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Abstract： 

Large-scale linear systems, linear least-squares problems, 

and eigenvalue problems are pervasive in science and 

engineering applications. For high-performance computing, 

we establish a suite of Krylov and Saunders subspace 

methods, MINRES-QLP and GMRES-URV, for solving 

these problems that neither suffer hard breakdowns nor 

evade singular square matrices or linear operators. For 

linear systems and least-squares problems, by leveraging 

rank-revealing matrix factorizations, our methods minimize 

both solution and residual norms of a sequence of 

subproblems whose solutions lie in expanding nested 

subspaces.  Our methods exhibit better stability and higher 

accuracy than the most well known (quasi) minimal residual 

methods such as MINRES, GMRES, and QMR. By taking 

advantage of the underlying frameworks of our algorithms, 

extreme eigenvalues of a square matrix or linear operator 

can be estimated at a higher accuracy than traditional 

iterative methods. 
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