P@ad=o
I

Given {x7}4_,, the homogenized coefficient A = (A;(x)) is given by
J

_ o Ox
Aij(z) = ][1 (% + ama—yk)(z,y) dy.

Note that {x’ ?:1 is smooth and bounded in all norms.
First let us consider the case when Is(zy) = x; + €I, and (1.6) is solved with
the periodic boundary condition. Denote by ¢; the solution of (1.6) with the
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coefficients a®(z) replaced by a(xy, xz/c). vF may be viewed as a perturbation of
v;. Using Lemma 1.8, we get
(3.3) V(i = 07)lo.1. < Cel[VVelo,r.-

Observe that 07 = V. A direct calculation yields

(VW - (Ag — AVV)(z¢) = ][1 Vwj - [a(:v, g) - a(:vg, g)}VUZ dz

€ T € N E
+ ][Inge : a(:vg, ;)v(’l}e — ;) dx.

Using (3.3), we get
(3.4) e(HMM) < Ce.

Next we consider the more general case when [ is a cube of size § not neces-
sarily equal to . The following analysis applies equally well to the case when the
period of a(x, ) is of general and even non-polygonal shape. This situation arises
in some examples of composite materials [30]. We will show that if 4 is much larger
than e, then the averaged energy density for the solution of (1.6) closely approxi-
mates the energy density of the homogenized problem. We begin with the following
observation:

(VW - AVV)(z¢) = VWy(z) - A(z0)VVi(z)
(3.5) = ][INE(W)VWg : a(xg, ;)vf/g dz.

We first establish some estimates on the solution of the cell problem (1.6). We
will write I5 instead of Is5(xy) if there is no risk of confusion.

Lemma 3.1. There ezxists a constant C independent of € and § such that for each
£,

c €
(3.6) IVvgllo,rs\1,.. < C((g

Proof. We still denote by 0 the solution of (1.6) with the coefficient a () replaced
by a(xy, x/e). Using Lemma 1.8, we get

)"+ 8) IVl

(3.7) IV (vg = 0)llo,15 < COI[VVello,r,-
Define 67 = o — V4, which obviously satisfies
- div(a(:vg, E)V6‘f(gc)> =0 x € Is(zg),
(3.8) : 5V,
. . . ,
05 (z) = —ex* (xg, g> 8—:%(96) x € OI5(xy).

Note that 67 is simply the boundary layer correction for the cell problem (1.6) [5].
It is proved in [45, (1.51) in §1.4], using the rescaling 2’ = x/J over I5 and &’ = ¢/4.

e\ 1/2
(3.9) 1967 ll0.55 < €(5) " IV Vellos-
This together with (3.7) gives

eN1/2

(3.10) 190~ Wl < ()" +8) I9Vallos
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A straightforward calculation gives

. e 1/2
(3.11) 19 Vello,rovr.e <€(5) |
which together with (3.10) leads to
IV lo,1\1e < IV Vello,r\re + V(05 = Vo, 1.
< IVVello s\ 1. + IV (0 = Vo)llo1,

<o((2)" +8) 19Vl

This gives (3.6). O
As in (3.6), we also have
e\1/2
(3.12) 16 loutivi . <C((5) " +0)IVVilos-
Theorem 3.2.
€
(3.13) e(HMM) < C(S +9).

Proof. Note that v = (vj —9;) + 67 + V. We have
( . (AH — A)VV)(I’@) =1+ I, + I3,

where

Vuwj - a(x, g)V(Uf — 07 )dx, Iy = Iéle a( )VHE dz,

]l Vs - a(x —)VngCC—VWg Alz)VVe.

Using (3.7) and (2.2), we bound I; as
1] < 467V (0F = 000,15 Vwi llo.1,
< C6 IV Vello,ss IV Wello,1; = COIV V| [VWel.

Using the symmetry of a ¢, Io = 7(15 vo; - a(x, f)Vw? dx and
Igz][ V(95+sx (xg >%(1—p5))-a(x E)szdac
Is ¢ ’ 8CCk ’ e ¢

_][15V(EX (xz, )SZ(I ps)) .a(a:,g)vwg dz,
where p®(x) € C§°(I5), [Vp*| < C/e, and

>9
(3.14) o (z) = 1 if dist(x, 01s) >
0 if dist(x,0I5) <€

Using (1.6) and 65 +ex (Ig, 5) 9V (1 — pf) € Hy(Is), integrating by parts makes

Oz,
the first term in the right-hand side of Is vanish; therefore we write I as

ows 8xk oV ows .0V, 8p
I, = — Iy £ — 5)d y ¢k d
’ ][15“”(“’ )axl dy; o) I“][,éaﬂ(“’ )Bmzx Oy 0z
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Using (3.12), we bound I, as

_ 3
112] < CT Vw0 o111 [VVello,ti\re . < C (5 +0%) VWil [V Vi

Using (3.2) and integrating by parts, we obtain
X ~ €T N
][ Vw§~a(:zrg,—)VWdz:][ VWZ'G(Ie,—)VVzd:c,
Is € I €

which together with (3.5) gives

I3 = ][15wa {a(m, g) — a(xg, g)}vw dx

1 N
+ 5 / VW - a(:vg, g)VVg dx + (ke /3| — 1)VWe - A(z0)VV,.
15\In£
The last term of I3 is bounded by
| |ke/6]* = 1| VWi - A(ze)VVi| < C%|VV@||VW¢|,

where we have used | |ke/d|¢ — 1| < Ce/s. Using (3.11), we get

— x N 1 A
5t [ IWea(n, 2)9Vade| < ClITVillosn IV Wllo .
IJ\INE

< O(5 +8%)[VVil VWi,

Consequently, we obtain
(15| < O3V lo,1s IV Vel + C (5 + 8 [V Vil VW
< C(5+3) VWil VWl
Combining the estimates for I;, I and I3 gives the desired result (3.13). O

Remark 3.3. An explicit expression for v; is available in one dimension, from
which we may show that the bound for e(HMM) is sharp.

4. RECONSTRUCTION AND COMPRESSION

4.1. Reconstruction procedure. Next we consider how to construct better ap-
proximations to u® from Ugy. We will restrict ourselves to the case when k£ = 1.
Proof of Theorem 1.4. Subtracting (1.1) from (1.14), we obtain

—div(a®(z)V(a® —u®)(z)) =0 x € (2,
(@ —u®)(z) =Ugp(z) — u’(x) x € 082,

Using classical interior estimates for elliptic equation [24], we have

_ C. .
IV(@* =wlloe < Tla® = v lo.g,.
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Using the Hopf maximum principle, we get

C . . C
—f V@ do < S5 =0 e < 5llu° = Vnli o,

C
< 2 (100 = Unli<o, + I = Volli<(a,))-
A combination of the above two results implies Theorem 1.4. O

Proof of Theorem 1.5. Denote I.(rx) = zx + €l and define 4° as the solution
of

(4.1) —div( (xK, )Vu (z )) =0 in I.(zk),

with the boundary condition that @ — Uy is periodic on 91 (zx) and

/ (@° — Up)dz =0,
I. (k)

where zx is the barycenter of K.
It is easy to verify that @° takes the explicit form

(4.2) a%(z) = Un(z) + ex* (xK, )%ZZ’ (2).

