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Abstract： 
The Weak Galerkin (WG) method was introduced by Ye and Wang 

for second order elliptic equations. It is an extension of the standard 

Galerkin finite element method where classical derivatives were 

substituted by weakly defined derivatives on functions with 

discontinuity.  

In the first part of this talk we will present a residual type a posterior 

error estimator for WG methods, which is a combination of error 

estimator of conforming Galerkin methods and mixed finite element 

methods. The error estimator is proved to be efficient and reliable. 

The key is a Helmholtz type decomposition of the error and the 

partial orthogonality of the  error to the conforming subspace.  

In the second part of this talk, we construct an auxiliary space 

multigrid preconditioner for the weak Galerkin method for 

second-order diffusion equations. The idea of the auxiliary space 

multigrid preconditioner is to use an auxiliary space as a “coarse” 

space in the multigrid algorithm, where the discrete problem in the 

auxiliary space can be easily solved by an existing solver. In our 

construction, we conveniently use the conforming piecewise linear 

finite element space as an auxiliary space.  We successfully 

constructed such an auxiliary space multigrid preconditioner for the 

weak Galerkin method, as well as a reduced system of the weak 

Galerkin method involving only the degrees of freedom on 

edges/faces. The preconditioned systems are proved to have condition 

numbers independent of the mesh size, for the reduced system the 

current theoretical proof only works when the diffusion coefficient 

matrix is piecewise constant.  
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