Note that the periodic extension of ¢ — Uy is still ey (:CK, g) %%’:(x). This means

that 4° is also well defined for the whole of K and takes the same explicit form
as (4.2).

Using [; x*(2x,y)dy =0for k=1,--- ,d and that VU is a piecewise constant
on K, we obtain

U
(4.3) / (0 — Uy)(z) dz = / ex" (e, x) (%cH( z)dx = 0.
k
Is(wK) Is(mK)
As in (3.7), we have
V(@ =)o, 1. (zx) < (@x)-

From the construction of %%, we have for any z; € K,

IV(@® = a%)llo,1. (21) = V(@5 = @5)lo,1. (2x)-
Since VUyp is constant over K, we get
(4.4) V(@ —a%)]ox < Cel|VUn|lo,k-

Adding up for all K € Ty and using the a priori estimate |[VUgllo < C||fllo, we
obtain

1/2
(4.5) (Y V@ —aix) " < CellVUalo < Ce.
KeTy
Using (4.2), a straightforward calculation gives

6:101- 6:101- 6yi

Define the first order approximation of u® as

uj(z) = Uo—i-sx(

ou®  OUg ox* ( ox )8UH
’ (9&61@'

Bk
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where {x*}¢_, is the solutions of (3.2). Obviously,

oui  9Uy oxF  oxk z\ 0Uy & z\ 02Uy
A combination of the above estimates leads to
[V(@® —u)llo,x < CIIV(UH — Uo)llo,x + Ce|Uol1, i

|G ) Gy e D)

+C€|U0|21K

(9£Ck 0,K

ByZ 6 yi
< ClUo = Unli,x +C(e + H)||Uo||2,x-

Summing up for all K € 7y and using Theorem 1.1 for ¥ = 1 and Theorem 1.2 for
the case Iy = xx + €I, we get

(3 I —udldee) <Ot + )

KeTy
which together with (4.5) and the classical estimate for u® — u§ [5, 32, 45], i.e

[u® —uils < CVE,

gives
1/2 A 1/2
(3 V@ —a9Ex) " < v =i+ (Y IV - a3 x)
KeTy KeTy
1/2
+( X Iv@s-adlix)
KeTy
< C(Ve+ H).
(|

Corollary 4.1.
(4.6) @€ — u¥llo < C(e + H?).

Proof. Using the definition of @ ¢, we have [, (IK)(QE — Upy)(z)dx = 0. Together
with (4.3), we have
(@ —4°)(z)dx = 0.
I. (zK)
An application of the Poincaré inequality gives

3% =@ lo,1.(or0) < CElIV(@Z = a%)llo,r. () < CEIVUR 0,1 (010

As before for any I.(z1), [|©° — 0o, 7. (z,) = [|%° — @0, (2x), nOte that VUg is
a constant on K. We obtain
(4.7) 13 — %o,k < C*||VUH]lo,x-

On each element K, we have
1% = Unllo,x < Cel[VUr |0,k
Combining the above and summing up for all K € Ty, we get

6% = Unllo < Cel|[ VUm0 < Ce,
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which together with
[u® = Unllo < [|u® = Uollo + |Uo = Unllo < C(e + H?)
leads to (4.6), where we have used the estimate for Uy [5, 32, 45], i.e.,
|lu® — Upllo < Ce.

O
4.2. Compression operator. The compression operator (denoted by Q) maps the
microvariables to the macrovariables [16]. It plays an important role in the general
framework of HMM, even though for the present problem HMM can be formulated
without explicitly specifying the compression operator beforehand. Typically the
compression operator is some spatial/temporal averaging, or projection to some

slow manifolds. It is of interest to consider the error bound for Qu® — Uy. We first
list some natural properties of the compression operator.

e Forany ¢ € X, Qo € Xpg.
e There exists a constant C' such that

1Q4llo < Cllllo-
e For any k > 1, if ¢ € H*1(Q) N HE(Q), then
I — Qollo < CH" ! |¢lg11.

Theorem 4.2. Assume that Q satisfies all three requirements and Uy € H*1(D)
for any k > 1. Then

(4.8) 1Qu — Unllo < Cle+ H™).
Moreover, if Ty is quasi-uniform, then
(4.9) |Qu = Unlly < 05 + H").
Proof. We decompose Qu® — Uy into
(4.10) Qu° = Upg = Q(u” — Uo) + (QUo — Uo) + (Uo — Un).
Using the fact that @ is bounded in L? norm, we obtain
1Q(u® = Uo)llo < Cllu® = Usllo < Ce.
Using the third property of @), we have
1QUy — Upllo < CH*L.
Using Theorem 1.1 and the first estimate in Theorem 1.2, we have
[Uo — Unllo < C(e + H*).

A combination of these three estimates implies (4.8), which together with the inverse
inequality (cf. Theorem 1.7) leads to (4.9). O

It remains to give some examples of the compression operator. The following
two types operators meet all three requirements:

e the L2-projection operator onto Xy,
e the Clément-type interpolation operator [12].
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Remark 4.3. Notice that in one dimension, the standard Lagrange interpolant
does not meet the second requirement. However, it is still possible to derive (4.9)
via another approach. Moreover, a careful study of one dimensional examples shows
that the term e/H in (4.9) is sharp.

5. NONLINEAR HOMOGENIZATION PROBLEMS

5.1. Algorithms and main results. We consider the following nonlinear problem
which has been discussed in [6, 23]:

{ —div(a® (z,u®(z)) Vus(z)) = f(z) z €D,

5.1
(5.1) 0 x € 0D.

u(x)
In this section, we define X: = W, (D)
finite element subspace of X.

We assume that a®(x, u®) satisfies

MNEP? < af&g; < AlE]? for all € € RY,

with p > 1 and Xp is defined as the Py

with 0 < A < A. Moreover, we assume that a®(z, z) is equi-continuous in z uni-
formly with respect to x and e.
The homogenized problem, if it exists, is of the following form:

LUy: = — div(A(z, Uy () VU () = f(x) zeD,
{ Up(z) =0 x € 0D.
If we let
A(v,w) = (A(m, v) Vv, Vw) for allv,w € X,
then
(5.2) A(Ug,v) = (f,v) forallve X',

where X’ is the dual space of X.
The linearized operator of £ at Uy is defined for any v € H} (D) by
Liin(Uo)v = — div(A(z, Up) Vv + Ay (z, Us) VU v),
where A, (z,2): = V, Az, 2). Ly, induces a bilinear form through
Au; v, w): = (A(z, u)Vv, V) + (Ap(z,w)Vuv, Vw)  for all v,w € Hj(D).

Our basic assumption is that the linearized operator Lj;, is an isomorphism from
HY(D) to H~(D), so Up must be an isolated solution of (5.2).

To formulate HMM, for each quadrature point x,, define v; to be the solutions
of
(5.3) —div(a®(z,vf)Vvj(z)) =0 x € I5(zy),

' v (z) = Vi(z) x € 0Is(xy).
We can define wj similarly.
For any VW € X, define

VW (xe) - A (ze, V(xe))VV (20) = ][1 ( )ij(:z:) ca(z,v (z)) Vg (z) do
and

Ag(V,W):i= DK Y wiVW () - Ap (e, V() ) VV ().

KeTy zpeK
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The HMM solution is given by the problem:
Problem 5.1. Find Uy € Xy such that
(5.4) Ag(Ug, V)= (f,V) foralV € Xg.

For any v,vg,w € X, define

(5.5) R(v,vg,w): = A(vg,w) — A(v,w) — A(v;vg — v, w).

It is easy to see that for any v and vy satisfying ||v]]1,00 + |[vE|1,00 < M,

(5.6) |R(v, v, w)| < C(M)(llell§ 2p + e Verllop) | Vewllog

for ey: = v — vy and % + é =1,p,q > 1 (see [42, Lemma 3.1] for a similar result).
Therefore we have

Lemma 5.2. Uy € Xy is the solution of Problem 5.1 if and only if

A(UQ; UO - UH, V) = R(Uo, UH, V)
(57) +AH(UH,V) —A(UH,V) for allV € Xg.
For any VW € X, define
(5.8) E(V,W): = VW (xy) - (Ag — A) (xg, V(xg))VV(xg).
Define e(HMM) as
|E(V, W)
. HMM) = i A
(5.9) el ) ri KoK T NV VW]
VeXgnWh® (D), WeXy

The existence and uniqueness of the solution of Problem 5.1 are proved in the
following lemma.

Lemma 5.3. Assume that Uy € WQ’Z’(D) with p > d and Ly, is an isomorphism
from H}(D) to H-1(D). If e(HMM) is uniformly bounded and there exist constants
Hy > 0 and M1 > 0 such that for 0 < H < Hy and

(5.10) e(HMM)Y2|In H| < My,
then Problem 5.1 has a solution Ug satisfying
|Usr — PrrUol|1,00 < e(HMM)/2 4 H1=4/p,

|Uo — Unt|1,00 < C(e(HMM)Y2  H=4/7),
where PpUy € Xy is defined as

(512) A(Uo;PHUo, V) = A(Uo; Uo, V) for allV € Xpg.

(5.11)

Moreover, if there exists a constant n(M) with 0 < n(M) < 1 such that

(5.13) SOIKL DY wilB(V, Z) = EW, Z)| < n(M)|[V = W|}1]|Z]|;
KeTy e K

for al V,W € Xy N WH°(D) and Z € Xy, satisfying |V]1.00 + |[Wll1.00 < M,

then there exists a constant Hy > 0 such that for 0 < H < Hy, the HMM solution
Ug satisfying (5.11)1 is locally unique.
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Proof. Since Ly is an isomorphism from H} (D) to H (D), there exists a constant
C such that

AUy, V, W
sup (0’7’) > C||V]y for allVEH(}(D)-
weny(p)y Wl

Using [42, Lemma 2.2], we conclude that there exists a constant Ha > 0 such that
for 0 < H < Ho,

A(Uo; V, W
(5.14) sup Ao V, W) >C|V|i forallV e Xpy.
wexn Wi

Therefore there is a unique solution PgUy € Xp satisfying (5.12) and
(5.15) Uy — PaUp||1,00 < CHUP.

Moreover, let CA}"}{ be the finite element approximation of the regularized Green’s
function associated with A(Up;-,-). Using [42, equation 2.11], or using (5.14),
similarly to (2.11), we have

(5.16) Gl < Ol H].

Define a nonlinear mapping T: Xy — Xy by

AUo; T(V), W) = A(Uo; Up, W) = R(Uo, V, W) + A(V,W) — Au(V, W),

for any W € Xp. Obviously T is continuous due to (5.14) and (5.6).
Let

B:={V € Xy ||V~ PalUpll1,c0 < e(HMM)V/2 4 gl=d/7},

We next prove that there exists a constant Hy > 0 such that for all 0 < H < Hj,
T(B) C B.
Notice that

A(Uy; T(V) = PyUs, W) = —R(Us, V, W) + A(V, W) — Ay (V,W).

Taking W = G% in the above equation, using (5.16) and (5.6), we obtain, for
[Vil1eo <M,

IT(V) = PrUs|l1.00 < C(M)|[Up = VII§ o[l H| + C (e(HMM) + H) In H|[|V'[|1,00
< C(M)(|[Uo = PuUoll} o + |PaUo = V|[§ o) [0 H| + CM (e(HMM) + H)|In H|
< O(M)(e(HMM) + H2724/?)|In H| + CM (e(HMM) + H)[In H|.

Since V' € B and e(HMM) is uniformly bounded, e.g., e(HMM) < M7, we have

IVIl100 < IV = PrUlh.oc + [|PrUolh.cc < C(Uo) + e(HMM)'/?

(5.17) < C(Uy) + Mi? = : M.

Combining the above two estimates, we obtain

IT(V) = PuUo|l1,00 < C(Mp)(e(HMM) + H*~24/? 4 H)|In H].
Define My: = 1/C(My). Using (5.10), we obtain
|T(V) = PuUpl|1.00 < e(HMM)Y2 + C(Mo)(H?*24/? + H)|In H|.

Therefore there exits a constant Hs such that for 0 < H < Hz, we have

|T(V) = PyrUol|1,00 < e(HMM)Y/2 4 H=/P,
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Let Hy: = min(Hz, H3). Then for 0 < H < Hy, we have T'(B) C B. An application
of Brouwer’s fixed point theorem gives the existence of a Uy € B such that T(Ugy) =
Up. By definition, Uy satisfies (5.11);, which together with (5.15) yields (5.11),.

To prove uniqueness, assume that both Uy and Uy are solutions of (5.4) satis-
fying (5.11)1. Using (5.14), we obtain

Iy AUl Ug — Up, W) dt

CHUH — UHHl < sup

WeXny W1l
N o
< sup |[A(Un, W) A(UH7W)|7
WeXn W1l

where U, = (1 — t)Uy + tUgy. Note that
AUu, W) = AU, W) = (A(Uu, W) — Ag(Un, W)
— (AU, W) — Ag (U, W)).

Since both Uy and Up sit in the set B, we can use (5.17) to get ||Ug]
T1.00 < 2Mp. Using (5.13), we obtain

1,00 +

|Uk = Ugll < (9(2Mo) + C1H)|[Ug — Ug|1.
If we choose H; such that
n(2Mp) + C1H; < 1,

then if H < H;, we have Uy = UH Therefore the HMM solution is locally
unique. [

From here on, when we talk about the HMM solution, we are referring to this
particular solution that satisfies the condition in Lemma 5.3.
Based on the above lemma, we prove a nonlinear analog of Theorem 1.1.

Theorem 5.4. Under the assumptions in Lemma 5.3, let Uy and Uy be solutions
of (5.2) and (5.4), respectively. Assume in addition that Uy € W*+1:°(D). Then
there exist constants Hy and M7 such that if 0 < H < Hy and My < M3, then

(5.18) |Uo — Un |y < C(H* + e(HMM)),

(5.19) |Uo — Ust||1,00 < C(H* + e(HMM))|In H.
Proof. Note that Uy € W*t1:°°(D) and from (5.14), we have

(5.20) |Uo — PrlUsl|y < CH¥, Uy — PrUs||1,00 < CHP.
Using (5.7) with V' = PgUy — Ug and (5.14) and (2.3), we obtain
(5.21) |1PrUo — Unlls < CllUo = Unll} 4 + C(H* + e(HMM)).

Using the interpolation inequality
|Uo — Unllf.4 < lUo — Unll1|Uo — Un 1,00
together with (5.20) and (5.17) gives
| PerUo — Ug|ly < C1(e(HMM)Y2 + H=P)|| PyUy — Ug |y
+ C(H" + e(HMM)).
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Let V = G% in (5.7). Using (5.16), we obtain
[PeUo — Uk |l1,00 < C2(e(HMM) + H) In H||| PuUo — Ug||1,00
+C(|Uo — Unl} oo + e(HMM) + H*)|In H|.
Since (5.10) holds, using (5.11)2 and (5.20)2, we obtain
| PerUo — Usr||1,00 < Ca(e(HMM)Y2 + H'=4?)|In H|||PuUs — Ugr||1,0
+ C(e(HMM) + H*)[In H|.

Now we choose

M7 :mln( 20, 20,
and Hy such that e(HMM)'/2|ln H| < M;, and therefore

lnH| 1 )

1 -
Cr(e(HMM)V? + H'=7) < o 4 Oy Hy ™7 < 1,

1
Co(e(HMM)/2 + H'=4/P)|In H| < 5+ CoH'=P|In H| < 1.

Thus we obtain
|PUo — Ug ||y < C(H" + e(HMM)),
|1PuUo — Ug|l1,00 < C(H" + e(HMM))|In H|.
Using (5.20) once again gives (5.18) and (5.19). O
5.2. Estimating e(HMM). It remains to estimate e(HMM) and verify assump-
tions (5.10) and (5.13). We assume that a®(z,u®) = (a;(z,z/e,u?)), and for
1 <i,j < d, the coefficients afj(:v, y,z) are smooth in z,z and periodic in y with

period I. These types of problems, among others, have been considered in [5, 6, 23].
The homogenized coefficient A = (A;;(x,p)) is given for any p € R by

ax’
Aij(z,p) = (aij + aika—) (z,y,p) dy,
I Yk
where {x*}¢_, is defined for any p € R by
i(a. %)(x )fia..(x )
ayl ik 8yk Y, P) = 6yz 1] »Y,D)s
with the periodic boundary condition in y and [, x*(z,y,p) dy = 0. It is clear that
A(z,p) is also smooth in z and p and satisfies [6, Proposition 3.5]

2
(5.23) M<A< AT I

(5.22) -

Using Lemma 1.9 and Remark 1.10, for the solution of (5.3), we have

(5.24) IVVello,s < IVvgllozs < VA/AIVVello,zs-
This gives a bound for Ag:

AN <Ap < —1,
which together with (5.23) implies
(5.25) e(HMM) < 242/
This shows that e(HMM) is uniformly bounded.
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To simplify the presentation, we will show how to estimate e(HMM) when (5.3)
is changed slightly to
(5.26) —div(a®(z, V(z¢)) Vo;(2)) =0 x € Is(zg),
' vg(z) = Vi(z) x € 0ls(xe)

and Ay (V, W) is changed to
Ag(V,W) = Z |K| Z wg][ Vwj(x) - a®(x,V(x)) Vg (x) da.

KeTuy  x€K Is(we)
If § = &, we replace the Dirichlet boundary condition in (5.26) by the periodic
boundary condition, i.e., vj(x) — Vi(z) is periodic on OI.(x).

Theorem 5.5. If (1/e/0 + 0)|In H| is sufficiently small, then (5.10) and (5.13)
hold and

e\ 1/2
. < = .
(5.27) e(HMM) < C((5> + 5)
In the case of 6 = e, if e|ln H| is sufficiently small, then (5.10) and (5.13) hold

and
(5.28) e(HMM) < Ce.

In what follows, we concentrate on the first case. The second case when § = ¢
will be commented on.

Let us first fix more notation. Denote by 97 the solutions of (5.26) with the
coefficient a(x,z/e,V (x¢)) replaced by a(zg,z/e,V(x)). Similarly we define w§
to be the solution of (5.26) with V replaced by W € Xg. Also, W/ can be defined
in the same way, and w; and w; can be viewed as the perturbations of v; and 9/,
respectively. Moreover, we define

av(ze)) = a(ze, 2,V (xe)), aw(xe) = a(we,2,W(xr)),
av(z) = a2, V(x)), aw(x) = a(z, 2, W(x)).
Observe that 9F and @/ also satisfy (5.24), and using Lemma 1.8, we have
(5:29) IV (vi = 97)llo,1s < COIVVello,rs  [[V(wg — 7 )lo,z5 < CI[VWello,z5-

Lemma 5.6. We have
IV (0f =i )ors < OV —=W)()|(IVVello,r; + [[VWello,15)
(5.30) IV = Wollo,).
Proof. Observe that
—div(ay (z¢)V(07 — Vo)) = div(av (z,)VV;),
— div(aw (z¢) V(05 — W) = div(aw (ze) VIVy).
Both 9f — V; and W} — W, vanish on 0I5(z¢). Using Lemma 1.8, we obtain
AV (07 = Ve =g + Wo)llo,r; < AIV(Ve = We)llo,z,

+ gggl(av —aw)(zo)| (IVVello,; + IV (F = We)llo,z5)-

Using (5.24) for W/, we obtain

V(g = Wo)llo,r; < IVg 0,15 + [[VWello,r; < C(L+ A/ NIVWello,z5,
which together with maxgey,|(ay — aw)(xe)| < C|(V — W)(z¢)| gives (5.30). O
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_ Next we establish the estimate for (v7 — 07) — (wj — /). Let ¢: = vj — 07 and
Y5 = wj —w;. Clearly, ¥, vanish on 0Is5(x,) and satisfy

—div(ay (z)Vy;) = div((av (@) — av (z0)) V7)) @ € Is(x),

- div(aw(x)V1E§) =div((aw (z) — aw (z)) V7)€ Is(wp).
Lemma 5.7. We have

IV (W5 = d)llo,rs < CO((V = W)(@o)|(IVVello,zs + IV Wello,z;)
(5.31) IV (Ve = Wo)llosy).
Proof. Using Lemma 1.8, we have

MV @5 —0F) 0,15 < mealx|av($) —ay(z¢) — aw () + aw (z0)| V70,15
z€ls
+ glealfflav(z) — aw (@) IV¥5 0,1,

+ max|aw () — aw (ze)| V(87 — @7 )llo.15-
zels

Using
(5.32) mealx|av(:c) —av(ze) — aw(x) + aw(ze)| < CS(V — W)(ze)],
z€ls
from (5.29)2, we have | V4¢|lo.7, < C8||VWello,r;. Collecting the above estimates
and using (5.30), we obtain (5.31). O
Define
() = (2, & iz

Ve() = Vi(a) + exf (e, 2, Vi) ) 5 ),

. x oW,

We(w) = Wila) + ext (we, 7, W2e)) o @),

where {xF}¢_, are the solutions of (5.22) with coefficient replaced by a;;(z¢,y,p).
Denote 0; = 0; — Vy and 0; = w; — W,. Observe that

—div(av(z,)V; (z)) =0 x € Is(xp),

07 () = —exi (e, f V(xe))g—:z x € OI5(x),
and
- div(aw(:vg)Véf(x)) =0 x € Is(zg),
b7 (x) = —ex (we, 2, W(Iz))% z € Ol5(xy).
€ oxy,

Similarly to (3.9), we have

. g\ 1/2 = e\ 1/2
(5:33) 1960 <C(5) IVVelloass 1905 loss < C(5) IV Wellous-

Let p© be defined as in (3.14) and define

T oV,
05 = 0F +extt (0, =, V(we)) (1 — p°),
g Tk
_ oW,
5 — 05 +exb (w0, 2 W) 224 (1 — po).
Pe ¢ tEXy (.I[, ’ (If)) al']g ( P )
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Observe that ¢f and ¢§ vanish on 0I5(x,) and satisfy
—div(ay () Vi (2)) = div(av (z)V(g; — 07)(x)) x € Is(zy),
—div(aw (2¢)V;(x)) = div(aw (z0)V(5; — 05)(x)) x € Is(zy).

Lemma 5.8. We have

1/2
<0(5) " (Iv0 = Wo)lo,

(5.34) 1V = W)@V Vo, + I9Wello,z,) ).

~ g
IV 6F =880, < C(5

Proof. Using Lemma 1.8, we obtain

AMV(e: = @p)llo15 < glealﬁav(wé) —aw (z0)|(IV (07 = 0)lo.1; + [IVEill0,15)
+ gleaglaw(w)l IV (5 — 05 — & +0F)lo,z5-

A direct computation gives that

1 1
g\ 2 - ~ g\ 2
IV (ei=07)loas < C(5) IVVelloss  and  IV(@5=08)loss < C(5) " IV Wellozs:

which together with (5.33) gives
€

1/2
5) IV Wello,.

IV &illo.zs < 1V0 o2, + IV(BF = 07)lo,1, < 0(

Note that

e e ~e neE € X T a‘/g
0o =0 —¢r+0;=e(l—p )(Xf(wéa ?V(W)) - x¢ (e, E,W(W)))a—xk

T 0
+e(1 = p)x¢ (e, - W(Ie))a—%(ve - W).

Using the continuity of {xf}gzl, a direct computation gives
. ey 1/2

IV(ei=0; = @i +0D)lloss < O(5) (V=W @IVVellots + IV (VimWo)llour ).
Adding these up, we obtain (5.34). O

In the next lemma, we shall prove that F(V,W) has certain continuity with
respect to V.

Lemma 5.9. For any V,W,Z € Xy satisfying ||V]|1,00 + [[Wl1,00 < M, there
exists a constant C(M) such that (5.13) holds with n(M) = C(M)(\/e/d +§).

Proof. Using the definition of v and noticing that v = (v — 07) + 67 + Vi, we
obtain

][ Vz; - ay(x)Vu; de = ][ VZ - ay(x)Vv§ dz

Is Is

=VZ- (][ ay (x)(V(ve — 9F) + VOF + Vi) dw),
Is

which together with Uflm VZi-ay(xe)VVede = VZ(xg) - Alxzg, V() VV (z¢) gives
E(V,Z)—~ EW,Z) =11 + I, + I,
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with
L =V7- [][ (av @)V (05 — 6F) — aw (2)V(wf — i) dx},
Is

Iy =V2Z;- [][ ay (2)VOF — aw (z)VOS d:c},
Is
and

Is=V2Z;- {][ ay (2)VV; dz — ][ ay (z0)VV da
Is I

KE

—][ aw(x)VWg d:v—i-][ aw(l'g)VWg dm}.
Is I

KE

I; can be decomposed into
L =VZ- {][ (av(z) — aw (z))V(v] — 0;) dz —&—][
Is

Using (5.29) and (5.31), we bound I; as

aw (2)V (65 - 55) da.

Is

1] < CO(IV (Ve = W)l + (V= W)(@o)[(IV Vel + [VWel) ) [V Zel.

Similarly, using Lemma 5.8, we bound [2 as

1 < (2)" (190 = W)l + 1V = W) @) (Vi + [9W))) 92

I3 can be rewritten as

I3 =VZ;- ][1 ((av(:zr) — av(:cg))V‘A/g — (aw(z) — aw(iZ?g))VWg) dz

11 . )
—VZ,- (W _ 57) /(av(l'g)vw — aw (20) VW) da
Is

1 N "
+—VZ- / (av(:vg)VVg — aW(:vg)VWg) dx.

|ke]
Is\Ixe

As in I; and using (5.32), we bound I3 as
€
1] < € (5 +0) (I9(Ve = W)l + [(V = W) (@) (T Vil + [TWi])) [V Z.

Adding these up, we get

.2 - Ew.z) < (S + o+ (5)) (19 - wo)

(5.35) IV = W)@ [(IVVe] + VW) ) IV Ze].

Consequently we obtain
€

1/2
=) ) IV = W) oIV Z o

K| Y wlB(v,2) - EW, 2)| < ¢ 5+ (
zoeK

e\ 1/2
+C(5+(5) )V = Wl 9V o + VW llo.) IV Z o i
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Using the inverse inequality (1.21) on each element, we obtain

—d/2 d/2
IV = Wl i) IVV o < CHR |V = Wllo,x HE [V oo (1)

=ClIV = Wllo.glIVVIlLx)-

Similarly |V — W{| g (i) VW |lo,x < C|V = Wllo,x|[|VW|| Lo (k). A combination
of the above estimates gives (5.13) with n(M) = C(M)(\/e/d + 9). O

Proof of the first case in Theorem 5.5. Let W = 0 in (5.35) and note that
V € WH(D). We obtain (5.27). Therefore if (1/¢/5+6)|In H| is sufficiently small,
then e(HMM)/2|In H| can be smaller than any given threshold; this verify (5.10).

Next let n(M) = C(M)(y/2/5+0), then if (1/2/0+5)|In H| is sufficiently small,
we have (M) < 1; this verifies (5.13). O

Remark 5.10. Compared to the linear case, the upper bound for e(HMM) for
the case when 0/ ¢ 7Z degrades to \/e/d. This is due to the fact that Ay is

nonsymmetric.

In the case of § = €, note that 97 = Vg and W; = WZ. So a direct calculation
gives Lemma 5.6 for this case. Lemma 5.7 is also valid with 4 replaced by . We
also have 6 = 0 and ;7 = 0. Observing that for any V,Z € Xy,

][ Vzi - ay(x) Vi de = ][ VZo- Az, V(xe))VVe de,
Is(ml) K
we may rewrite E(V, Z) as
EV,Z) = ][ Vzi -ay(x)V(v; — 07 ) dx —l—][ Vzi - (av(z) — av(z¢)) Vi da.
I I

Consequently, (5.13) holds with n(M) = C'(M)e.

Proof of the second case in Theorem 5.5. Let W = 0 in (5.35) and note
that V € W1°°(D). We obtain (5.28). Therefore if |ln H| is sufficiently small,
e(HMM)'/2|In H| can be smaller than any given threshold; this verify (5.10).

Next let n(M) = C(M)e. Then if €|ln H| is sufficiently small, we have n(M) < 1;
this proves (5.13). O

APPENDIX A. ESTIMATING e(HMM) FOR PROBLEMS
WITH RANDOM COEFFICIENTS

Here we estimate e(HMM) for the random case. Our basic strategy follows that
of [43].

Denote by (2, F, P) a probability space and let a(y,w) = (a4;(y,w)) be a random
field whose statistics is invariant under integer shifts and which satisfies the uniform
ellipticity condition that there exist constants A and A such that

MEP < aij(y,w)é&&; < AlE)?,

for almost all y € R? and w € Q. For j =1,---,d, denote by ¢;(y,w) the solutions
of the cell problem:

(A.1) Lypj: = —divy (aij(y,w)vy@j) = divy(a;; - €j),
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where {ej}?zl are the standard basis in R%. Vy; is required to be stationary
under integer shift. The existence of ¢; is proved in [28, 36]. In general ¢; is not
stationary. The homogenized coefficient A4 [28, 36] is given by

A= (a(I +Vy)).

Here and in the following, we use the notation

(f)=E / f(y)dy
[0,1]¢
and
fiml == [ fw)dy,
[0,m]¢

where E denotes the expectation in the probability space (92, F, P).
As in [43], we will consider the following auxiliary problem:

(A.2) Lu+ pu = f,
for any p > 0, where f is of the form
d
f=>_Djgi+h,
j=1

with g;, h € pg which is defined as
pa={v | ([v]*) < G?},

and 1 is a random field whose statistics is stationary with respect to integer shifts.
The solution of (A.2) can be expressed with the help of a diffusion process n
generated by the operator L.
For each fixed realization of {a(y, -)}, denote by 7, the diffusion process generated
by £7 and starting from x at ¢ = 0, and denote by M, the expectation with respect
to 1. Let

v = [ statene
Then it is well known [21] that the solution of (A.2) is given by
u(x) = M,I'(c0).
The following results are either standard or proved in [28, 43].

Lemma A.1. If u is the solution of (A.2), then there exists a constant C inde-
pendent of p such that

2 2 2 l 2
(A-3) (VuP) +p(u?) < O((g%) + - (0)).
(A1) (D)) < 0%
(A.5) (M, (T'(00) —T'(s))?) < OG—Qe*Z’SP.
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Because of the lowest order term pu, the Green’s function associated with the
operator L1 + pI decays exponentially with rate O(,/p). To make this statement
precise, we define the norm ||z||: = max;|z;|, and

1\ [in(1/p)]"/?
d

L= < p— .
Q, {xER |||:v||_(p) }

Let 7 be the first exit time of @, starting at « € Q,. Let ¢,(z) = M,I'(7).
Lemma A.2 ([43]). If p is sufficiently small, then

(AG) E / |S0P(:E) - ¢p(x)|2 dx S CG2€_CIIH(1/p)|2,
llz[|<10
(A7) E / IV, (z) — V@, (2))? de < CG2e=CIm/nI%,
llzll<1

To prepare for the discussion on the consequence of the mixing condition, we
mention

Lemma A.3 ([43]). Let {ai;,g;} and {a;j,G;} be two sets of data such that

{aij(v), 9;(v)} = {ai(y), 9;(v)}
fory ¢ B, where B is a domain in R, and let ¢, and ¢, be the solutions of (A.2)
associated with {a;;,g;} and {a;j, g;}, respectively (with h =0). Then

(A8) / (@) — Bola)|? di < % / (G? + Vo ()2 I () i,
Rd Rd

where Ig is the indicator function of the domain B.

Now we introduce the crucial mixing condition [22]. Let B be a domain in
RY. Denote by F(B) the o-algebra generated by {ai;j(y,w),y € B}. Let &
be two random variables that are measurable with respect to F(B1) and F(Bz),
respectively. Then

[E&n — EEEn| s,
(E§2)1/2(]E772)1/2 - ’

where ¢ = dist(B1, Bz), A > 0 is a fixed constant.

(A)

Lemma A.4. Under condition (A), we have
G (I(/D)PY | ooy
: mP2 <o = (222 c(in(1/p))?
(A.9) Elippsm]* < O(=( v ) e )

Proof. For £ = ({1,--- ,44) € Z2N[0,m)%: = Z4,, denote by I the cube of size 1
centered at £+ 1 = ({14 3,-- g+ 1), and let ©* = [}, ¢, () dz. Then

1
[pp;m] = md Z o".
Lezd,
We first estimate E(p o). If |¢ — k| < Cp~'/?|In(1/p)|?, then
G2

E(p'o") < (@h(x))?(ph () /? < C-.
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If |[£ — k| > Cp~"?|In(1/p)|?, then let By: = £ + B(p~'/?In(1/p)|?) and By: =
k+ B(p~/2|In(1/p)|?), where B(s) is a ball of size s in the norm || - ||. Denote by
¢1(z) the solution of (A.2) in which the coefficient (a;;(y,w)) is modified in R™\ By
such that it is measurable with respect to F(Bj), and similarly denote by @a(x)
the solution of (A.2) in which the coefficient (ay;(y,w)) is modified in R*\ By such
that it is measurable with respect to F(Bs). The modified coeficients (a;;(y,w))
should still satisfy the condition on a;; listed in the beginning of this subsection.
From ¢; and @o, we can similarly define @{ and $%. Using (A.6), we have

E(p — ¢)* < 0GP €m0/,
E@llc _ ¢k)2 < CGQefC|ln(1/p)|2_
Since
E(p'p*) = B(3'3") + B’ — &1)25 + E@i (9" — 5)
+E(p" — 21)(¢" — 25)
and

B |, [E@k| < CGeCln1/n)?,
2
B 25 < O(G—e_c‘e"“‘ + G2e—0\ln<1/p)|2)
<c(= |

we thus have

2
IEpt k| < C’(G—e’c‘l’k‘ 4 G267C|ln(1/p)|2).
p

Hence
1
]E[(pp7m]2 = W Z Ewéwk
0,keZd,
1 bk 0k
N m2d( Z Ep“¢® + Z Epte )
[6—k|<p=1/2|In(1/p)|? [0—k|>p—1/2|In(1/p) |2
1 /G2 .
< 2 (7md (9_1/2|1n(1/p)|2) + m24G2e=Cim(/p)I®

% G_2 Z e—C|€—k|)

P k2o 172 (1 /) 2

G W1/ ety
<o In(1/p)[?
<C 5 ( A ) +e

O

Proceeding along the same line as in [43, Theorem 2.1], using condition (A), we
have

Lemma A.5. For any 0 < v < 1/2, under condition (A), there exists a constant
C such that

(A.10) A= (a(I+Vx,))| < Cp ava ",
where X, = {Xk.p}2—1, and X, is the solution of (A.1) with g = (ak1,- -+ ,akd)-
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Now we are ready to estimate e(HMM). Define m = % and denote by 7" the
solution of (A.1) on I,, = [0,m]? with the boundary condition that ¢ (y) =0 on
Ol and let ™ = (p7",--- ,¢"). Then

e(HMM) = |A — [a(I + V©™)]m].
Define ¢, ¢} similarly. We have
E(HMM) S E1 + EQ + Eg,

where
By =[A—[a(I + Vp)]ml,
Ey =[a(I +V,) —all + Vo)]ml,
Ey =[aV(ep — ¢")]ml-
Obviously,

Er = [A—(a(I + V) + [Pnl,
with ¢ = (a(I + V,)) — a(l + Vi,). Tt was proved in [43, Lemma 2.5] that
: T2 \1/2 [In(1/p)[?\ /2
|l < (BI01)"* < 0(Soan-)
The above inequality together with Lemma A.5 gives

To estimate FEs, denote by 7, the first exit time for the domain I5,,. Then
@2 = M, (7). For any s > 0,

lop — 2| = | M (T (c0) = T(7m))|
< Mo{|L(00)| + [T(7im)[; 7m < s}
+ Mo{e " M, |T'(00) = T'(Tin)|; T > s}

< O(M(0(o0)? + r(Tm)%)l/z{ng(Tm < /2 4 ey,

Since
2
Po{rm < s} <e Om/s
we get
G? 2
EH% _ @im|2]2m < 07 (e—cm2/s + e—Sp) )
Optimizing in s, we get
m G4 —Cm 1/2
Ellpp — 0" *]2m < Cge cmet

Using standard interior estimates, we have

. /2 O . 1/2
EB; < (E[V(g, —¢f)n) < = (Ellep— 2" am) <

As for E3, proceeding along the same line as in the estimate of F1, we get

BBy < O(G2 " + (Ilnp(ll/iéfn)lz)d/z).

CG?
mp

e=Cme'’?,
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To sum up, we have

—2-25 2\d/2 2

Optimizing in p with respect to the first two terms, we get po = m™ THw with
a=(d—2-2v)/(d+4). Hence

1 d 2 1 d
(A.11) E e(HMM) < C(M + %e*CmPé/z) < OM7
mr mpo mh
with
= L 0< < l
“_1+d(d+4)/4’ TS5
d—2—2vy

Obviously, the |Inm|? factor in (A.11) can be absorbed into the factor m~". This
proves Theorem 1.3 for d = 3.

Remark A.6. The estimate (A.11) is unlikely to be optimal. If d = 1, a direct
calculation gives

Ee(HMM) < O(%)W,

whereas the estimate (A.11) does not apply for d =1 and d = 2. We may use the
techniques in [13] to derive improved bounds for e(HMM) if the magnitude of the
oscillation in the coefficients (ai‘?) is sufficiently small.

REFERENCES

1. R.A. Adams and J.J. F. Fournier, Sobolev Spaces, second edition, Academic Press, New York,
2003.

2. G. Allaire, Homogenization and two-scale convergence, SIAM J. Math. Anal., 23(1992), 1482—
1518.

3. 1. Babuska, Homogenization and its applications, mathematical and computational problems,
Numerical Solutions of Partial Differential Equations-III (SYNSPADE 1975, College Park,
MD, May 1975) (B. Hubbard ed.), Academic Press, New York, 1976, pp. 89-116.

4. 1. Babuska, Solution of interface by homogenization. I, 11, III, SIAM J. Math. Anal., 7 (1976),
603-634, 635-645, 8 (1977), 923-937.

5. A. Bensoussan, J.L. Lions and G.C. Papanicolaou, Asymptotic Analysis for Periodic Struc-
tures, North-Holland, Amsterdam, 1978.

6. L. Boccardo and F. Murat, Homogénéisation de problémes quasi-linéaires, Publ. IRMA, Lille.,
3 (1981), no. 7, 13-51.

7. J.F. Bourgat, Numerical experiments of the homogenization method for operators with peri-
odic coefficients, Lecture Notes in Mathematics, Vol. 707. Springer-Verlag, 1977, pp. 330-356.

8. A. Brandt, Multi-level adaptive solutions to boundary-value problems, Math. Comp., 31
(1977), 333-390.

9. S.C. Brenner and L.R. Scott, The Mathematical Theory of Finite Element Methods, Springer-
Verlag, New York, 1994.

10. P.G. Ciarlet, The Finite Element Method for Elliptic Problems, North-Holland, Amsterdam,
1978.

11. P.G. Ciarlet and P.-A. Raviart, The combined effect of curved boundaries and numerical
integration in isoparametric finite element methods, The Mathematics Foundations of the
Finite Element Method with Applications to Partial Differential Equations (A. K. Aziz ed.),
Academic Press, Inc. 1972, pp. 409-474.

12. P. Clément, Approxzimation by finite element functions using local reqularization, RAIRO., 9
(1975), 77-84.

13. J.G. Conlon and A. Naddaf, On homogenization of elliptic equations with random coefficients,
Electron J. Probab., 5 (2000), 1-58.



34

14.

15.

16.

17.

18.

19.

20.

21.
22.

23.

24.

25.

26.

27.

28.
29.

30.
31.
32.

33.

34.

35.

36.

37.

38.

39.

40.

W. E, P.-B. MING, AND P.-W. ZHANG

L.J. Durlofsky, Numerical calculation of equivalent grid block permeability tensors for hetero-
geneous poros-media, Water. Resour. Res., 28 (1992), 699-708.

W. E, Homogenization of linear and nonlinear transport equations, Comm. Pure Appl. Math.,
45 (1992), 301-326.

W. E and B. Engquist, The heterogeneous multiscale methods, Comm. Math. Sci., 1(2003),
87-132.

W. E and B. Engquist, The heterogeneous multiscale method for homogenization problems,
submitted to MMS, 2002.

W. E and B. Engquist, Multiscale modeling and computation, Notice Amer. Math. Soc., 50
(2003), 1062-1070.

W. E and X.Y. Yue, Heterogeneous multiscale method for locally self-similar problems, Comm.
Math. Sci., 2 (2004), 137-144.

Y.R. Efendiev, T. Hou and X. Wu, Convergence of a nonconforming multiscale finite element
method, SIAM J. Numer. Anal., 37 (2000), 888-910.

M.I. Freidlin, Functional Integration and Partial Differential Equations, Princeton, NJ, 1985.
M.I. Freidlin and A.D. Wentzell, Random Perturbations of Dynamical Systems, second edi-
tion, Springer-Verlag, 1998.

N. Fusco and G. Moscarielio, On the homogenization of quasilinear divergence structure op-
erators, Ann. Mat. Pura. Appl., 146 (1987), 1-13.

D. Gilbarg and N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, second
edition, Springer-Verlag, New York, 1983.

T. Hou and X. Wu, A multiscale finite element method for elliptic problems in composite
materials and porous media, J. Comput. Phys., 134 (1997), 169-189.

I.G. Kevrekidis, C.W. Gear, J.M. Hyman, P.G. Kevrekidis, O. Runborg and C. Theodoropou-
los, Equation-free, coarse-grained multiscale computation: enabling microscopic simulators to
perform system-level analysis, Comm. Math. Sci., 1 (2003), 715-762.

J. Knap and M. Ortiz, An analysis of the quasicontinuum method, J. Mech. Phys. Solids., 49
(2001), 1899-1923.

S.M. Kozlov, Homogenization of random operators, Math. USSR Sb., 37 (1980), 167-180.
A.M. Matache, I. Babuska and C. Schwab, Generalized p-FEM in homogenization, Numer.
Math., 86 (2000), 319-375.

G.W. Milton, The Theory of Composites, Cambridge University Press, 2002.

P.B. Ming and X.Y. Yue, Numerical methods for multiscale elliptic problems, preprint, 2003.
S. Moskow and M. Vogelius, First order corrections to the homogenized eigenvalues of a
periodic composite medium, Proc. Royal Soc. Edinburgh. Sec. A., 127 (1997), 1263-1299.

F. Murat and L. Tartar, H-Convergence, Cours Peccot, 1977. Reprinted in Topics in the
Mathematical Modeling of Composite Materials (A. Cherkaev and R. Kohn eds.), Birkh&user,
Boston, 1997, pp. 21-43.

G. Nguetseng, A general convergence result for a functional related to the theory of homoge-
nization, SIAM J. Math. Anal., 20 (1989), 608-623.

J.T. Oden and K.S. Vemaganti, Estimation of local modeling error and goal-oriented adaptive
modeling of heterogeneous materials. 1. Error estimates and adaptive algorithms, J. Comput.
Phys., 164 (2000), 22-47.

G.C. Papanicolaou and S.R. S. Varadhan, Boundary value problems with rapidly oscillating
random coefficients, at Proceedings of the conference on Random Fields, Esztergom, Hungary,
1979, published in Seria Colloquia Mathematica Societatis Janos Bolyai, North-Holland, 27
(1981), pp. 835-873.

R. Rannacher and R. Scott, Some optimal error estimates for piecewise linear finite element
approzimations, Math. Comp., 38 (1982), 437-445.

C. Schwab and A.-M. Matache, Generalzied FEM for homogenization problems, Multiscale
and Multiresolution Methods: Theory and Applications, Lecture Notes in Computational
Sciences and Engineering, Vol. 20 (T. J. Barth, T. Chan and R. Heimes eds.), Springer-Verlag,
Heidelberg, 2002, pp. 197-237.

R. Scott, Optimal L°° estimates for the finite element method on irreqular meshes, Math.
Comp., 30 (1976), 681-697.

S. Spagnolo, Convergence in energy for elliptic operators, Numerical Solutions of Partial
Differential Equations-III (SYNSPADE 1975, College Park, MD, May 1975) (B. Hubbard
ed.), Academic Press, New York, 1976, pp. 469-499.



HETEROGENEOUS MULTISCALE METHOD 35

41. L. Tartar, An introduction to the homogenization method in optimal design, Optimal shape
Design (A. Cellina and A. Ornelas eds.), Lecture Notes in Mathematics, Vol. 1740. Springer-
verlag, 2000. pp. 47-156.

42. J. Xu, Two-grid discretization techniques for linear and nonlinear PDE, SIAM J. Numer.
Anal., 33 (1996), 1759-1777.

43. V.V. Yurinskii, Averaging of symmetric diffusion in random media, Sibirsk. Mat. Zh. 23
(1982), no. 2, 176-188; English transl. in Siberian Math J., 27 (1986), 603-613.

44. V.V. Zhikov, On an extension of the method of two-scale convergence and its application,
Sbornik: Mathematics, 191 (2000), 973-1014.

45. V.V. Zhikov, S.M. Kozlov and O.A. Oleinik, Homogenization of Differential Operators and
Integral Functionals, Springer-Verlag, Heidelberg, 1994.

ABSTRACT. A comprehensive analysis is presented for the heterogeneous mul-
tiscale method (HMM for short) applied to various elliptic homogenization
problems. These problems can be either linear or nonlinear, with determin-
istic or random coefficients. In most cases considered, optimal estimates are
proved for the error between the HMM solutions and the homogenized solu-
tions. Strategies for retrieving the microstructural information from the HMM
solutions are discussed and analyzed.
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